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§1. Statement of general problem.’ 


Derinitions. A family ¥ of functions is said to have a denumerable base if 
there exists a sequence of functions {f,(2)} (not necessarily « ‘F) such that any 
function f e Fis the limit of a subsequence of {f,(z)}. The domain SX of a func- 
tion f(x) is the set of x’s for which f(x) is defined; we say f(x) is a function on X. 
A dyadic function is a function taking only the values 0 and 1. 


Norations. Throughout this paper, Italic capitals will denote sets of 
natural numbers (i.e., of positive integers), e.g., A,B, X;,---. Incases of doubt 
we shall write “‘set of n.n.” for ‘“‘set of natural numbers.” Small Greek letters, 
except y, v, will denote transfinite ordinals, as usual. 

Two sets of n.n., say A, B, will be said to be equivalent, A ~ B, if they differ 
in a finite number of elements only. Otherwise we have A ~ B. A denotes 
the empty set. Thus “EZ ~ A” means “EZ is a finite set of n.n.,” and “E ~ A” 
means “H’ = SN.” A < B means A is almost-contained in B,i.e., A — B~ A 
(or: A C B + finite set). A > Bmeans B < A. Obviously A < B-&-A > 
B: = :4 ~ B. Two sets A and B are said to be almost-disjoint’ if A-B ~ A. 
The complement of A, i.e., the set of all n.n. not €A, is denoted by CA as usual. 


The general problem might be stated as follows: 

PROBLEM: Given two powers m and n, does every family F of power m of functions 
on a set XC of power n necessarily have a denumerable base? 

Obviously, we may suppose %, < m, n < 2%°, the other cases being trivial. 
For m = n = N, the problem will be solved in the affirmative (§3). This settles 
the problem if the continuum hypothesis is assumed; in this case there exists a 
denumerable base for the family of all functions of Baire class 2, in fact for all 
functions of the Baire-La Vallee-Poussin classification, etc. (Cf. §3, corollary to 
Theorem 3). It is well known that such a base cannot consist of Z-measurable 
functions, nor of functions having the Baire property. 





*Cf., Fund. Math., vol. 27 (1936) p. 293, probleme de M. Sierpinski; also, W. SteRPINSKI, 
Pont. Acad. Sci. Acta, 4 (1940), p. 211. I am greatly indebted to Mr. A. S. Besicovitch for 
drawing my attention to this problem, in 1940; however, as I then left England very soon, 
We were not able to work on it in collaboration. 

*Cf., A. Tarsxr, Fund. Math., 12 (1928), p. 188-205. 
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Now we shall transform the problem. First of all, we can restrict ourselyes 
to dyadic functions: this follows from 

TureoreM 1. Let F be a family of real functions on X. If every family of 
dyadic functions on X, such that ® < §, has a denumerable base, then F has one. 


Proor. We may suppose that 0. < f(x) < 1 for every f ¢F, throughout the 
domain &XC. Let 


(1.1) f(x) = > al mf g(x) = 0, 1. 


Let @ be the family of all dyadic functions so" of (1.1) corresponding to any 
fof. Then we have ® < Bota -F, thus @ < §, and, by hypothesis, has a base, 





say gi(x), go(x), +++ gn(@), ++. Wecan assume these tobe dyadic functions too, 
We shall show that dei set of all functions of the form 
n(X 
(1.2) . se Qn,(2) 


where (7m, M2, +++ ™%) is any finite sequence of n.n., constitute a base for f. 

Let f ¢F, and let » be the corresponding dyadic functions (ef. (1.1)). For 
every » there exists a sequence of n.n. {nz}(u = 1, 2, --- ) such that y™(z) = 
lim g,*(x). Now, for » > m, we have 











p=00 
Og 

> @) - > Ini (a) + e, where € <i —, therefore lim > m0) reece é, 

v=] y=] p=co y=1 v==l 

and finally, lim 2. Gnu() = f(x), so that f(x) is the limit of functions of the 


b= v=] 


form (1.2), q.e.d. 


Again, our problem corresponds to a problem concerning families of sets of 
n.D.: 


THEOREM 2. Let F be a abou of power NS; , consisting of the functions f(a) 
on X, where B = 1, 2, : | we; then Fhas a denumerable base if and ow : 
for every x «XC Sieve pit a set (of nn.) Sz, and for every B < wa set D’ A, 
such that 


D'< 8. if f(z) = 0, 
1.34) ‘DP < CS, if file) = 1. 


Proor. If has a base of dyadic functions f,(x), there exists for any given 
8 a sequence {n,} such that 


(13) f(z) = lim f,,(z), for any re XC. 


(for any x eX, B < wz). 


Let D® be the set of these numbers n,, and put’ S, = E(f,(z) = 0). Now, 





* By E (---) we denote the set of all n’s satisfying the condition (---), ¢f., C. Kuna- 
TowskI, Topologie, I., Warszawa-Lwéw, 1933. 
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it follows from (1.3) that 


_ JO for almost all n,’s if f(x) = 0, 
fn, (x) _# i ‘ rT: Tan ee 7 f*(a) A 


— 
. 


Therefore, D® < S, if f*(x) = 0, and D® < CS, if f(x) = 1. 


On the other hand, if sets S, and D® satisfying (1.21) exist, put 
page 0 ifne S, 
. 1 ifneCS,. 

Then {fa(z)} is a base, since lim, fa(z) = + ve pis ice 

Corottary. The relation (1.21) of theorem 2 implies that the D*s are almost- 
disjoint sets, 2.€. D*®-D’ ~ A for any 8 # 7; provided that no two functions in the 
transfinite sequence { f°(x)} are identical. 

Proor. In this case we have f? (x) # f(x) for some z if 8 + 7; suppose, for a 
particular value of x, that f'(x) = 0, f(z) = 1. Then, by (1.21), we have 
we have D’ < S,, D” < CS, , so that D®-D’ ~ A, q.e.d. 


As seen from the above theorems, the original problem is reduced to the 
question of the existence of certain families of sets of n.n. with—as we might 
say—“almost”’-relations ~, <, ete. 

Before we can proceed any further, we have now to establish some lemmas 
about sets of sets (of n.n.) with such relations. (§2, below). 


§2. Lemmas concerning sets of natural numbers 
LemMA 1. Given any finite or denumerable set of sets (of n.n.) X, ~ A, there 
exists a set A such that 


X,A*A and X,—A~ A(ie.,Xn-CA ~ A), forn = 1,2,--- 


Proor. Let Y1, Y2,-:: Yn, +--+ be a sequence (of sets) in which every X, 
occurs infinitely many times, e.g., Yonm—1) = Xn. Since we still have Y, ~ A 
forn = 1, 2, --+ , there exists a sequence of n.n., a1, 6: , 2, b2, +++ Qn, bn, **° 
no two terms of which are equal (i.e.: dm # Gn, Qn ~ Dn, dm # bn, bm A On), 
and such that 


a¢e¥,,h6€Y71, 
ae Y2,he€ Ye, 
Qi Pee Baer peeen tee awe tas 4 


eter eer ewer eer eee 


Let A be the set of all the a’s and B the set of all the b’s, then (in view of the 
definition of the Y’s), A and B have each infinitely many elements in common 
with every X,: A-X, ~ A, B-X, ~ A. But besides we have A-B = A, ie. 
B CCA, so that X,-CA ~ A, qed. 
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Derinition. A finite product (finite sum) is the product (sum) of a finite num. 
ber of terms (not necessarily a finite set itself). 

Lemma 2. If X,, X2, Xs, +--+ ts a finite or infinite sequence of sets (of n.n.) 
such that every finite product [[ m1 Xn, ~ A, then there exists a set A ~ A such 
that A < X,, for any n. 


Proor. If the sequence is finite let A be the product of all the X,,’s. Other. 
wise, let A be a set of numbers ai, a, +++ Gn, -++ Satisfying the following 
conditions: a; ¢ X1 ; dz ¢ X1-Xe2, a; ~ Q23°** j An e [Tt Xe, Qi ~ a fori x# 
k <n; --- (by hypothesis, the sets X,, Xi1X2,--- are all ~ A). Thus almost 
all a,,’s are contained in any particular X, , so that A < X,,, q.e.d. 


Lemma 3. Let Xi, X2,--:; Vi, Yo, +++ be two (finite or infinite) sequences 
of n.n. such that, for any i, k, X;-Y; ~ A. Then there exist two disjoint sets A, B 
(i.e. 4-B = A), such that X; < A, Yi < B for any i, k. 


Proor. If one of these sequences is finite, we may replace it by an infinite 
one, e.g., by filling it up with A’s; thus we can assume both sequences to be 
infinite. Now we put 


X= X:, Y,=¥,-X1, 


ee” ken es pons nsinnese sa od opudeustolh oa egumenaEaneas 


Then it is easily seen that 
(2.3) Xi¥i =A for any i,k. 


(Here we shall need the relation =, rather than ~). 
Since X; and Y; have only a finite number of elements in common (by hypothe- 
sis), we have, from (2.2) 


(2.4) X,~ Xi, Y,~Y, for any n. 


Now, putting A = }°9_,X,, B = 0%_, Y1,, it follows from (2.3) that AB = 
A, and from (2.4) that X, < A, Y, < B (for any n), q.e.d. 


Since AB ~ A implies B < CA, we have 
Lemma 3°. Under the conditions of lemma 3 there exists a set A, such that Xi < 
A, Yi < CA, for any i, k. 


Replacing the Y;’s by their complements, we find: 

Lemma 3°. (Cf., Hausdorff’s ‘“Erster Einschaltungssatz’’). Given {wo 
(finite or infinite) sequences of sets, X, , Xz, --- and Y:, Y2, -++ , such that Xi < 
Y;, for any i, k, there exists a set A such that X; < A < Y; for any i, k. 





‘ F. Hausporrr, Fund. Math. 26 (1936), p. 243-4. 
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§3. Main theorem: Existence of a base for any family of power §, of functions 
on a domain of power N; . 


TarorEM 3. Every family of power &, of real functions defined on a domain 
of power Si has a denumerable base. 


Derinition. A function f(x) whose domain is the set of all real numbers —o < 
1 < + is called a function of a real variable. 

An immediate consequence of theorem 3 is the following 

CorotLaRy. The continuum hypothesis implies the proposition: Every family 
of power of the continuum of real functions of a real variable has a denumerable base. 


It follows from theorems 1 and 2 that theorem 3 is equivalent to the existence 
of sets S, and D® ~ A satisfying (1.21) where & = Ni, 6 < Q and the f*(z)’s 
are any given dyadic functions. Let 2, 12, +++ tw, +++ %a,°++ (a < Q) be 
the elements of 9C, and put 


(3.1) Sa = Sz; Si = CSz,, fora <Q. 


Then (1.21) may be written as follows: 

D® < Si, where i = f*(xq), for any a, 8 < 2; and we may suppose (cf. Corol- 
lary of Theorem 2) that D®.D’ ~ A for B ¥ y¥. 

Thus finally, Theorem 3 is equivalent to the following theorem which we are 
going to prove. 

TurorEM 4. Ff being any family of dyadic functions f*(x.2) (a, 8B < Q), there 
exists a family of sets (of n.n.) Si and D®, where i = 0, 1, and a, B < Q, satisfying 
the following conditions: 


(40) Si. = CS. , 
(4.1) D’ <Si, where i = f*(z,), for any a, 8B, y <Q. 
(4.2) D? «A, and D®-D'~A for 6 #7, 


Proor. Let F be a family of dyadic functions f*(z.) where a, 8 <2. Using 
a method of transfinite induction, we shall prove the existence of a family of 
sets satisfying (4.0), (4.1) and (4.2), and besides the following condition: 


II si, — Do D* wa where 7 = 0,1; 


(4.3) yal om 
1 < ¥2< +++ In <2 and B& <Q, (m, n finite). 
This formula may need an explanation. Consider the two transfinite sequences: 
(4.4) { i SY, ae Se, “2 Se", phe (ie = 0, 1) 
CD’, CD’, --- CD*, --- CD®, ---, 


where the indices i, are arbitrarily fixed. Then (4.3) means that any finite 
product of terms of (4.4) is «A. It follows by Lemma 2 that, given any de- 
numerable set of terms of (4.4), there always exists a set A ~ A almost-contained 
inallof them. This fact—as will be seen later on—will be essential for the trans- 
finite induction by which we are now going to proceed. 
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The sets S}, Si, D’ can easily be defined such that Si=CSi,D'< si, 
where i = f'(a:), D' ~ A, Si — D' ~ A (i = 0, 1). Now suppose the sets Si, 
D® already defined for all a < &, 8 < & such that 


(4.0; £) Sa = CSt ’ | 
(4.1; &) D’ < Si where i = f*(za), foranya <i,B<&,y<t 
(4.2;¢) D’ x A and D’-D’~A for B# xf 


" i for any yi < Y2 < +++ ¥n < &, By < &, 
(4.3;#) I] Sy, - 2, D* wa, i, = 0,1, 
7 Ng and any finite m, n. 

Then we shall define S? , S; and D*, satisfying the relations (4.0; + 1), (4.1; 
£+ 1), (4.2; & + 1) and (4.3; — + 1). 

(Note that, when ¢ is a limit number the relation (4.7; &) is equivalent (for 
any i = 0, 1, 2, 3) to the relation: “(4.7; n) for any » < £&”; it will therefore be 
sufficient to verify these relations for ordinals of the first kind only, i.e. the rela- 
tions of the form (4.7; — + 1).) 


Throughout the following argument the ordinal é will be supposed to be fixed. 
We begin with the definition of S;, but for this purpose we shall need some 
preliminaries. 


Lemma. For every finite product 
(5.1) P=|]I ay: where yi < ¥2< ++: < yn < — andi, = 0,1, 
v=1 


there exists a set Q ~ A such thatQ < P — D® for any B < é. 
Proor oF LEMMA. We have []™, (P — D®) = P — >) D® ~ A because 


cal 
ue poms | 


of (4.3; £). Thus every finite product of terms P — D® (8 < £) is «A and the 
8’s form a denumerable set, therefore, by Lemma 2, there exists a set Q ~ A 
such that Q < P — D’ for any B < é, q.e.d. 

Now the set of all products of the form (5.1) is at most denumerable. Let 


P,, P2, +--+ P,, +++ be a (finite or infinite) sequence consisting of these prod- 
ucts. Then there exists a sequence of corresponding sets Qi, Q2,°°° Qn5°"") 
such that 


(5.2) Q, ~ A, Qn. < P, — D*, for any B < & and any n. 
Therefore 

(5.3) Q,-D? ~ A for any B < ~ and any n, 

whence, by Lemma 3", there exists a set A such that 


(5.4) Qn <A for any n, 
and 


(5.5) D’ <CA for any B < é. 
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Besides, by Lemma 1 and (5.2), there exists a set E such that 
(5.6) Q,:-E ~ A, Q,:CE ~ A (for any n), 
whence, by (5.4) 

(5.7) Q,:AE ~ A, Qn: A-CE ~ A (for any n). 

Now, by (4.2; £) and Lemma 3°, there exists a set H such that 


D’< H if f(x) =0, 
(5.8) pD*® < CH if f? (x) = 1, (for any B < £) 


consequently, and from (5.5), we have 


6) De Sgaret t May = 1} Gorany 8 <B 
Now we define the sets S; as follows: 
St= H-CA+ AE, 
#1) is = CHCA + A-CE. 
It is easily seen that 
(6.2) S: ae CS, 


which proves (4.0; + 1), and we shall show presently that S; also satisfies the 
other conditions, at least as far as D* is not involved. 
By (5.9) and (6.1) we have 


(6.3) D< S: if i = f*(a,), for any 6 < &, 


in accordance with (4.1; — + 1). 
In order to show that 


on ® I si, )? Dt mw A 

(for any yi < ye < +++ yx < & By < &; 4, % = 0, 1 and any finite k, m) 
(cf., (4.8; € + 1)) it is sufficient to show that 
(6.5) Si-Q, ~ A fori = 0, 1, and any n, 


since S;-[[_18%, — >™,D* = Si-P, — °™,D* > Si-Q, (where n depends on 
the y’s), by (5.2). Now, by (6.1) we have S; > AE and S; > A-CE, thus, 
from (5.7), St-Qn > Qn-AE ~ A and Si-Q, > Q,-A-CE ~ A, which implies 
(6.5) and therefore (6.4). 

Now we proceed to the definition of D*. Consider the denumerable (or 
finite) system of sets: 


(7.1) (co Sz, ++ Sis, ++: Se; where ig = f' (xe); fora <—§+1; 
CD’, CD’, --- CD*, «+ CD®, --» (6 < 8). 








a en, a 
~ <af Se 
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(containing the é th term in the first row only). By (6.4) every finite product 
of terms of (7.1) is ~A. Therefore, by Lemma 2, there exis!s a set U x 4 
which is almost-contained in each set of (7.1): 


(7.2) U< Si where i = f*(za), for anya <§+1, 
and 

(7.3) U <CD*,ie.U-D’~ A, for any B < . 
Let D* be a proper subset of U: 

(7.4) Di ~ A, 

(7.4.1) D' < U, 

(7.4.2) U—Diwa. 


It follows from.(7.2) and (7.4.1) that 
D' < Si, where i = f*(zxa), for anya <é+1, 


which, together with (6.3) and (4.1; £), proves (4.1; € + 1). 

Similarly, it follows from (7.3) and (7.4.1) that D®-D® ~ A, for any B < &; 
in view of (4.2; £) and (7.4), this proves (4.2; — + 1). 

The relation (4.0; + 1) follows from (6.2), as mentioned before. Thus only 
(4.3; € + 1) remains to be proved. 


For this it is obviously sufficient to show that 
k ™m ° 
si-I] si, - (D§+ XD) ~ 4 
(8.1) val y= 
for any finite k, m and any y1 < y2 < +++ vi < &3 By < §37,% = 0,1, 


or, which is the same thing, 


(8.2) (S::P, — D') — >> D* A, forz = 0, 1, any n and any 8, < &, 


u=1 


where P,, has the same meaning as before. 
From (7.2) and (4.0; + 1) we have 


(8.3) for any givena <~+1andi = 0,1: either U < Si or U-Si~A. 
Therefore, 

(8.4) for any n, andi = 0, 1: either U < S;-P, or U-Sj:Pa ~ A. 
In the first case we have, from (7.3) and (7.4.2), 


(S?-P, — D’) — >} D*™ > U— D§ w A (for any nand 8, < 2). 


p=1 











luct 


~ A 
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In the second case we have, by (7.4.1), S;-P,-D* ~ A; thus, by (6.4) 


(si-P, — D') — 1 D* ~ Si-P, — 3 D* WA. 


p=l pl 
Therefore we have in any case (8.2), which proves (4.3; & + 1). 


This completes the proof. Summing up, we have defined by transfinite induc- 
tion the sets Si and D* for any — < Q, and have verified simultaneously the rela- 
tions (4.7; £) (¢ = 0, 1, 2, 3) for any & of the first kind, which is sufficient. It 
follows that the relations (4.0), (4.1), (4.2), (4.3) are satisfied throughout, q.e.d. 


§4. On a problem of S. Ulam’ 


We begin with two definitions: 

DEFINITION 1. © being any given family of sets, we denote by ®, the family of all 
sels which are denumerable sums of sets belonging to &, and by %; the family of all 
sets which are denumerable products of sets of © (e.g., if ® is the family of all closed 
sels, &, is the class of F,-sets, or if ® is the class of all open sets, ©; is the class of 
G;-sets). 

DEFINITION 2. ©& being any family of sets, let B(®) be the smallest family of 
sels which contains ® and is closed with respect to the operations o and 6 (taking 
denumerable sums, resp. products) ; i.e., B(®) is the smallest “Borel system” over ®. 


S. Ulam posed a problem’ which may now, in a generalized form, be stated 
thus: 

Let K be a family of pointsets, of power of the continuum (e.g., let K be the class 
of all analytic sets); does there exist a denumerable family D of sets, such that K C 
B(D)? (A pointset is a subset of a Euclidean space, in particular a set of real 
numbers). 

If we assume the continuum hypothesis we can solve this problem in the affir- 
mative, and we can even prove a little more: viz., that 


K SK Dose Dae « 


This is an immediate consequence of the following theorem: 

THEOREM 5. Let 9C be a set of power &, and let K be a family of power S, or 
atone of X. Then there exists a denumerable family of sets, D, such that K C 
Y 7) ‘Ds, . 

Proor. We recall that the characteristic function of a set is the function which 
is = 1 on the set, and = O elsewhere. We shall consider the characteristic func- 
tions of the subsets of 9C, and take 9C as the domain of these functions. Then 
we have a one-to-one correspondence between the subsets of XC and the dyadic 
functions on 9C, and, by a well-known theorem, this correspondence is invariant 





* Fund, Math. 30 (1938), p. 365, probléme 74. 
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with respect to taking limits’; i.e., the limit-set of a sequence of sets corresponds 
to the limit of their characteristic functions, and vice versa. 

Let K be a family of sets in accordance with the hypothesis of our theorem, 
and let be the corresponding family of characteristic functions. Then, by 
theorem 3, F has a denumerable base (consisting of dyadic functions), say { fa(a)): 
let D be the (denumerable) family of the sets of which the functions f,(z) are 
the characteristic functions. It follows then, from the properties of character- 
istic functions, that every set belonging to K is the limit-set of some sequence 
of sets from 9). 

Now, the limit-set of a sequence of sets can be represented as a product of 
sums—and also as a sum of products—of sets out of that sequence. Therefore, 
the family of all limit-sets of D is contained in D,3-D3., whence the theorem 
follows immediately, q.e.d. 


OrTawa, ONTARIO 
CANADA 





6 Cf., F. Hausporrr, Mengenlehre, 2. Aufl. (Berlin, 1927), p. 21; also, C. Kuratowskr, 
Topologie, I. (Monografie matematyczne 4, Warszawa-Lwéw, 1933), p. 70. 
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INTRODUCTION 


The theory of abstract complexes divides into two analogous parts, namely the 
theory of star finite and the theory of closure finite complexes.’ In a star finite 
complex,,the homology groups are topologized and are based on infinite chains, 
while the cohomology groups are discrete and are based on finite cochains. In 
a closure finite complex it is the other way around. The theories are so closely 
analogous that they need not be treated separately; the results of one automati- 
cally apply to the other. In a finite complex the two theories merge. 

The construction of a homology theory for topological spaces usually involves 
the theory of abstract complexes combined with some approximation device. 
Here we distinguish two essentially distinct methods. 

The first method is based on the study of continuous mappings 7’: X — P of the 
given topological space X into polyhedra P. In the second method the approxi- 
mation process is reversed: mappings 7':P — X of polyhedra P into the given 
space X are studied. 

The first method is best illustrated by the Alexandroff-Cech process in which 
the space X is mapped into the nerves of its coverings. The resulting homology 
groups are topologized while the cohomology groups are discrete. This suggests 
that the first method is an extension of the star finite process ina complex. Close 
examination of the recent work of Alexander’ and Kolmogoroff* confirm this 
conclusion. The theory of Vietoris and the recent “regular cycles” of Steenrod’ 


all belong to this method. 


The second method leads to the “singular” or the “continuous” homology 





‘See S. Lefschetz, Algebraic Topology, Amer. Math. Soc. Colloquium Publ., Vol. 27 
(1942), Chapter IIT. 

* P. Alexandroff, Ann. of Math., 30 (1928), p. 101-187; E. Cech, Fund. Math., 19 (1932), 
p. 149-183. 

*J. W. Alexander, Ann. of Math., 37 (1936), p. 698-708. 

* A. Kolmogoroff, ‘Comptes Rendues Paris, 202 (1936), p. 1144-1146. 

*N.E. Steenrod, Ann. of Math., 41 (1940), p. 833-851. 
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theory. Discrete homology groups and topologized cohomology groups are 
obtained. This is the application of the closure finite theory to a space. 

Both the star finite and the closure finite approach to topological spaces are 
fully justified by their applications. However, for each type of problem only 
one of the two proves to be really suitable. Since the two methods give the 
same results only in very isolated cases (for instance, compact metric absolute 
neighborhood retracts), using the wrong method will result in theorems with 
many inessential hypotheses. The reason for trying to use the star finite ap- 
proach in places where the closure finite one is more natural is due to the fact 
that the star finite process has been highly perfected while the closure finite (or 
the singular) process is still in a very rudimentary stage. This is all the more 
puzzling since the first method is less than twenty years old while the second is 
as old as topology itself. 

The best treatment of the singular homology theory so far has been given by 
Lefschetz.° He defines a singular simplex in a space X as a pair (s, 7’) where s 
is an oriented simplex and 7’:s — X is a continuous mapping. If B:s—s’ isa 
barycentric mapping of s onto another oriented simplex of the same dimension 
as s, then 


(*) (s, T) = + (s', TB”) 


where the sign is + or — according as B preserves or reverses the orientation. 
Following a suitable definition of boundary and incidence numbers, Lefschetz 
arrives at what he calls the “total singular complex” 5(X) of the space X. In 
this closure finite complex homologies, cohomologies and products can be con- 
structed. 

The main difficulty with using the complex 5(X) is that it is not a bona fide 
abstract complex. Unfortunately relation (*) causes elements of order 2 to 
appear in the group of chains,’ while in an abstract complex the group of chains 
ought to be free. There is the possibility of leaving out the elements of order 2 
as degenerate, but this would make the use of the complex 5(X) cumbersome. 

The main purpose of this paper is, by adjunction of a new idea to Lefschetz’s 
method, to give a precise and systematic treatment of the singular homdl- 
ogy theory. Instead of using oriented simplices as in Lefschetz’s approach we 
shall use simplices with ordered vertices. In addition, the barycentric mapping 
B:s — s', used in defining equivalence, is required to preserve the order of the 
vertices. This modification leads to a much larger total singular complex S(X) 
which, however, in contrast to 5(X), is a closure finite complex proper, so that 
the whole closure finite theory can be applied without restrictions. This pro- 
gram, including the product theory and the invariance theorem, is carried 
through in Chapters III-V. 

In Chapter VI we show some connections with the homotopy groups. Two 





6S. Lefschetz, Bull. Amer. Math. Soc., 39 (1933), p. 124-129; also Algebraic Topology, 
p. 311. See also P. Alexandroff and H. Hopf, Topologie I, Berlin, 1935, Ch. VIII, 5. 
7 See S. Lefschetz, Bull. Amer. Math. Soc., 39 (1933), p. 128. 
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theorems previously published by the author’ without proofs are treated in 
detail. 

The idea of using simplexes with a definite order of vertices turned out-also to 
be helpful in clearing up some obscure points in the product theory in simplicial 
complexes. Given a simplicial polyhedron P, we choose a definite orientation 
for each simplex of P and arrive at an abstract complex k(P). In order to in- 
troduce the products, one usually has to pick an ordering for all the vertices of P. 
At first the products depend upon the chosen order and only when we pass to the 
products of homology and cohomology classes does the order become immaterial. 
This results in a certain lack of naturality and uniqueness. In Chapter II we 
define a much larger abstract complex K(P) in which each simplex appears with 
all the possible orderings of its vertices; we then show that the homology theories 
of k(P) and K(P) are essentially the same, while the product theory in K(P) has 
very desirable uniqueness features (Ch. V). 

Chapter I was meant as a review of the theory of abstract complexes. The 
technique of chain transformations and chain hemotopies is developed. Some 
of the concepts, like that of chain equivalence, are new. 


CHAPTER I 
ABSTRACT COMPLEXES® 


1. Closure finite complexes 


Let K be a collection of abstract elements o* called cells. With each cell there 
is associated an integer q called the dimension of o’. To any two cells «7%, o* 
there corresponds an integer [o***:0°] called the incidence number. K will be 
called a closure finite abstract complex provided the incidence numbers satisfy the 


following conditions: 
(1.1) Given o*’, [6°*?:0°] ¥ 0 for only a finite number of ¢-cells o°; 
(1.2) Given of” and o”’, Zz [o** :6%I[o%:0" |] = 0. 
of 
The g-cells o* are taken as free generators of an abelian group C‘(K); the ele- 


ments c* of C*(K) will be called (finite) integral g-dimensional chains of K. The 
boundary operator @ is a homomorphism 


(1.3) a:C%(K) — C*(K) 

defined for each generator o% as 

(1.4) do* = DO [e806 Jo" 
o@~l 


Condition (1.1) insures that the summation is finite and therefore that do° is a 
well defined (g — 1)-chain.. We verify that condition (1.2) is equivalent with 


(1.5) - da = 0 


*S. Eilenberg, Proc. Nat. Acad. Se., U. S. A., 26 (1940), p. 563-565. 
* General reference: S. Lefschetz, Algebraic Topology, Ch. III and IV. 
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Very often in defining a complex we define the boundary operation (1.3) and 
prove (1.5) before introducing the incidence numbers. The incidence numbers 
can then be defined by (1.4) and conditions (1.1) and (1.2) can be proved. 


2. Homology groups 

Let G be a discrete abelian group. The g-dimensional chains of K over G ar 

the formal finite sums 
ct = Digiot, gieG 
They form un abelian group C“(K, G).° The boundary operation is a homomor- 
phism 
a:0°(K, G) > C*"(K, G) 
defined as 
dc! = > gido% . 


Again we have #0 = 0. The chains c* with dc* = 0 are called cycles; they form 
a subgroup Z°(K, G) of C"(K, G). Chains ec” such that ce’ = ac*™ for some c™ 
are called boundaries; they form a subgroup B‘(K, G) of C*(K, G). It follows 
from 02 = 0 that every boundary is a cycle, so 


B'(K, G) C 2"(K, G). 
The discrete factor group 
H'(K, G) = Z2°(K, G)/B"(K, @) 

is the g-dimensional homology group of K over G. If G is the additive group I of 
all integers we will write C*(K), Z*(K), B*(K) and H*(K), omitting the symbol 
for the group G. 

The elements of H*(K, G) are called homology classes. Each cycle c’ deter- 
mines uniquely a homology class. Two cycles c{ , ci in the same homology class 


: ‘ “7 q 
are called homologous (notation: cf ~ ci). Clearly cf ~ cf if and only if ¢ — © 
is a boundary. 


3. Cohomology groups 


Let G be a topological group.” The g-dimensional cochains of K over Gare 
functions f* which with each q-cell o’ in K associate an element f*(o") of G. The 
q-cochains form an abelian topological group C,(K, G).” Since the q-cells o” are 





© More precisely C*(K, @) is the group generated by symbols go¢ with relations (gi + 92) 
= got + g20%, 

4 A topological group is a group with a topology with respect to which the group opera- 
tions are continuous. No separation axioms are postulated, so that the factor group by a 
non-closed subgroup still may be regarded as a topological group. 

12 C,(K, G) is topologized as follows: Given a q-cell o and an open set V inGa neighbor- 
hood (o%, V) in C,(K, @) is obtained by taking all the cochains f¢ such that f2(0%) ¢ V. 
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the free generators of the discrete group C*(K) each cochain leads to a unique 
homomorphism 


f*:C"(K) -G 
and we have 
C,(K, G) = Hom{C*(K), G}.” 
This second point of view will prevail in the sequel. The coboundary operator 
§ is a homomorphism 
6:C,(K, G) > Cyui(K, G) 
defined as 
(af*)e"™* = fr(act™) 


for {7 ¢C,(K, G@), c7** «C*"(K). The cochains f* with of? = 0 are called cocycles 
and form a subgroup Z,(K, @) of C,(K, G@). Cochains f* of the form f* = ég*” 
are called coboundaries and form a subgroup B,(K, G) of C,(K, @). Since 


(d8f*)c*** = (af*)(ac*™) = f*(aac*™*) = f7(0) = 0 
we have 65 = 0 and B, is a subgroup of Z,. The factor group 
H,(K, G) = Z,(K, G)/B,(K, @) ‘ 


is the g™ cohomology group of K over G. It carries a topology“ induced by that 
of C,(K, G). The elements of H,(K, G@) are called cohomology classes. Each 
cocycle f* determines uniquely a cohomology class. Two cocycles fi, f2 in the 
same cohomology class are called cohomologous (notation fi —f3). Clearly fim 
frif and only if f{ — f% is a coboundary. 


4. Chain transformations 


Let K, and Kz be two abstract closure finite complexes and let 7 be a collection 
of homomorphisms, one for each dimension q 


(4.1) 7:C"(Ki) — C*(K2). 
We say that 7 is a chain transformation 
7:K,— Kz 
if 
(4.2) 7d = Or. 


——— 


* By Hom {H, G} we denote the additive group of all homomorphisms ¢: H + G with @ 
abelian. A topology in Hom {H, G} is obtained by taking a compact subset X of H and a 
neighborhood V of 0 in G and considering the set of all g such that y(X) C V as a neighbor- 
hood of 0 in Hom {H, G}. 

. ‘* Since B, need not be a closed subgroup of Z,, the group H, may not satisfy any separa- 
tion axioms. Cf, footnote 11. 
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More specifically, consider the diagram 
C*(Ki) + C*(Ke) 
a 2 
C*""(Ky) = C*"(K2) 


Condition (4.2) means that the two mappings of C*(K,) into C*"(K;) that can 
be derived from the diagram are equal. 
The homomorphisms (4.1) can be extended to homomorphisms 


7:C"(Ky, G) — C"(Ka, G) 
by putting 
r(Ligiot) = Ligir(o?). 
Condition (4.2) being still valid, we obtain 
7:Z2°(Ki, G) — Z"(K2, G), 7:B"(Ki, G) — B*(Kz, G); 
consequently 7 induces homomorphisms 
7:H"(Ki, G) > H"(K2, G) 


of the homology groups of K, into those of Kz . 
For the cochains we have induced homomorphisms 


7*:C (Ke, G) + C,(Ki, @) 

defined by 
(r*f)(c*) = f*(re*) 
for f* €C,(Ke2, G), ce C"(Ki). We verify that 
75 = br* 
and therefore 
t*:Z,(Ke, G) > Z,(Ki, G) 7*:B(K2, G) > B(Ki, G) 

and consequently 7 induces homomorphisms 

t*:H,(Ke, G) > H,(Ki, G) 


of the cohomology groups of Kz into those of K,;. These homomorphisms will 
be called the dual homomorphisms induced by r. 
Given two chain transformations 


1:K,— Ke, T2:Ke — Ky 
the composite chain transformations 








aD 
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is defined by t271(c*) = t2[71(c*)]. We notice that for the induced dual homo- 
morphisms we have (7271)* = T1Ts . 

Let K be a complex and K; a collection of cells of K. We shall say that K, 
is a closed subcomplex whenever o* ¢ K and [o*:0* *] ¥ 0 implies o**¢K. This 
condition is equivalent with the condition that for every chain in K, the boundary 
also is in Ki. If K, is a closed subcomplex we define a chain transformation 


eKki-K 
by setting e(c*) = c* for every chain c* in K;. 
The dual homomorphisms of the cochains 
e*:C,(K, @) > C,(K1, G) 
can be described as follows. Given a g-cochain f* in K i.e. given a homomor- 
phism 
f':C(K) -G 
the homomorphism 
e*f*:C"(Ki) —@ G 
is obtained by considering f* on the subgroup C*(K,) of C*(K). 
5. Chain homotopy 
Let two chain transformations 
m:K,;— K,  =—_2:Ki > Ke 
be given. A collection D of homomorphisms 
D:C*%(Ky) > CK) 
(one for each q) will be called a chain homotopy between 7; and 72 provided 
(5.1) aDc? = rec? — r4c° — Dac* 


for all c* e C*(K;,). 

If such a chain homotopy D exists we say that 7; and 72 are chain homotopic 
(notation: 7; ~ 72). It is clear that the relation ~ is symmetric, reflexive and 
transitive. 

It follows from (5.1) that if c’ is a cycle then 72c* and 7,c* are homologous; 
consequently we have 
(5.2) Chain homotopic transformations induce identical homomorphisms of the 

homology groups. 

The homomorphisms D induce dual homomorphisms 


D*:C,(K2, G) > Cya(Ki , G) 


defined as 


(Def) = f(Der™) 
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for f?eC,(K2, G), c’’ «C* (Ki). We verify that 
5D*f? = m2ft — rift — D*6f". 
Consequently if f* is a cocycle then 72/7 and 7; f% are cohomologous. Hence we 
get 
(5.3) Chain homotopic transformations induce identical dual homorphisms of the 
cohomology groups. 
We further remark that if only one of the chain transformations, say 7; , and 


the homotopy operator D are given, then the other chain transformation could 
be defined using (5.1) as 


rect = rye" + 8Dc* + Dac’. 
72 Will automatically be a chain transformation since 
aryc? + adDc* + aDac* 
70c" + [72dc* — 740c* — Daac*| 


0 roc" 


= 720¢". 
Clearly 7; and 72 will be chain homotopic with D as the homotopy operator. 


6. Chain equivalences 


Let K, and K,2 be two closure finite abstract complexes. We will denote by 
the symbol 1 the identity chain transformation 


lc’ = ¢ 


of K; into itself or of Kz into itself. 
Two chain transformations 


7:K,i— Ke p:K,— Ky, 
will be said to form an equivalence pair if and only if 
pt~l1 and t~ 1. 


Each of the transformations 7, p will be then called a chain equivalence. 

The homomorphisms 7 and p induced on the homology groups are then inverses 
of one another; hence they are isomorphisms. The same holds for the dual 
homomorphisms 7* and p* of the cohomology groups. It follows that 
(6.1) A chain equivalence induces isomorphisms of the homology groups and of 

the cohomology groups of the two complexes involved. 

(6.2) Let r:K, — Kz be a chain equivalence. The chain transformation p:K: > 
K, such that + and p form an equivalence pair is determined uniquely up to 
chain homotopy. 

In fact, if 7149 amd 7p’ are both equivalence pairs then 


p= p'tp = p’ 


because p’r ~ 1 and rp ~ 1. 
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(6.3) If 7, p is an equivalence pair and 


T=’ and p—=~p 


ihen 1’, p' is also an equivalence pair. 

The proof is obvious. The previous two propositions show that the concept 
of an equivalence pair applies to chain homotopy classes of chain transforma- 
tions, and that then the elements of the pair determine each other uniquely, and 
could justly be called inverses of one another. 


7. The Kronecker index 


Let G, , G. and G be three topological (abelian) groups. We shall say that G, 
and G, are paired to G provided a multiplication gig, for gi € Gi, ge € G2 with 
values in G is given which is bilinear and continuous in each variable separately. 

If we denote by J the additive group of all integers then G and J are always 
paired to G in the obvious manner. 

Let G, and G2 be paired to G with G» discrete and let 


fi «CK, Gi), c* e C"(K, Ge) 
be given with c’ = >-gi0%. We define the Kronecker index by setting: 
KI(f", c’) = Dift(odg: - 


We verify that KJ establishes a pairing of C,(K, G:) and C*(K, G2) toG. We 
further verify that 


(7.1) KI(f?, ac*™") = KI(6f*, c**). 
This implies immediately that 
KI(cocycle, boundary) = 0 
KI(coboundary, cycle) = 0 


and therefore KJ establishes a pairing of the groups H,(K, Gi) and H*(K, G2) toG. 
An important property of the Kronecker index is connected with chain trans- 
formations 7:K; + Ke. Let 


fteC(Ke,G:) ee C™(Ki, Gs) 
then 
(7.2) KI(f*, rc’) = KI(r*f*, c’). 


A most important case of pairing is that of a discrete group @ with its character 
group’ Char G, given by 


xg = x(g) xe Char G, g « G, 








: Char @ = Hom {G, R;} where R, is the additive group of real numbers reduced mod 1. 
lt is known that Char G is compact (or discrete) if G is discrete (or compact). Cf. Lef- 
schetz, Algebraic Topology, Ch. II. 
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the values of the pairing are in the additive group J; of reals reduced mod 1. It 
can be shown easily that to every character 


xe Char C*(K, G) 
there is one and only one cochain f* e C,(K, Char G@) such that 

x(c*) = KI(f’, c*). 
This way an isomorphism 
(7.3) Char C*(K, G) = C,(K, Char G) 
is obtained. This isomorphism leads in a well known fashion to the isomor- 
phism 
(7.4) Char H*(K, G) = H,(K, Char G) 
which is the homology-cohomology duality theorem. 

CHAPTER II 
SIMPLICIAL COMPLEXES 


8. The complexes k(P) and K(P) 


Let P be a locally finite polyhedron with a fixed simplicial decomposition.” 
After choosing a definite orientation for each simplex of P we define the complex 
k(P) as follows. The cells o* of k(P) are‘the oriented q-simplices of P (the 0- 
simplices are’ not oriented). The incidence numbers [o*:c* “] are defined in the 
usual way and are +1, —1 or 0 according to whether o** is a positively oriented 
face, a negatively oriented face or is not a face at all of o*. The resulting com- 
plex k(P) is closure finite. 

We shall now define another complex K'(P) as follows. A q-cell of K(P) is an 
ordered array v --- v, of vertices of P with possible repetitions and with the 
condition that all the vertices in question have to lie on one geometric simplex of 
P. A q-cell without repetition will be called proper, with repetitions, it will be 
called degenerate. 

Next we define the boundary operation as”’ 


g : 
(8.1) © A(t» +++ Ye) = Dy (= 1)'te +++ 8 +++ 6 
for the cells. We extend this operation to a homomorphism 
a:C%(K(P)) — C**(K(P)). 
We verify by a straightforward computation from (8.1) that 
00 = 0. 





#6 For more details see Lefschetz, Algebraic Topology, pp. 93-98. 
17 The dash over v; indicates that v; is omitted. 
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Using the operation 6 we can define the incidence numbers and get an abstract 
closure finite complex K(P). 

Both complexes k(P) and K(P) will be taken ‘“‘unaugmented.” That means 
that there are no cells of dimension —1. Consequently every 0-chain is a cycle 
and for a connected P we have H’(k(P), @) = G and H°(K(P), @) = G. 

Given a cell o* in either of the two complexes k(P) or K(P) we denote by 
\o’| the smallest geometric simplex of the decomposition of P, containing the 


cell o°. 
9. The chain transformation a 
We now define a chain transformation 
(9.1) a:K(P) — k(P) 


as follows. Given a g-cell vp --- vg in K(P) we distinguish two cases. 
(1) If vo «+ ev, is improper we set 


a(vp +++ vg) = 0 


(2) If u «++ vis proper then it determines uniquely a q-cell o* in K(P). The 
vertices Up «++ Ug determine a chain [vp - - - v4] of k(P) 


[vp +++ Ug] = + of 


according as the orientation of o* agrees with the order vu --- v, or not. We de- 
fine 


a(Up *+* Vg) = [vo -++ vg). 


This defines a for each cell in K(P). We extend a by linearity to get homo- 
morphisms 


a:C*(K(P)) — C%(k(P)). 


To show that these homomorphisms determine a chain transformation we 
have to show that 


(9.2) da = ad. 


It is sufficient to verify (9.2) for each cell of K(P). If vo --- v* is a proper q¢- 
cell of K(P) then 


Ba(vo +++ v,) = dl -++ vg] = >> (—1) ‘uo «++ b5 +++ v9] 
Di (—1)'alvo © ++ vp +++ eg) = a(D(—1) ‘09 «++ B; +++ 04) 


= 2(vo eee Vq) 


If u «++ v, is improper with v, = v; for k < 1 then by definition da(v «++ v,) = 
0. We compute aa 


ad (U9 +++ 0g) = Dy (—1)‘alvo +++ 5 +++ 04) 
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in this summation all the cells will be improper except perhaps for 7 = k and 
a= 1. Hence 


ad(vp ++ vg) = (—1)*[uo «++ de + Vg] + (—1)'[vo +--+ ++ v] 
since v, = v; we have 
[vo +++ d+ Ve] = (—1)°* "fn, 22 Dees vel 


and therefore a@(v --- v,) = 0 as desired. 
THEOREM 9.1. The chain transformation 


a: K(P) — k(P) 


is a chain equivalence. 

Coro.Luary 9.2. The chain transformation a induces isomorphisms of the 
homology groups of K(P) onto those of k(P). 

Coro.tuary 9.3. The chain transformation a induces dual isomorphisms a* 
of the cohomology groups of k(P) onto those of K(P). 

Theorem 9.1 will be proved in §1I. 


10. The join 


Let P be the polyhedron obtained from P by taking the join of P with a vertex 
vp outside of P. We may regard P as a cone with P as base and w as vertex. 
Given any q-cell o* of K(P) we denote by vo the (q + 1)-cell obtained by writ- 
ing out the array of vertices defining o* and placing v in front of them all. For 
each q-chain c’ of K(P) the (q¢ + 1)-chain we’ of K(P) is then well defined. A 
direct computation shows that 


(10.1) A(voc*) = c* — w(dc") forqg > 0 


In particular if c’ is a cycle we have c’ = A(vc) and hence c* ~ 0. This proves 

Lemma 10.1. The homology groups of the complex K(P) vanish for dimensions 
qg > 0. 

In particular a geometric simplex s may be regarded as a join of any of its 
faces with the opposite vertex. Consequently the symbol vc‘ is well defined for 
any vertex v of s and any g-chain c* of K(s). 

Corotiary. 10.2. If s is a geometric simplex, the homology groups of K(s) 
vanish for all dimensions q > 0. 


11. Proof of Theorem 9.1 
In order to construct a chain transformation 
(11.1) a:k(P) — K(P) 


such that a, & form an equivalence pair, we choose a definite ordering of the 
vertices of the polyhedron P. Each q-cell o* of k(P) can then be written uniquely 
as 


o* = + [v --- v] with » < --- < v9. 
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We define 
ao* = + m+ dy. 


It is obvious that 28 = 0@ and therefore @ is a chain transformation. Clearly 
aac’ = o* 
which means that 
(11.2) aa = 1, 
In order to prove that 
(11.3) aa~ 1 
we will define a homotopy operator 
D:C*%(K(P)) > C*"(K(P)) 
subject to the following conditions 
(11.4) aDc* = c* — aac’ — Dac* 
(11.5) Do? C|o*|. 


We proceed by induction. Define Do° = 0. Since aac’ = o° conditions 
(11.4) and (11.5) are satisfied. Suppose that D has been defined for all dimen- 
sions less than qg so that (11.4) and (11.5) hold. Consider 


ce’ = oa! — aac’ — Dao". 


Since aac’ C | o* | and Dao* C | o*| we have 
c* Clo*|. 
Further 
ac’ = ac° — d&ac* — aDAc* = do° — &adc’ — (d0° — dado’ — Dado") = 0. 


Hence c* is a cycle in K (|o%|). Since by Corollary 10.2 every cycle in K( | o*| ) 
bounds in K( | o*| ) there is a (¢ + 1)-chain Do‘ in K(P) such that 


Do* C | o* | aDo* = c’. 
This completes the definition of D and proves Theorem 9.1. 


12. Proper and degenerate chains 


We recall that a cell o* of K(P) is called proper if its vertices do not contain 
repetitions, and degenerate otherwise. Accordingly a chain of K(P) will be 
called proper or degenerate if it is composed of proper or degenerate cells only. 
(12.1) Each cycle in K(P) is homologous to a proper cycle. 

(12.2) Each degenerate cycle in K(P) is bounding. 

_ Given a cycle c’ in K(P) consider the cycle aac’. Since aa ~ 1 we have 
¢ ~ aac’. This proves (12.1) since ao’ is proper for any o” in k(P). If c* is 
degenerate then ac* = Q and aac’ = 0. Hence c’ ~ 0. 
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The proper cells of K(P) form a closed subcomplex K,(P). The inclusion 
relation induces homomorphic mappings of the homology groups of K, into those 
of K. It follows from (12.1) that these homomorphisms are all mappings onto, 
We will show that generally they are not isomorphisms i.e. a cycle in K, may 
bound in K without bounding in K,. Let P be an interval with endpoints 1 , 
%,. The chain 


c= vn + v1% 
is then a proper cycle and 
c = Avvo — vovovr). 


However c’ cannot be the boundary of proper 2-chain since K(P) contains no 
proper 2-cells. 


CuapTer III 
SINGULAR HOMOLOGIES IN A SPACE 


13. The singular complex S(X) 


Let s be a non-degenerate g-dimensional geometric simplex in some Euclidean 
space. If the vertices of s are given in a definite order po < pi < --++ < p, We 
shall say that s is an ordered simplex and write s = < po-+* py >. We shall 
denote by s‘” the face of s opposite the i™ vertexs” = <po,-::, Pi, *** D>. 
Taken with the same order of vertices as in s, the faces s‘” are ordered simplices. 

Given two ordered g-simplices s; and s, we denote by B,,,,, the barycentric 
mapping 

Bayieg3 81 — 82 


preserving the order of the vertices. Clearly B,,,,, is unique. 
Let X be a topological space.’* By a singular q-simplex in X we understand 
a continuous mapping 


T:s > X 


of an ordered g-dimensional geometric simplex s. 
Two singular g-simplices 


T1:8, — X, T 2:82 — X 
are called equivalent (notation: T; = 72) provided 
T2Ba,.0 a T; . 


We verify that this relation is reflexive, symmetric, and transitive. Conse- 
quently the totality of all singular g-simplices in X is split into disjoint equiva- 
lence classes. 





18 The topological spaces considered here are of the most general type, with no separa- 
tion axioms postulated. 
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We remark here that if T:s — X is a singular q-simplex, then given any ordered 
q-simplex s’ there is a unique T’:s’ — X such that T = T”’. 

Let C*(X) be the free abelian group generated by these equivalence classes. 
Alternatively, C*(X) may be defined as the group with the singular q-simplices in 
X as generators and 7, = T; as relations. The elements of the group C*(X) 
will be called the integral singular q-chains in X. 

We now proceed with the definition of the boundary operator for singular 
chains. Given a singular g-simplex 


T:s— X, 8 = <Po°*' Pe >, 
consider the singular (g — 1)-simplices 
T 38 4 X 
defined by” T°? = T | s‘. We define the boundary of T to be 
q 
aT = >> (-1)'T. 
i=0 
It is clear that if T; = T: then T{” = T° and therefore 87; = dT: in C*™*(X). 
Therefore we get a homomorphism 
a:C%(X) > C*"(X). 
We further verify that 
aa = 0. 


Consequently the boundary operation @ can be used to define incidence numbers 
and leads to a closure finite abstract complex that we will denote by S(X) and 
call the singular complex of the space X. . By definition we have 


C%(S(X)) = C%(X). 
The groups of the complex S(X) will be called the singular groups of X: 
H"(X, G) = H*(S8(X), G) G discrete 
H,(X, G) = H,(S(X), @) G topological 
We notice that a cochain 
f eC,(S(X), @) 
can be considered either as a homomorphism 
f:0(X) - G4 


or as a function associating with each singular q-simplex T an element f(T’) of G, 
80 that f(T) = f(T2) for T; = Te. 


Alig anarcipiags! ia 


» Given a mapping g: X — Y and a subset A of X we denote by ¢ | A the mapping ¢ re- 
stricted to the subset A. 
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14. The invariance theorem 


Let P be a simplicial polyhedron as described in §8. For P we have con- 
structed three abstract closure finite complexes: k(P), K(P), and S(P). We 
have already compared the complexes k(P) and K(P) using the chain equiva- 
lence a:K(P) — k(P). We now proceed to compare the complexes K(P) and 


S(P). 
We define a chain transformation 
(14.1) 8:K(P) > S(P) 


as follows. Given a q-cell vo --- v, in K(P), we consider an ordered g-dimen- 
sional simplex s = < pp --+ pg > and a barycentric mapping 7':s — P such that 
T(pi) = v;. Clearly T exists since vp , +--+ , v, are all in the same simplex of P 
and T is unique. We set 5 


Bo +++ %) = T 


to get (14.1). It is clear that 89 = 98 so that 6 is a chain transformation. 
The reason the simplex s had to be constructed outside of P is because of the 


possibility of repetitions among the vertices u,---v,. If v --+ vg were non- 
degenerate we could have taken s to be contained in P and T' to be the identity 
mapping. 


One of the basic results of this paper is the following 
THEOREM 14.1. The chain transformation 


B:K(P) > S(P) 


is a chain equivalence. 

The proof of this theorem requires preparatory considerations concerning 
barycentric subdivisions, and will be postponed until the next chapter. 

This theorem jointly with Theorem 9.1 implies that the three complexes k(P), 
K(P) and S(P) have isomorphic homology and cohomology groups. In particu- 
lar since S(P) is a topological invariant of P as a space it follows that the homol- 
ogy theories of k(P) and K(P) depend only upon P as a space and not upon the 
particular representation of P as a simplicial polyhedron. 


15. Continuous mappings 
Let 


g:xX > Y 


be a continuous mapping of a space X into a space Y. Given a singular q-sill- 
plex in X 


T:s + X 
we have the singular g-simplex in Y 


gT:s— Y. 
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This leads to a chain transformation 


(15.1) g:S(X) > S(Y). 
If X is a simplicial polyhedron P and 
g:P— Y 


isa continuous mapping, then combining 8 with ¢ we obtain a chain transforma- 
tion 


8B: K(P) — S(Y). 


This observation leads to the following convention. Let P be a simplicial 
polyhedron, c’ a q-chain in the complex K(P) and ¢g:P — Y a continuous map- 
ping. Then v8(c*) is a g-chain in S(Y), we shall write 


(P, c’, ¢) _ ¢B(c"). 
This symbolism will prove to be advantageous in many proofs and applications. 


16. Prisms 


The singular homology theory is particularly useful in connection with prob- 
lems dealing with homotopy. In order to prepare the ground for such applica- 
tions we introduce a few definitions. 

A prism of dimension gq + 1 is the cartesian product s X J of an ordered q- 
simplex s and the closed intervalO0 = ¢ < 1. The bases s X O ands X 1 of the 
prism s X J are q-simplices, in which the vertices are ordered just asin s. The 
sides s” X I are prisms of dimension q. 

We turn the prism into a simplicial polyhedron as follows. Let s X 0 = 
<po°+* Po > and let s X 1 = < fin --+ pq > be the bases of s X I. We sub- 
divide s X I by considering the (q + 1)-simplexes 

Do ++ Dip? Da 
and all their faces. The simplicial subdivision of s X J so obtained will be called 
the standard division. Its main property is consistency; i.e., the standard divi- 
sions of the sides s“” X J agree with the division of s X I. We also notice that 
the bases s X 0 and s X 1 are not subdivided. 

In the complex K(s X I), with s X I taken in the standard division, we con- 
sider the (g + 1)-chain 


qg - 
dis X I) = 2 (—1)' po +++ Pipi *** De 
which we will call the basic (q + 1)-chain on the prism s X I. We verify that 


(16.1) ad(s X I) =#X1—#x0-D(- 1)'d(s® X I) 


i=0 


A singular (q + 1)-dimensional prism in a space X is-a continuous mapping 


R:isXI-X 
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424 @E, SAMUEL EILENBERG 


of a (¢ + 1)-prism s X I into X. The bases 
RO) =R|sx0 RQ) =R\|sX1 
are singular q-simplexes in X. The sides 
R® =R|s XI 
are singular g-prisms in X. 
Each singular prism R:s X J — X generates a singular (q¢ + 1)-chain in X; 
ck) = @XI, dsxXTI), R) 


where s X J is in its standard division and d(s X._/) is the basic (q + 1)-chain 
of K(s X I). We verify at once that (16.1) implies 


(16.2) dc(R) = R(1) — RO) — > (—1)'c(R®). 


Given two ordered q-simplices s; and s. we have denoted by B,,,,, the unique 
barycentric mapping s; — s: preserving the order of the vertices. The mapping 
B,,,s, obviously induces a mapping 


But X I & X I. 
Two singular prisms 
Ry:83, X I> X, Reis XK [+X 
will be called equivalent (notation R,; = R2) provided 
R2B,,., = Ri. 


It is clear that if R; = R, then c(R,) = c(R2). 


17. Homotopy 
The constructions of the previous section will be used in the proof of the 
following 
THEOREM 17.1 If the continuous mappings ¢:X — Y and y:X — Y are homo- 
topic then the induced chain transformations ¢: S(X) — S(Y) and ¥:S(X) — S(Y) 
are chain homotopic 
Proor. Since ¢ and y are homotopic there is a mapping 
n:X XI—-Y 
such that 
n(x,0) = g(x) — n(x, 1) = H(z). 
Given a singular g-simplex of X 
T:s—>X 
we define a singular prism 
Rris xI-y 
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as follows 
Rr(z,t) = n(T),t) res, tel. 
We notice that 
Rr) =¢(T), Rr(l) = ¥(T) 
hence putting D(7’) = c(Rr) we get by (16.2) ' 
aD(T) = ¥(T) — ¢o(T) — D(@T). 


This proves the theorem. 
According to Hurewicz, two spaces X and Y are said to have the same homo- 
topy type if there are two continuous mappings 


g:X —~ Y viY-X 


such that yy is homotopic to the identity mapping of X into itself, and similarly 
gy is homotopic to the identity mapping of Y into itself. If we consider the 
induced chain transformations 


e:S(X)—> S(Y) sw: S(Y) > S(X) i 
we get from Theorem 17.1 that 
yYeo~l and gw~l 





so that ¢ and y form a chain equivalence pair and the complexes S(X) and S(Y) 
are chain equivalent. 


18. Relative homologies 


: 
’ 
: 
’ 
' 


We briefly outline the procedure leading to the homology and cohomology 
groups of a space X modulo a subset A. Every singular simplex in A may also 
be regarded as a singular simplex in X and this way the singular complex S(A) 
may be considered a subcomplex of the larger complex S(X). Clearly S(A) isa 
closed subcomplex of S(X) and therefore homology and cohomology groups of 
S(X) mod S(A) may be considered. These groups will be, by definition, the 
groups of the space X modulo the subset A. 

Accordingly, a singular chain c* in X will be called a cycle mod A if dc* is a 
singular chain in A. We shall say that c’ bounds mod A if there is a singular 
chain c’™ such that ce? — ac** isa chain in A. This way we get the homology 
groups of X mod A. , 

A cochain f* in X will be called a cochain in X mod A if f*(7’) = 0 for every 
singular simplex 7’ in A. Using cochains mod A throughout we arrive at the 
cohomology groups of X mod A. 

With these definitions the properties of the Kronecker index and the duality 
between homology and cohomology are preserved. 

It P is a simplicial polyhedron and Q a closed subpolyhedron then similar iH 
considerations can be applied to the complexes k(Q) and k(P) as well as the 
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complexes K(Q) and K(P). Since the chain transformation a:K(P) — k(P) 
agrees on K(Q) with the chain transformation a:K(Q) — k(Q) and similarly for 
the chain transformation 8, we conclude as before that the chain transformations 
a and 8 induce isomorphisms of the relative homology and cohomology groups, 


CHAPTER IV 
PROOF OF THE INVARIANCE THEOREM 


19. V-sets 


Let P’ be the first barycentric subdivision of P. Given a point pe P let 
St(p) be the union of all the simplices of P’ containing p. The set Si(p) is 
closed, and we shall also consider its interior Int St(p). Clearly p ¢ Int St(p). 
For each point p « P we denote by w(p) a vertex of P such that p ¢ Int St(w(p)). 
Obviously if p is a vertex of p then p = w(p). 

Given a simplex s of P we shall denote by b(s) the barycenter of s and by V(s) 
the union of the set s with the set Int Sé[b(s)]. For each p e V(s) the point 
w(p) must be one of the vertices of the simplex s. 

A subset A of P will be called a V-set provided A C V(s) for some simplex 
s of P. Clearly every simplex of P is a V-set. Also every point of P has a 
neighborhood which is a V-set. 

By standard methods, using the Lebesgue number we prove 

Lemma 19.1 For each singular simplex 


T:s—P 


there is an integer n such that for each simplex s' of the n™ barycentric subdivision 
of s, the set T(s’) is a V-set. 


20. The complex Sy (P) 
We define a subcomplex Sy(P) of S(P) as follows. A singuiar simplex 
T:s—>X 


will be in Sy(P) if and only if the set 7(s) is a V-set. Clearly Sy(P) is a closed 
subcomplex of S(P) and therefore the identity «(7’) = T is a chain transforma- 
tion 


(20.1) e:Sy(P) — S(P). 
Since each simplex of P is V-set it follows that under the transformation 
(20.2) B:K(P) — S(P) 


the complex K(P) is mapped into S;(P) and therefore we have a chain trans- 
formation 


(20.3) By: K(P) — Sy(P) 
such that 
(20.4) B= ey. 
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In order to prove that (20.2) is a chain equivalence it will therefore be sufficient 
to show that both (20.1) and (20.3) are chain equivalences. 
We proceed to show that (20.3) is a chain equivalence. Given a singular q- 


simplex 
T:s—P in S,(P) 
where $ = < Po°** Py > is an ordered simplex, there is a simplex s, in P such 
that . 
T(s) € V(s). 


For each point p ¢ s the vertex w[T'(p)] is one of the vertices of s,;. This can be 
written as 


w{T(s)] Cs. 
In particular the ordered array of vertices 
wT (po) wI'(pi) «++ wT'(pq) 


defines a cell of the complex K(P) which we shall denote by 77’. Clearly we get 
a chain transformation 


7:S,(P) > K(P) 
such that 
By = 1. 
It remains to show that 
Byt =~ 1. 


Given T, s, and s; as before we consider the singular simplex T’ = (8yr)T. We 
may assume that 7” is given as a continuous mapping 


T’:s— P. 
Since T’(s) C s; and 7(s) C V(s;) it follows that for each point x es the points 
T(x) and T’(x) are both in the same simplex of P; this simplex may of course 


depend upon x. 
We define a singular prism 


Rris X I-P 


as follows: Rr(x, t), for x € s and t ¢ I, is the point dividing the interval from 
T(z) to T’(x) in the ratio t:1 — t. 


We verify that 
if T; = T, then Rr, = Rr, , 
Rai) = ?. 


Rr(0) = T, Rr(1) = (Byr)T. 
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Consequently if, following §16, we define 
D(T) = e(Rr) 
we get by (16.2) 
aD(T) = BytT — T — D(0T) 
which proves that By7r =~ 1. 
The proof that (20.1) also is a chain equivalence requires further preparation. 
21. Barycentric subdivision 


Let s be a geometric simplex and let o(s) be its first barycentric subdivision. 
We shall consider the complexes K(s) and K[e(s)]. For each integral chain c‘ 
of K(s) we shall define an integral chain ¢(c*) of K[o(s)] subject to the following 
conditions: Each 0-chain c° in K(s) may also be regarded as a chain in K[o(s)], 
we assume that 


(21.1) a(c’) = ce’. 


For each q-cell a* of K(s), we denote by | a‘ | the smallest simplex of s con- 
taining a’. The polyhedron o(| a*| ) is a subpolyhedron of o(s). We assume 
that 


(21.2) a(a*) C o(| a*|). 
(21.3) o(ci + ¢2) = o(ci) + o(c2) 
(21.4) a(dc*) = do(c*). 


We proceed by induction. Suppose that o(c*) is defined for g < n as satisfies 
conditions (21.1) — (21.4). In view of (21.3) it is sufficient to define o(a") for 
each n-cell o” of K(s). Let b = b(|a"|) be the barycenter of |a”|. The 
subdivision o( | a” | ) of | a” | may be regarded as a cone with b as vertex, since 
by (21.2) we have o(da”) C o(| a” |) the construction of §10 defines a chain 
bo(da") in K[o( | a” | )] which is a subecomplex of K[o(s)]. We define . 


a(a") = be(da”"). 
Clearly (21.2) is satisfied. Using (10.1) and (21.4) we get 
do(a”) = a[bo(de")] = o(8a") — bde(aa") = o(8a") — bo(88a") = o(9a"). 
The chain transformation 
(21.5) o:K(s) > K[o(s)] 


thus obtained has the following important consistency property: if s’ is a face of 
s, then if we regard K(s’) as a subcomplex of K(s) and K[o(s’)] as a subcomplex of 
K[o(s)], then the chain transformation 


o:K(s’) > K[o(s’)] 
agrees with (21.5). 
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Given a geometric simplex z it will be convenient to consider a simplex p(s) 
whose vertices are the vertices of s and the barycenters of all the faces of all 
dimensions of s, including the barycenter of s itself. p(s) is a simplex of dimen- 
sion 2(2° — 1) where q is the dimension of s, and may be constructed in a euclidean 
space of sufficiently high dimension. The complexes K(s) and K[o(s)] may in a 
natural fashion be regarded as subcomplexes of K[p(s)]. 

We shall now define for each integral chain c* in K(s) an integral chain p(c*) in 
K{p(s)| subject to the following conditions 


(21.6) | p(c’) = 0 
(21.7) p(ci + cz) = p(ci) + p(c2) 
(21.8) dp(c*) = ac* — c* — p(ac*). 


We assume that p(c’) has already been defined for g <n. In view of (21.7) 
it is sufficient to define p(a”) for any n-cell a” of K(s). As before let b = 
b(\a"|) be the barycenter of | "|. Since b is a vertex of p(s) we define as 
in §10 


p(a") = blaa” — a" — p(da")). 
Using (10.1) and (21.8) we get ° 
dp(a") = dabloa” — a” — p(da")] 
= ga” — a” — p(da") — bldca” — da" — dp(da")] 
= ga" — a” — p(da") — bldca” — da” — dca” + da” — p(dda")] 
= ga” — a” — p(da"). 

This completes the definition of p(c*). The function p has a similar consistency 
property as o. If s’ is a subsimplex of s then p(s’) may be regarded as a sub- 
simplex of p(s) and K[p(s’)] may be regarded as subcomplex of K[p(s)]. Each 
chain c’ of K(s’) may also be regarded as a chain of K(s). The chain p(c’*) will 
then be the same whether regarded in K[p(s’)] or in K[p(s)]. 

22. Subdivision of singular simplexes 
Let 
T:s — X, s= < pov: p*> 
be a singular g-simplex, and let a’ be the q-cell of K(s) defined by 


at = po-': Pa: 


The chain o(«’) is then a well defined chain of K[o(s)] and using the notation of 
§16 we get a singular chain 


o(T) = (o(s), o(a*), T) 
of X. It is easy to verify that this way we get a chain transformation 


a: S(X) — S(X). 
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We now consider the simplex p(s). Since each vertex of p(s) is a point of s we 
have a linear mapping 


R:p(s) > s 
which gives a mapping 
TR: p(s) — X. 


We define as singular (q + 1)-chain in X by setting 
e(T) = (o(s), p(a*), TR). 

From (21.8) we get 

(22.1) de(7') = o(T) — T — p(AT) 


which shows that the chain transformation o is chain homotopic to 1. 
The chain transformation ¢ may be iterated by setting 


o(T) =T, oo" (T) = afo"(T)]. 


We further remark that both chains o(7’) and p(T’) are contained in the set 
T(s). Consequently for X = P we get 


(22.2) If T is a singular semplex in Sy(P) then o(T) and p(T’) are both in Sy(P). 


23. Completion of the proof 


Given T' « S(P) we denote by n(7’) the smallest integer n such that o”(T) isa 
chain in Sy(P). Such an integer exists because of Lemma 19.1. It is clear 
that if 7 is a face of T then n(T) < n(T). Obviously T is in Sy(P) if and 
only if n(7’) = 0. 

We define for 7 in S(P) 


n(T)—1 


(33.1). P(T) = DO po%(T). 


~~. 


Clearly P(T) = 0 for T in Sy(P). 
* q . 
Let T be the face of 7’ opposite to the i vertex so that a7 = >> (-1)‘'T” 
i=0 


where q is the dimension of 7. We shall prove that 


n(T)—1 


(23.2) aP(T) = o"“(T) — T—- yD (—1)' > po (T) 


y= 
n(T6*))—1 


(23.3) PT) =D (-1)' YS po(T). 


j=0 


In fact, using (23.1) and (22.1) we have 


n(T)—1 ' n(T)—1 ' ‘ / 
aP(T) = 2, dpo*(T) = dX [o"'(T) — 0 (T) — po’ (0T)] 
n(T)—1 q 


=o (TM —-T— > pe’ > (—1)T™. 


j=0 j=0 
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This proves (23.2). On the other hand using (23.1) alone we have 


4 . qg . n(7T(i))—1 . > 
P(@T) = > (—1)' P(T”) =z > (—1)° > po’ (T”) 
= I= = 
which proves (23.3). 
From (23.2) and (23.3) we get 
n(T)—1 


T + aP(T) + POT) = o(T) — De (-1) po'(T), 


j=n(T(*)) 
This implies that 
(23.4) For each g-dimensional singular complex T in S(P) the chain 


T + oP(T) + P(aT) 


isin Sy(T). 

We define 
(23.5) n(T) = T + dP(T) + P(AT) 
foreach Tin S(P). It follows from §5 and from (23.4) that 
(28.6) x: S(P) > Sy(P) 
isa chain transformation. Let 
(23.7) e:Sy(P) — S(P) 


be the identity chain transformation: e(7) = JT for Te Sy(P). For T ¢ Sy(P) 
we have P(7’) = 0 and also P(87’) = 0 so that re(7’) = x(T) = T. Hence 


(23.8) me= 

Further, since er(7’) = x(T), it follows from (23.5) that 
aP(T) = ex(T) — T — P(aT) 

which shows that 

(23,9) ex = l. 


Formulae (23.8) and (23.9) show the e is a chain equivalence. This com- 
pletes the proof of Theorem 14.1. 
CHAPTER V 
Propucts” 
24. Augmentable eulgheline 


The purpose of introducing the definition of an augmentable complex here is 
o secure that the products that will subsequently be studied have a unit. 





* General reference: S. Lefschetz, Algebraic Topology, Chapters III and IV; H. Whitney, 
On products in a complex, Ann. of Math., 39 (1938), pp. 397-432. 
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A closure finite abstract complex K will be called augmentable provided the 
following two properties hold. 


(24.1) All the cells of K have dimension 2 0 and there are cells of dimension 0, 
(24.2) The integral 0-cochain fo defined by foo’) = 1 for all o° in K isa cocycle, 


An augmentable complex can be augmented by the addition of a single (—1)- 
dimensional cell « * with incidence numbers [o’, ¢ ‘] = 1 for all 0-cells o°. Then 
fo becomes a coboundary. 

Let K be augmentable. Given a 0-chain 


& = Lgii eC°(K, G) 
we define the index I(c°) of c° as 
I(c’) = digieG 
and verify at once that 
(24.3) I(c’) = KI (fo, °). 
We verify by inspection that 
(24.4) The complexes k(P), K(P) and S(X) are augmentable. 


As we have remarked earlier these complexes will be left unaugmented. 


25. The cup product 


The complexes that are studied in this paper do not all fall in the class that 
Whitney calls ‘complexes admitting a product theory.” Particularly our com- 
plex S(X) is not such a complex. Asa result Whitney’s theory establishing in a 
general fashion the existence and the uniqueness of the products cannot be used 
here. The products will have to be defined individually for each class of com- 
plexes k(P), K(P), S(X), and others that will appear later. Nevertheless all 
these products have enough common features to permit a uniform axiomatic 
treatment that will be developed in the sequel. 

An augmentable closure finite abstract complex K will be called a complex 
with products if a rule is given which with any three groups G, , G2, @ such that 
G, and G, are paired to G (see §7), and with any two cochains 


fi eC,(K,Gi) fr eC(K, Ge) 
associates a third cochain, called the cup product of f? and fz 
f? U fd € Co4q(K, @) 
subject to the following five axioms: 


(U 1) f? U fi is additive and continuous in each variable. 
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This axiom merely states that under the cup product as multiplication the 
sroups Cp(K, G1) and C,(K, Gs) are paired to the group C,4.(K, @). 
U2) Associativity: f? U (ff U fs) = (f? Uf’) Uss. 
More precisely if G; , Gz , Gs, Gi , Gog and G are six groups with pairings 
9ig2 € Gre gogs € Gog 
91923 « G gigs € G 
such that 


91(9293) = (9192)9s 
then (U 2) holds for 


fi «C,(K, Gi), 2€C(K,G2), fs « C’(K, Gs). 
(U3) f Uf=f 
(U 4) fo Uf =f. 


In these two axioms fo is the integral 0-cocycle described in the previous sec- 
tin. The group J of integers is considered paired with any group G in the 
obvious fashion. 


(U5) 6(f? Uf) = af? Uf2 + (-1)?? VU af 
It follows from (U 5) that 


cocycle 


cocycle U cocycle 


coboundary 


cocycle U coboundary 
coboundary U cocycle = coboundary; 


consequently the cup product is defined for cohomology classes and gives a pair- 
ing of the cohomology groups H,(K, G:) and H,(K, G2) to the group H,4,(K, @). 

We can now see why we do not consider the complexes K augmented. Let f be 
any cocycle. If K were augmented than fo would be a coboundary and conse- 
quently f = f U fy would also be a coboundary. 


26. The cap product 


The cap product f* N c?** defined for a cochain f‘ and a chain c” * can be de- 
tived from the cup product using characters and the Kronecker index. 

Given a pairing of the groups G; and G2 to G with G: and G discrete, we define 
anew pairing of the groups Char G and G; to the group Char G2 by setting 


(xgi)(g2) = x(gige) 


‘or x Char G, g: ¢G; and go «G2. Clearly xg so defined is a character of Gz and 
has all the properties of a pairing. 
Let now 


fteC(K,G), 0? * «€ C?*™(K, G2) 
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with the groups G; and G; paired to G as above. Consider an arbitrary cochain 
g’ « C,(K, Char G). Since G and G; are paired to Char G2 the cochain 


g’ U f* € Cp4q(K, Char Ge) 


is defined. Since Char G, and G, are paired to the group R; of reals reduced 
mod 1 the Kronecker index 


KI(g US',c?*) 
is defined, and for fixed f* and c’** gives a character of the group C,(K, Char G). 


Since the character group of C,(K, Char @) is the group C’(K, @) (ef. (7.3)) 
there is a unique chain 


f7 Nc?** € C’(K, G) 
such that 
(26.1) KI(g’ U f%, c?**) = KI(g’, f* Ne? *) 
for all cochains g’ e C,(K, Char G). 


Axioms (U 1) — (U 5) of the cup product translate into the following proper- 
ties of the cap product 


(N 1) f? 1 c’** is additive and continuous in both variables 
(N 2) pnp Vert = pNP) Uerter 

(N 3) fpNe’? =c 

(N 4) I(f* Nc*) = KI(ft, c) 

(N 5) a(f? Nc? *) = (—1)8f? Nc? * + f* N ac?*. 


We will only prove (N5). Let g”* be any cochain of C,_,(K, Char G). From 
(7.1), (U 5) and (26.1) we get 


KI(g’", f? N ac?**) = KI(g’™ U f%, ac?**) = KI(5(g’™ U f*), ce? **) 
= KI (6g? U f*, c?**) + KI((—1)”""g"* U af%, c”**) 
= KI (6g’", f? Nc?) + KIQ’™, (—1)? “of? Ne?) 
= KI(g’", a(f7 Nc? *)) + KI(g’", — (—1)6f* Nc?*). 
This implies 
KI(g”*, a(f7 N c?**)) = KI(g’™, (—1)5f* U c?** + f* N ac?*). 


Since this is true for every cochain g’ ¢ C,_,(K, Char @) formula (/N 5) follows. 
From (NM 5) we deduce that : 


cocycle M cycle = cycle 
cocycle M boundary = boundary 


coboundary /M cycle = boundary; 
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consequently the cap product is defined for cohomology and homology classes 
and gives a pairing of the groups H,(K, G;) and H’**(K, G:) to the group 
H(K, @). 
27. Chain transformations preserving products 
Let K, and Ky be two complexes with products, and let 
T 7K, <p Ke 

be a chain transformation. We shall say that 7 preserves the products provided 
(27.1) r*(f? U ft) = c*f? U r*fz 


ior f? € C’(Ke, Gi) and fz € C’(K2, G2), with G, and G, paired to some group G. 
If r preserves the products then for the cap product we have the formula 


7.2) (hf MP8) = f° N20” 


for f? eCo(Ke, Gi), c?** « C’**(K, , G2) with G, and G, paired to G. In order to 
prove (27.2) we consider an arbitrary cochain g’ «C,(K:., Char @). Using 
(7.2), (26.1) and (27.1) we get 


K1(g’, r(r*f* Uc? ™)) = KI(r*g”, r*f? Nc?**) = KI(r*g” U r*f?, c?™) 
= KI(r*(g’ U f%), ce?) = KI(g’ Uf’, rc?*") = KI(g’, f¢ N re? *). 


Since this holds for every g”, (27.2) follows. 

If formula (27.1) is not necessarily true for all cochains f?, f2 but is true for any 
two cohomology classes, then we say that + weakly preserves the products. 
Formula (27.2) is then still valid for cohomology and homology classes. 

If r weakly preserves the product, so does every chain transformation chain 
homotopic with 7. If 7 and p are an equivalence pair and 7 weakly preserves the 
products, then the same is true for p. 

28. Products in S(X), K(P) and k(P) 


As before we assume that the groups G, and G are paired to G. 
We first define the cup product in the complex S(X). Let then two cochains 


fi € C,(X, G) and = fz e C,(X, G2) 
be given. Consider a singular (p + q)-simplex 
T:s — X, 8 = < po°** Ppig> 
and define 
pl’ = T|s,—X where s; = < po--* Pp > 
T, = T|%—X where s = < pp--* Ppte >- 
Clearly 7; is a singular p-simplex and 7 is a singular g-simplex in X. We define 


(28.1) (ff U f2)(T) a FP (pT )F2(T a). 
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Clearly fi U fz is a well defined (p + q)-cochain in X with coefficients in ( 
Axioms (U 1)-(U 5) can be verified by straightforward computation, and thus 
S(X) is a complex with products. 

As shown in §26 the definition of the cup product automatically implies g 
definition of the cap product. In this case the cap product can easily be seen 
to be 


(28.2) LO GT) = [f*(Ta)geloT 


with 7’, »J’ and T, related as above. 
Next we turn to the complex K(P). In this case the definition of f? U ff is 
even simpler. It reads 


(28.3) (f2 U f2)(v0 +++ Usa) = JP (Wo +++ Up)f2Up +++ Up4a)- 
The verification of axioms (U 1) — (U 5) is immediate. The related definition 
of the cap product is 
(28.4) £710 govo +++ Ups = [fp +++ Up+a)galvo +++ Up. 
If we now return to the definition of the basic chain transformation (§14) 
8: K(P) > S(P) 
it becomes evident that 
(28.5) £8 preserves the products. 


Since 8 was proved to be a chain equivalence it follows that the complexes K(P) 
and S(P) not only have isomorphic homology and cohomology groups but also 
isomorphic product theories. This proves the topological invariance of the 
products in K(P). 

In order to introduce the products in the complex k(P) we choose a definite 
order for all the vertices of P. Each (p + q)-cell o”* of k(P) can then uniquely 
be written as (cf. §9 and 11) 

a? = + [ry +++ Upig, 10 < +++ < Ute 
We define 


(28.5) (fi U f2)([vo pe Vp+ql) = 1 ([vo “ Vp) )f2([vp cash Up+ql) 


Axioms (U 1)-(U 5) are easy to verify. The related definition of the cap product 
reads 


(28.6) S71 golvo +++ Upyql = f%([vp ++ Vel) galvo -- + vpl 
We recall now that in order to prove that the chain transformation 
a: K(P) > k(P) 


defined in §9 was a chain equivalence we have constructed (§11) a chain trans- 
formation 


a:k(P) > K(P) 
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such that a and & were an equivalence pair. In order to define & we have as- 
simed that a definite order of the vertices of P was chosen. If we now agree to 
use the same order of vertices of P for the definition of & as for the definition of 
the product in k(P) it becomes clear by inspection that 


(08.7) & preserves the products. 
By §27 this implies that 
(28.8) a weakly preserves the products. 


This shows that as far as cohomology and cohomology classes are concerned 
the products in k(P) do not depend upon the choice of the order of the vertices 
of P, initially used in the definition of f? U fz. It also proves the topological in- 
variance of the products in k(P). 

If X and Y are topological spaces and 


g:xX —~ Y 
a continuous mapping, then it is easy to see that the chain transformation 
g:S(X) — S(Y) 


preserves the products. 


29. Commutativity of the products 


Let the (topologized) groups G, and G, be paired to G. For two cohomology 
classes 


fi ¢ H,(X,G:) and fz « H,(X, G2) 
the cohomology class 
FP U fi € Hp4¢(X, @) 
is defined. 
We also define a pairing of G. and G, to G by setting 
9291 = 9ige 
and consequently get the cohomology class 
FUP? HB sa(X, @) 
THEOREM 29.1, 
fPU si = (—1)"f2 UP. 
We emphasize that the theorem is valid only for cohomology classes and not for 
individual coeycles. 
Before proceeding with the proof we define a chain transformation 


p:S(X) — S(X) 


7 lollows, Let T:s — X be a singular simplex in X where s = < Po++* Pq >. 
Consider the simplex § obtained from s by reversing the order of vertices: § = 
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<p.°*: Po>. Setting 7(x) = T(x) we get a new singular simplex 7:3 > X of 
S(X). We define 

o(T) = (—1)*eet? 7. 
We verify by a straightforward computation that p@ = dp so that p is a chain 
transformation. 


LEMMA 29.2. p~ 1. 
Proor. Let s be a geometric simplex. We define a chain transformation 


p:K(s) > K(s) 
by setting for each q-cell o* = up --+ vq of K(s) 
p(o*) = (—1)#* ug «++ wp. 
We verify easily that pd = dp. Next we define homomorphisms 
7:0%(K(s)) > C*"(K(s)) 


by induction, using the notations of §10, as follows 


r(c’) = 0 
T(U0 +++ Vq) = Vol¥o +++ Vq — p(¥o ++ Vg) — T(AV0 «++ v4]. 
From 10.1 we get 
Or (V9 +++ Vg) = V0 +++ Vg — plo +++ Vg) — TAU «+> Vg) 


— vol v0 oe te p(dv Ah Vq) = dr(dv ee v,)| 
hence by induction it follows that 
(29.1) ata” = o* — po" — 7rd". 


The chain transformation p and the homotopy operator 7 have the important 
consistency property as described in §21. 
Now let 


T:s > X 8S= <pPo°'* Py > 


be a singular q-simplex. We consider the q-cell o* = po --- pq of the complex 
K(s) and using the notations of §16 we define 


eT = (8, o, T) 
rT is a well defined singular chain of X and from (29.1) and (16.2) we get 
a7T = T — pT — aT. 


This shows that p ~ 1 q.e.d. 
We now proceed with the proof of Theorem 29.1. Let two cochains 


Rf € C,(X, Gi) f? € CX, G2) 


be given with G; and G; paired to G, and let T' be a singular simplex of dimension 
pt+q. 
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From the definition of 7 we have 

A(T) = (T.), (T)p = (7). 

Hence assuming that gogi = gage 
AUNT) = AAMT) = MGTILA(T.)! 
and using the definition of p we get 
(iphoto? (FU fP)(OT) = (— 1) (— 1) OG (op T)FH(0T ) 
and after simplification 
(—1)"*(f2 U FP) (oT) = FP (oT )f2(oT .). 

But since 

fe UPR (eT) = e*(f2 US?)(T) 

A (opT) = p*fP (oT), — f2(oT.) = p*f2(T,) 
we obtain 
(—1)"o*(f2 U f2)(T) = p*f? (oT )o*f2(T.) = (o*f? U p*fz)(T) 
and therefore ; 
e*ft U p*fz = (—1)%o*(fz U f?). 


Since p > 1 we have p*f = f for every cohomology class f. Hence for cohomology 
classes we have 


RUS? = (-1)%f? Ui. 
Having proved the commutativity property of the product in S(X), a similar 


formula for the complexes K(P) and k(P) follows using the chain transforma- 
tions 6 and a, 


CHAPTER VI 


RELATIONS WITH HOMOTOPY GROUPS 


30. The complexes S,(X) 


let X be a topological space and 2% a point of X. We shall use 2» as a base 
point for the construction of the homotopy groups” m,(X) of X. The real in- 
terest of the homotopy groups is only for arewise connected spaces. If X is not 
arewise connected then 2,(X) coincides with ,(Xo) where Xo is the arc-com- 
ponent of 2» in X. For convenience the fact that X is arcwise connected will be 
recorded as a(X) = 0. 

For each positive integer n we consider the subcomplex S,(X) of S(X) defined 
as follows. A singular q-simplex 7’':s — X is in S,(X) if and only if all the faces 








"W. Hurewiez, Proc. Akad. Amsterdam, 38 (1935), pp. 112-119 and pp. 521-528; 39 
(1936), pp. 117-126 and pp. 215-224. 
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of s of dimension < n are mapped by T into x. Thus S,(X) consists of all the 
singular simplices whose vertices are mapped into 2%. We also define S,(X) = 
S(X). We thus obtain a descending sequence of closed subcomplexes 


S(X) = S(X) > Si(X) DP SX) D---. 
The identity mapping leads to chain transformations 
Nin.m? Sn(X) — Sn(X) n =m, 
Instead of 7,,0 we shall also write n, , so that 
nn? Sa(X) > S(X). 
We notice that 
m1 Nn,m = Nn,t- 


Let X and Y be two topological spaces with base points 2% and yo respectively, 
Given a continuous mapping 


g:xX > Y 
such that ¢(%) = yo, the chain transformation 
g:S(X) > S(Y) 
defined in §15 will carry the subcomplexes S,(X) into S,(Y) 
g:Sn(X) — S,(Y) 


THEOREM 30.1. Jf the continuous mappings ¢:X — Y and y:X — Y such that 
¢(%o) = yo and ¥(xo) = Yo are homotopic relative to xo (i.e. are homotopic with x 
yo throughout the homotopy) then the induced chain transformations ¢:8,(X) > 
S,(Y) and y:S8,(X) — S,(Y) are chain homotopic. 

The proof is identical with that of Theorem 17.1. 

31. A reduction theorem’® 


The main reason for the usefulness of the complexes S,,(X) is the following 
THEOREM 31.1. Jf 2,(X) = 0 then the chain transformation 
Nntin: Sn4i(X) — S,(X) 
is a chain equivalence. 
In particular we have 
Coro.uary 31.2. If X is arewise connected then 
m:Si(X) — S(X) 
is a chain equivalence. 
Coro.uary 31.3. If i(X) = Ofori < nthen 
tn? Sn(X) — S(X) 
is a chain equivalence. 
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Consequently for spaces X such that 7;(X) = 0 for i < n the homology and 
cohomology theory of X can be studied by means of singular simplices T':s + X 
which map all the faces of s of dimension < n into the base point 2 . 

PRrooF OF THEOREM 31.1. Let +,(X) = 0. We shall define for each T ¢ S,(X) 


T:s— X 


a singular prism 
Rris X Il X 


subject to the following conditions 

(31.1) If 7; = 7: then Rr, = Rr, 

(31.2) Rr(i) = Rr 

(31.3) Rr) = T 

(31.4) Rr(1) is in Sp4i(X) 

(31.5) If T € Snyi(X) then Rr(x, t) = T(z). 

Let q be the dimension of T. If q < n then T ¢ S,(X) implies T':s — 2x and 
therefore 7’ ¢ S,4:(X) so that Rz is defined by (31.5). For g = n the mapping 
T:s + X sends the boundary B(s) of s into the point 2). From conditions 
(31.2), (31.3) and (31.4) it follows that the mapping Rr is already defined on the 
boundary B(s X J) of the (n + 1)-dimensional prism s X J. Since B(s X J) is 
homeomorphic to an n-sphere and z,(X) = 0 it follows that Rr can be extended 
through the interior of s X I. 

From this point we proceed by induction. We assume that Rr has already 
been defined for all singular simplices 7 of dimension < qin S,(X), that (31.1) — 
(31.5) hold. Let 7':s — X be a q-simplex in S,(X). It follows from (31.2) and 
(31.3) that the mapping Rr is already given on the subset 


L = (s X 0) U (B(s) X J) 


ofs X I. Since the set L is an absolute retract (in fact L is homeomorphic to 
a g-simplex) it follows that Ry can be extended throughout s X J. It is clear 
now that the definition of Rr can be so continued as to keep conditions (31.1)- 
(31.5) satisfied. 

Now we define for each singular g-simplex T in S,(X) 


m(T) = Rr(1), 
P(T) = c(Rr). 
It follows from (16.2) that 
aP(T) = Re(1) — Re(0) — Dy (—1)' (Rr). 


Hence using (31.2) and (31.3) we find 
(31.6) aP(T) = x(T) — T — P(@T). 
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This implies by §5 that 7 leads to a chain transformation, and from (31.4) we 
get that 


w:Sn(X) — Sa4i(X). 
From (31.5) we find that rn41..(7’) = T so that 
FIntin = 1. 
Since na4iat(T’) = (7) it follows from (31.6) that 
Mn4int ~ 1 


Hence mn41,n is a chain equivalence, as desired. 

Theorem 31.1 just established lends itself to various generalizations. For in- 
stance we could replace the point 2% by a subset A of X and define a subcomplex 
Si4(X) consisting of all the singular cells in X whose vertices are in A. An 
examination of the previous proof shows that if X is arewise connected then the 
identity chain transformation mapping S,4(X) into S(X) is a chain equivalence. 

In the complexes S,(X) the cup product can be defined exactly as in the com- 
plex S(X). It is then clear that all the chain transformations 7,,», preserve the 
products. 


32. Comparison of homology and homotopy groups”'® 
We shall now turn to investigate the continuous mappings 
g:S* 3 X 


of a g-dimensional spherical surface S* into the space X. We select a point  ¢ S 
as base point and assume that 9(s)) = 2%. The mappings ¢ are divided into 
homotopy classes relative to the point s), and these homotopy classes are in a 
well known fashion the elements of the g™ homotopy group 7,(X) of X. 

The integral homology group H‘(S*) is an infinite cyclic group. In order to 
realize that, notice that S* could be regarded as a simplicial polyhedron. We 
then have three abstract complexes S(S*), K(S*) and k(S*) all of which have 
isomorphic homology groups, and the group H*(k(S*)) is known to be cyclic 
infinite. The sphere S* will be oriented by selecting a basic homology class 2) 
in the group H*(S*) = H*(S(S*)). 

Each mapping g: S‘  X determines a chain transformation g: S(S*) > S(X) 
and therefore 9(z¢) is a homology class in X. By Theorem 30.1 the homology 
class does depend upon the choice of g within a homotopy class. Consequently 
we get a mapping 


(32.1) gin (X) — H*(X) 
From the definition of the group operations in 7,(X) it follows that v, is a homo- 
morphism. | 

Let n Sg. Since x,(S*) = 0 for all i < n it follows from corollary 31.3 that 
the basic homology class 2§ of H*(S*) could have been chosen to be a homology 
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class of the subcomplex S,(S*). Thus ¢(zj) would be a homology class in the 
group H*(S.(X )), and corresponding to (32.1) we get the homomorphisms 
(32.2) Van: T(X) — H"(S,(X)) n 


We verify at once that 


lA 


q. 


(32.3) Von = NanVag 

(32.4) Yq = NaVaa 

Hence the homomorphism 

(32.5) Vqq: TX) > H*(S,(X)) 


is more important than the others. 
THEoREM 32.1. For q > 1 the homomorphism (32.5) 


Vo,q:%q(X) — H*(S,(X)) 


is an isomorphism of 4,(X) onto H*(S,(X)). 

Proor. Each singular g-simplex 7’ in S,(X) is a mapping 7':s — X of an 
ordered q-simplex s, such that the boundary B(s) is mapped into %. By the 
definition of x,(X) each such 7’ defines uniquely an element 2(7’) of 2,(X). 
Since +,(X) is abelian for g > 1, we may extend z by linearity to be defined for 
every g-chain in S,(X). Further, from the definition of addition in 2,(X) it 
follows directly that 7(@7’) = O for each singular (q + 1)-simplex in S,(X). 
Hence x is zero on every bounding cycle and we get a homomorphism 


w:H"(S_(X)) — m,(X) 


The proof that a is the inverse of v,,q is left to the reader. 
THErorEM 32.3. If x:(X) = 0 for alli < q where g > 1 then the homomorphism 
(32.1) 


¥qim4(X) — H*(X) 
isan isomorphism of m,(X) onto H*(X). 
In fact by (32.4) we have vg = nq¥oq- Since v¢.q is an isomorphism onto by 
the previous theorem and 7,:H*%(S,(X)) — H*(X) is an isomorphism onto 


by Corollary 31.3, the theorem follows. 
THEOREM 32.3. The homomorphism 


raim(X) — H"(Si(X)) 


maps the factor group of m:(X) by its commutator group, isomorphically onto the 
group H'(S,(X)). 

-Proor. Let c(X) be the commutator group of m(X). Clearly we may con- 
Sider »,; as a homomorphism 


(32.6) ¥1,1297(X)/e(X) > H*(S:(X)). 
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As in the proof of Theorem 32.1 we define (7’) for any singular 1-simplex 7 
in S,(X). For an arbitrary 1-chain c in S,(X), the element x(c’) of ™(X) 
modulo ¢(X) is defined uniquely. We get a mapping 


a: H'(Si(X)) 3 m(X)/e(X) 


which again is the inverse of (32.6). 
THEOREM 32.4. If X is arcwise connected then the homomorphism 


v1: (X) wep H'(X) 
maps the factor group of ™(X) by its commutator subgroup tsomorphically onto 


H'(X). 
The proof is the same as for Theorem 32.2. 


33. Spherical cycles 


A cycle z’ in S,(X) (n S q) will be called spherical if it is homologous in S,(X) 
to a cycle in S,(X). The corresponding homology classes will also be called 
spherical and the resulting subgroup of the group H*(S,(X), @) will be denoted 
by ='(S,(X), @). In formulae we have 


(33.1) 2="(Sx(X, G)) = nanlH*(Se(X)), G] nq 
(33.2) ="(X, G) = n{H*(S,(X)), GI 
(33.3) =*(S,(X), @) = H*(S,(X), @) 
(33.4) ="(Sn(X), @) = amalZ"(Sm(X), @)] n<msq 


By theorems 32.1 and 32.2 the homomorphism »,., maps the homotopy group 
m,(X) onto H"(S,(X)). Since vgn = Vqn¥qq ANd Ye = Mq%q.q it follows from (33.1) 
and (33.2) that 


(33.5) 2*(Sn(X)) = vanlre(X)] nsq 
(33.6) 2X) = velr(X)]. 


This shows that the subgroups >’ for integral coefficients are the images of the 
q" homotopy group under the suitable natural homomorphism. This justifies 
the term spherical used in the definition. 

Lemma 33.7. A homology class z‘ « H"(S,(X), G) is in =°(S,(X), @) if and 
only if 2’ = Svier giz where g; ¢G and 24 € D%(S,(X)). 

Proor. If z*(S,(X), G) then the homology class z‘ contains a cycle zi con- 
tained in the complex S,(X). Since S,(X) contains only one (q — 1)-cell it 
easily follows that every q-cycle in S,(X) is a linear combination with coefficients 
in G of integral cycles. This shows that the z’ is of the form do gz. The con- 
verse is obvious. 


34. The groups A 


Since any group G is paired with the group of integers, the Kronecker index 
establishes a pairing of the groups H*(X) and H,(X, G) with values in @. With 
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l respect to this pairing we define the subgroup A,(X, G) of H,(X, G) as follows: 
A,(X, G) = Annihilator of 2(X). 


In a similar fashion we consider the pairing of H*(S,(X)) and H,(S,(X), @)) 
to G and define 


A,(S,(X), @)) = Annihilator of 2°(S,(X)), nS q. 
The identity chain transformations 
. Nn,m: Sn(X) — Sm(X) nz=m 
induce homomorphisms | 
nnm:Hq(Sm(X), @) + Ho(Sn(X), @)) msnsq. 
We shall examine the behavior of the subgroups A,(S,,(X), @) under these homo- 
morphisms. ' 
d THEOREM 34.1. A cohomology class f* in H,(Sm(X), G) belongs to Ag(Sm(X), G) 
d if and only if nemf* is in Ag(Sn(X), G). In a formula 
‘ Ag(Sm(X), @) = arm [Ag(Sa(X), @)], msnsq. 
Proor. By definition f* ¢ Ag(Sm(X), G)) if and only if KJ(f*, z*) = 0 for all 
ze D"(S,(X)). By lemma 33.2 we have ="(Sn(X)) = ma.m[Z"(S,(X))], conse- 
quently f* € Ay(S»,(X), G@) if and only if KI(f*, nn,.m2") = 0 for all z* e 2*(S,(X)). 
q Since KI (f*, nn,m2") = KI (ny.mf%, z*) it follows that f* « A,(S»(X), @) if and only 
if KI(ns.nJf%, 22) = O for all z* € 2"(S,(X)), ie. if mami? € Ag(Sn(X), G). 
p 
) 35. Relations with products 


We shall now show how the spherical cycles and their annihilators are related 
q to the products. 
TaeorEeM 35.1. Let G, and Gz be paired to G. Given a cohomology class 
feH,(X, Gi), q > 0, and a spherical homology class z?tt 6 p(X, G2), p > 0, 
e we have 


s f? a) * shi = 0. 

d Proor. By definition we have z’?** = ogi? ** where 27 **e2?"(X). It is 
therefore sufficient to show that f? Uz?** = 0. Since z?"* "™*(X) there is 8 

\- continuous mapping 

it 

: ¢: sett, X 

I- and a homology class c?*” « H?**(S?**) such that 


ptaqy _ ,pta 
g(cr") = a. 

. “ince the chain transformation 
JH 


° g::S(S?**) — 8(X) Ht 
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preserves the product it follows by (27.2) that 
oly*f? U cP *) = ft U g(c?™) = ft U 2?™. 


Hence f? U z?** is the image under ¢ of a homology class in H?(S’**). Since 
0 <p <p+qwehave H?(S’**) = 0 and therefore f* U 2?** = 0. 

THEOREM 35.2. Let G; and G2 be paired to G. Given two cohomology classes 
fi ¢ H,(X, G,) and fi ¢ H,(X, G2), p > 0, q > 0, we have 


f? U fd e Mpsa(X, G@). 
Proor. Let 2’*%¢«>?*"(X). By (NM 2) we have 
(PUAN =KNGFNL*) 


but ff M 2’** = 0 by the previous theorem. Hence (f? U f) N 2?** =0 and by 
(N 4) KI(f? U f%, 2?**) = 0. Since this holds for every z”** « =”**(X), Theorem 
35.2 follows. 

Remark. Both Theorems 35.1 and 35.2 could be restated for any one of the 
complexes S,(X) where n < p+ q. 


APPENDIX 


CHAIN EQUIVALENCES AND NATURALITY 


In the course of this paper we have encountered several chain equivalences 
T:K i= Ke 5 


To be more specific we had 
a: K(P) > k(P) 


8:K(P) > S(P) 
Nn+1,n2 Sn41(X) => S,(X). 


The latter was a chain equivalence under the assumption that 7,(X) = 0. For 
each of the transformations a, B, mn41,n We have constructed a transformation @ 
or B Or fn41.n Such that (a, &), (8, B) and (nn+tn, fnain) Were equivalence pairs. 
We wish to remark here that while the definitions of a, 8 and n+41,n Were natural 
and in a certain sense unique, the definition of the ‘“inverses” &, B and fn+1 
involved many choices and were by no means natural. If we restrict our atten- 
tion to homology and cohomology groups, then the isomorphisms induced by 4, 
B and fn41,n are inverses of those induced by a, 8 and mn41.,. Consequently the 
non-naturality of the definitions of &, B and 4n4:,n disappears once we pass to 
the homology and cohomology groups. 





*2 The concept of naturality used here in its intuitive sense could be made quite precise 
and mathematical using the concept of afunctor. See S. Eilenberg and 8. MacLane, Natural 
isomorphisms in group theory, Proc. Nat. Acad., U. 8. A., 28 (1942), pp. 537-543; and also a 
forthcoming paper entitled “General theory of natural equivalences’ by the same authors. 
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This creates a curious situation when we compare the complexes k(P) and S(P). 
We have the natural chain transformations 


k(P) = K(P) > S(P). 
The chain transformations | 
Ba:k(P) + S(P) 
aB: S(P) — k(P) 
will only be natural in the weak sense, i.e. if we restrict our attention to the 
homology and cohomology groups. 


The same situation repeats itself when we compare K(P) and S,(P). We 
then have 


K(P) # S(P)  S,(P). 
Concerning the products we remark that in all the complexes considered in 
this paper, except in the complex k(P), the products were defined in a natural 


fashion. The chain transformations 8 and _41:,. both preserved the products 
while the chain transformation a did not. 
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REMARK ON A PAPER BY R. H. FOX’ 
By Hans SAMELSON 


(Received December 18, 1943) 


“ .. In your paper “On Homotopy Type and Deformation Retracts’’ Ann. of 
Math. 44 (1943), (p. 40-50) (cited in the sequel as F’) statement (1.3) seems in- 
correct; the equations given in F do not define a continuous deformation. Count- 
erexamples can be given: let A be the set 1 S r S 2 (r, ¢ polar coordinates in the 
plane), and define a deformation £ of A by the equation 


t(r,¢) = (7,9 +(2—1)-2n-t), OStS1. 


The set B of fixed points of & consists of r = 1 and r = 2; it is clearly impossible 
to deform & into & , keeping all points of B fixed during the deformation. 

Now in the proof of Theorem (1.4) in F you use (1.3) to prove the necessity 
of condition (7); the proof therefore has to be changed. This can be done in the 
following way, using an idea from F. The statement to be proved reads: 

Let A be an ANR-set, and let the closed subset B be a deformation retract of A; 
then there exists a deformation & of A into B such that the points of B are fixed under 
each of the mappings ¢,,0 St S 1. 

Proor. The hypothesis that B be a deformation retract of A means that 
there exists a retraction of A onto B which is homotopic to the identity mapping 
of A; call the retraction r and the homotopy p, so that r(A) = B, r’ = r, » = 
identity and p, = r. 

Consider the closed subset C = A X [0] + B X [0,1] + A X [l] of A X (0, 1. 
Define a homotopy 7 of C in the following way: 


a) nu(a,0) =a OsuslaeA 
B) nu(b, t) = pa-wldb) OSuS1,b€B,05t <1, 
y) m(a,1) = pow(r(a)) OS us 1aeA. 


This is well defined: points (b, 0) are mapped by a) into b and by 8) into po(b) 
which is equal to b; points (b, 1) are mapped by 8) into p:_.(b), by y) into pi_.(7(0)), 
and r(b) = b for all b e B. 

It is a continuous mapping: That is clear for points (a, 0) and (a, 1) with 
a¢B, and for points (b, t) withO < ¢< 1. For any sequence u, — u, a, — ?, 
t, —> 0 use a) for the subsequence defined by t, = 0, and 8) for the subsequence 
defined by t, ¥ 0, and apply po(b) = b. Similarly for sequences u, — u, a — ), 
t,— 1. 

Now has an extension 7 to A X [0, 1], namely 7o(a, t) = p:(a) (notice in 7) 
for wu = 0 that p:(r(a)) = r°(a) = r(a) = p,(a)). Therefore according to the 
well known extension theorem, A being an ANR-set, 7 also has an extension 1 





1 Extract from a letter to R. H. Fox published upon suggestion from Fox. 
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to A X [0, 1] (ef. F, p. 42). This extension defines the required deformation ¢ 


of A by &(a) = m (a, t). We have 
(a) = m(a, 0) = a from a), 
£.(b) = m(0, t) = po(b) = b for b « Band 0 S ¢ S 1 from 8) and 
f(a) = m(a, 1) = po(r(a)) = r(a) from ). 


This concludes the proof. The homotopy 7 can be loosely described this way: 
the paths p,(b) are contracted in themselves towards their origin, and the images 
of points (a, 1) are moved along the paths p;(r(a)) in reversed direction.” 
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THE IMBEDDING PROBLEM FOR MODULAR LATTICES 


By M. Hatt anp R. P. Ditwortu | 
(Received November 11, 1943) 


1. Introduction | 


It is trivially true that an arbitrary lattice may be imbedded in a comple- 
mented lattice. We need only adjoin a unit and null elements if they do not 
already exist and a single element which is a complement of each of the elements 
not the unit of null element. For distributive lattices, the imbedding problem 
is not so trivial, but is contained in the representation theorem which asserts 
that any distributive lattice is isomorphic with a ring of sets (Birkhoff (1), Mac 
Neille (1)). The corresponding problem of imbedding a modular lattice in a 
complemented modular lattice is an outstanding problem in lattice theory. We 
exhibit here an example of a modular lattice which cannot be imbedded in any 
complemented modular lattice. However we will be concerned primarily with 
the isometric problem for finite dimensional modular lattices; that is, the prob- 
lem of imbedding a finite dimensional modular lattice in a complemented modu- 
lar lattice of the same dimensionality. 


ee 42a ee eeelC KlCUlClU CU [|OUR he lCUlU CO 


2. Notation and definitions 


We will use the notation and terminology of G. Birkhoff “Lattice Theory” 
except that proper inclusion will be denoted by a > b, reserving a > b to indicate 
that a covers b. It will be recalled that a lattice Z is modular if 

M:a 2 b implies aN (b Uc) = 6 U (a fc) and complemented if 

C: For each a there is at least one complement a’ such that a U a’ = u, aNa’ = 
e z where u and z are respectively unit and null elements of the lattice. 

Any complemented modular lattice is also relatively complemented, that is 
whenever a D x D b there exists a y such that x Uy = a,xNy = b. 

Considerable use will be made of the following fundamental theorem on com- 
plemented modular lattices (Birkhoff (1) pp. 60). 

THEOREM 2.1. Any finite-dimensional complemented modular lattice is the 
direct product of projective geometrics. 

It is understood in the statement of the theorem that a Boolean algebra of 
order two is the projective geometry of the void space and a single point where 
we may consider the geometric postulates on lines as satisfied by default. 


= 
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3. Subdirect product decompositions 


fi As a first reduction of the isometric imbedding problem, the lattice L will be 
represented as a subdirect product of lattices having a simple structure with 
respect to projectivity. 
DEFINITION 3.1. A modular lattice is said to be projective if every two 
prime quotients are projective (Birkhoff (1) pp. 37). 
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The following theorem was proved by Birkhoff for lattices of finite dimension. 
The proof given here is new and applies to any atomic lattice. 

TueoreM 3.1. Let L be an atomic modular lattice. Then L is a subdirect 
product of projective lattices. 

Proor. Atomicity will be used in the following weak form: a D b implies x 
exists such that a Da > b. Now let p be a given prime quotient in Z and let 
} denote the set of all prime quotients projective to p. In L we define a ~ b ($) 
if and only if there exists a chain of elements a = a, a2, +--+, @, = 6 such that 
a; U ais:/a; M ai41 contains no quotient projective to p. The relation a ~ b is 
clearly an equivalence relation. We show that it is also a congruence relation. 
Let a ~~ b ($) and consider the chain aU c = a, Uc, a Uc, ---,a,Uc = bUe. 
Suppose (a; Uc) U (ais: U c)/(a; U c) A (ai41 U c) contains a quotient x/y projec- 
tivetop. Thena > yand y D (a; Uc) N (ai4, Uc) D (a; Naiys) Ue. Thus 
yDeandy Da: Nai. Clearly a; VaisUce DaeU (a; Vain) DyVU GU 
dis) Da; U ais Uc. Hence x U (a; U aiys) = y U (a; U aj41) and it follows 
that cM (a; U aig) > yA (a, U aigs). But then a; U aiy, DaN (a; U aiys) > 
yN (a; U aigs) Dae A aigs and x N (a; U ajys)/y N (ai U aiss) is projective to 
z/y and hence is projective to p which is contrary to assumption. Thus (a; U ce) 
U (ais: U c)/(a; U c) N (aia U c) contains no quotient projective to p and we 
haveaUc~bUc(). Inasimilar manneraNc ~ bNc (¥). 

If x, y, --: are elements of L, let {z}s, {y}s,-°-- represent the congruence 
classes determined by 2, y, --- respectively. Since a ~ b ($) is a congruence 
relation, if we define {x}, U {y}s = {z Uy}gand {z}gfN {y}s = {xf y}y the 
congruence classes form a modular lattice Ly. Now let a/b be a prime quotient 
projective to p. We shall show thata ~ b($). For let a = a ,a@,--+,@, = 
b be a chain of elements such that a; U ajs:/a; M ai4; contains no quotient pro- 
jective top. Now aU (a,N a) = bU (a, /N a) since otherwise a U (a; N az)/ 
bU (a, AM az) is a quotient in a, U a,/a; N az which is projective to p. Hence 
aa; Na, >bNMa,Na,. Now suppose it has been shown thataNaN--- Na; 
>bNaN---Na:. Then (aNanN---Na)U (aiNaiys) = ONAN---N 
a;) U (a; N a;41) since otherwise (aN aN ---Na) VU (aN ains)/bNaN- 
Na)U (a: Nai) isa prime quotient in a; U a;4;/a; ai+: which is projective to 
a/b and hence is projective to » which contradicts our assumption. Hence 
aNaN---Na Nas >bNaN---Na: Nas. By induction we get aN a; 
N--Na>bNaN---Na,. But thena = bU (a N---Na,). Now 
a, = b and hence a = b which contradicts a > b. Thusa ~ b ($). It clearly 
follows that {a}y > {b}g in Lg. 

Now let {a}y > {b}g and {cls > {d},inZy. Sincea ~ b,a U b/aN b con- 
tains a quotient x/y which is projective to p. Then {a}y = {aU b}y D {x}— > 
(vis 2 {aN b}y = {b}y and hence {a} = {x}s, {b}e = {y}». Ina similar 
manner {c}g = {v}e, {d}y = {w}s where v > w and v/w is projective to p. 
Thus x/y is projective to v/w and hence {a}y/{b}y is projective to {c}s/{d}s 
in Ly. It follows that Ly is a projective lattice. 

Let us set up the correspondence a > (--- , {a}g, -*+ ) where § runs over all 
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sets of projective quotients. Clearly a U b > (---, {a}g U {b}y, ---) and 
aflb > (---, fa}gM {b}g, ---). Hence the correspondence is a homomor- 
phism. But if a ¥ b, then a Ub D afb and z exists such that aUb Dz > 
afl b. Let $ be the set of quotients projective to z/a Mb. Then {x}, + 
{a b}g and hence {a U b}y ¥ {af b}g and clearly {a}s + {b}y. Thus (---, 
fa}e,--:) # (---, {b}g,---) and the correspondence is an isomorphism. 
If a > b, then {a}y > {b}y where § is the set of prime quotients projective to 
a/b, and {a}y = {b}g where §’ is any other set of projective prime quotients. 
Hence (---, {a}g,---) > (--:, {b}e,---) in the direct product lattice. 
Thus we have shown that L is isomorphic with an isometric sublattice of the 
direct product of the projective lattices Lg . 

Now if L is a lattice of finite dimensions, by theorem 3.1 it is an isometric sub- 
lattice of the direct product I, KX --: X LZ, where L; is a projective lattice. 
Hence if we can imbed L; isometrically in a complemented modular lattice M; , 
then L will be isometrically imbedded in the complemented modular lattice M 
= M,X.--- XM,. Thustheimbedding problem for arbitrary modular lattices 
of finite dimension is reduced to the consideration of projective lattices of finite 
dimension. 

We remark in this connection that modular lattices of dimension three or less 
can always be imbedded in a complemented modular lattice (Dilworth (2)). 

For projective lattices, the problem is further reduced by the following 
theorem: 

THEOREM 3.2. If a projective lattice of finite dimensions can be imbedded iso- 
metrically in a complemented modular lattice M, then M is a projective geometry. 

Proor. Since M is a complemented modular lattice of finite dimensions, it is 
a direct product of projective geometries M = P; X --- X P,. Nowleta> 6b 
inl. Thena = (q,---,a@,) and b = (bh), ---,b,). Since a > b and the im- 
bedding is isometric we have a; > b; for some i and a; = b;forj #7. But since 
every prime quotient in L is projective to a/b and the correspondence a — a; is a 
homomorphism we have c > dimpliesc; > d;. Thus the correspondence a — a; 
is an isomorphism and L is imbedded in P;. But since the original imbedding 
is isometric, P; is the only component which is not null and hence M = P;. 
That is, M is a projective geometry. 


4. Counter-examples 


In the construction of the counter examples we shall need the following lemma: 

Lemma 4.1. Let L; and Le be lattices with unit elements wu, U2 and null ele- 
ments, 21 , 2. respectively. Let the quotient lattice u,/a, of L, be isomorphic to the 
quotient lattice a2/z_ of L2. If isomorphic elements are identified, then the set sum 
L of L, and Lz is a lattice which contains L, and Lz as sublattices and is modular if 
and only if L, and Le are modular. 

Proor. Let a and b be any two elements of L. If both a and b are in J, or 
in L., then a U 6 is the union in LZ; or Le and a / b is cross-cut in L; or L: re- 
spectively. If aisin L; and bis in L., thenaUb = (aU x) U b where the first 
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union is in L; and the second, in Z,. Similarly aN b = af (w/b) where the 
first cross-cut is in Z, and the second, in L,. It is readily verified that L is a 
lattice under these definitions of union and cross-cut. Clearly L; and L» are 
sublattices of L. That L is modular if and only if LZ, and L2 are modular follows 
from Lemma 4.2 of Dilworth (1). 

Consider a lattice LZ, whose diagram is given by Figure 1, where the quotient 
lattice a/z is the lattice of a non-Desarguesian plane. Since a/z and u/e are 
modular Lemma 4.1 assures us that L; is modular. Since every prime quotient 
in L; is projective to a/e, Ly is a projective lattice and by Theorem 3.2 if it can be 
imbedded isometrically in a complemented modular lsttice, then the comple- 
mented modular lattice is a projective geometry. Here u/z is three dimensional 
in the customary terminology of projective geometry (four dimensional as a 
lattice). But every plane in a projective 3-space must be Desarguesian (Veblen 
and Young (1)) and hence it must be impossible to imbed JL, isometrically in a 


aCe. 


xz 


Fie. 1 Fig. 2 Fig. 3 


complemented modular lattice. We have been able to show even more, namely 
that the following statement holds: 

[, cannot be imbedded in any complemented modular lattice. 

For since a/z is non-Desarguesian, there exists “points” O, A:, Bi, Ci, As, 
B,C, , Az, Bs , C3 and “lines” e = OA;A2 , OB,B2 , f = OCiC2 , ArBiC; , A2B2C3 , 
A,B,C; ) b= AoB3C,2 ; A3B,C, ; A3B.C2 such that Aj U By U C; = Ao U B, U C2 = 
A;UB;UC; = a. Thus A1, B,, Cand As, Bo, C2 are two triangles perspec- 
tive from O, whose corresponding sides A,B, and A2B, , etc. meet in three non- 
collinear points C3, As, Bs. 

Now suppose that u/z is a sublattice of a complemented modular lattice /. 
Let x be a relative complement of e in d/O and y be a relative complement of e in 
d/A2 so that x Ue = yUd,xf'e = O,yNMe = Az. From these relations the 
following projectivities may be verified: f/z proj. a/A2 proj. u/y proj. ¢/Az proj. 
u/b proj. z/z. Furthermore, under the projections O > e > de> a— 0. 
Let 0; and O» be the image of C, and C2 under the series of projections. Then 
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since C, UO = C2 U0 = C,UC, = fand C1NO = C.NO = CNC, = Zwe 
have 0, U0 = 0,.U0 = 0,U0, = xand0;:NO =0.NO =0,NO, =z. 
Let us set 


A= (Ay U 0) N (Ae U Oz) 
B = (B, U 0) nN (B, U Oz) 
C = (Ci U 0) N (C2 U Oz). 


Then A UB = (A, UB,U0,)N (A.UB,UO,). ForeVAUB=eU4,U 
As,UAUB =e U[(A,U A,U0;)N (A, U A2U O2)] UB = [eV 0,)N (eV O,)} U 
B = dUB = dU0,U0,U[(B, U0) N (BU O.)] = dU [((B, U0, U0.) N (B,U 
0,U 0.)] = dU [(B,U2)N (BU 2)] = dU [(Bi VOUz)N(B,UOUz)] = 
dU B,U B. = dUa = uwhile efN (A, U B, UO,) N (A. U BU OO.) = eN dn 
(A,U B,U0,)NdN (A, U B.U O,) = eN (A, U0;) N (Az U O2) = [A U (eNO) 
nN [A.U (e MN O:)] = Aj nN Ae = z. Since (A, U B, U 0) Nn (A, U B,U Oz) a 
A U B the above formula follows from modularity. By symmetry 


AUC = (A,UC,U0,)N (A, UC, U O02). 
Furthermore 
BUC = (B,UC,U0)N(B.UC.U O,). 


For f U(BUC) =fU (UC) U[(C,U 0) N (CU O.))} UB = fUl[(C,U 
C2U0)N (C,U Cc,U 0.)] UB = [((fU0)N GU O.)|UB=[fUOUO)N 
UOUO,)|UB=fUxUB=fU0,U0,U [((B, U0) N (BU O.)] = FU 
{(B, U0, U 0.) N (BU 0, U O.)] = fU [(B, VOU 2) N (Be VOU 2)] = fUB,U 
B,Us2 =aUe =aVeU2 =aUd = uwhilefN (B,UC, U0) N(B.UC.U 
02) =fNaN (B,UC,UO) N (BUC, U O.) = f N (BU Cy) N (Be U C:) = 
C,NC, =z. Since (B,U C,U 0,)N (B, U C,U 0.) DB UC, the equality must 
hold by the modular law. 

But then A U B D (A; U B,) N (A, U B:) DC; and similarly A UC 2 B;, 
BUCDA;. ThuxAUBUCDA,UB;,UC; =a. Hence A; = AifNa= 
AN(AUBUC)=A4,N(A,UB,U0O)N(AUBUC) = A,N[AUBU 
((A,U B,U0,)NC)] = AiN[A UBU ((A, UB, U0,) N (C,U 0,) N (C2 U O2))] = 
A, N[AUBU ((0,U [C,N (A, U B,)] N (C2 U O.))] = AN [A UBU ON 
(C.U 02))] = AAN[AUBU (0,NdN (C,U O,))] = ALN [A UBU (O,NO,)] = 
A, NM [A U B] = A, N (4, U BU O.) = A: NaN (A, U B, U O2) = AN (ALU 
B.) =z. But A:isa“ point” of a/z and hence is not equal toz. Thus we have 
a contradiction and u/z cannot be imbedded in any complemented modular 
lattice. 

Let Lz be a lattice whose diagram is given by Figure 2 where w/b is a Desargue- 
sian plane whose coordinatizing skew-field F is of characteristic p and a/Z is 4 
Desarguesian plane whose coordinatizing skew-field K is of characteristic q and 
let g ¥ p. Then, as with Ly, if Lz can be imbedded isometrically in a comple- 
mented modular lattice, this lattice must be a projective 4-space G. But the 
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coordinatizing skew-field of G cannot have subfields F and K of different char- 
acteristics and we are led to a contradiction. Hence Le cannot be imbedded 
isometrically in a complemented modular lattice. 

The third counter-example is the lattice L; whose diagram is Figure 3. Here 
a/z and u/b are isomorphic Desarguesian planes whose field F contains more 
than three elements and is not of characteristic 2. We may, for example, let F 
be the finite field of five elements. In general if F contains n elements, then in 
the plane which it determines there are n + 1 points on every line and n + 1 
lines through every point. Hence L; may be constructed from two isomorphic 
planes a;/z and u/be where since a;/b; and a2/b. contain the same number of 
elements the identifications a; = a2 , b; = b. and any mapping of the intermediate 
elements of a:/b; and a2/b2 will satisfy the conditions of Lemma 4.1, yielding the 
modular lattice Lz. Now every prime quotient in L; is prabiutive to a/c and 
hence Ls is a projective lattice and by Theorem 3.2 if it can be imbedded in a 
complemented modular lattice, this lattice must be a projective geometry. 

Now Lemma 4.1 assures us that an arbitrary mapping of a;/b; on a2/by will 
make L; modular, but we shall show that if Ls is imbedded in a projective 3-space 
then this mapping of a;/b; onto a2/be cannot be arbitrary, and that therefore the 
mappings of a;/b; onto a2/b2 which are not permissible in this way yield lattices 
L; which cannot be isometrically imbedded in complemented modular lattices. 
This will depend on the construction of a harmonic line conjugate. If Ai, Bi, 
(, are three lines of the quotient a;/b; then we may construct in a;/z a line C7, 
in a,/b; which is the harmonic conjugate of C; with respect to A; and B,. Here 
(i # A,, B, always and Ci # C; if the characteristic of F is not 2. Similarly 
if As, B, , C2 are three lines of a2/b. , we may construct in w/b» a line C? in Ae/be 
which is the harmonic conjugate of C2 with respect to A, and B,. Here if u/z 
is a projective 3-space we must have CT = Ci and hence if a;/by is mapped onto 
th/b, so that A; @ Ay, Bi @ B,, Ci = C2, then we must also map Ct onto C? 
if u/z can be imbedded in a 3-space. But if a/b contains more than four ele- 
ments and F is not of characteristic 2, this excludes certain mappings of a,/b; 
onto a2/be . 

THEOREM 4.1. Given a projective 3-space S and a plane containing a point P, 
let A, B, C, be any three lines through P lying in x. Let R, and S, be two lines in x 
such that R,, 8: , C are concurrent in a point Q, different from, P. Construct M, = 
(4N Ri) U (BN S,), M1 = (AN S:) U (BNR) and CT = PU(M NM). 
Let R, and S» be two lines through P such that Re , S: , and C lie in a plane Q differ- 
ent fromm. Construct Mz = (A U Rs) N (BU 2), Nz = (AU S:) N(B U Re) and 
Cr=0N (M,UN2). Then Ct} , the harmonic conjugate from below of C with respect to 
A and B, is independent of the choice of R; and S81; Cz , the harmonic conjugate 
from above of C with respect to A and B is independent of the choice of Rz and Sz ; 
and Cr = CG ° 

Proor. We may introduce coordinates in S from the appropriate skew-field 
F where points are given bys homogeneous coordinates (11, 2, 2, 4) and 
planes have equations 121 + tot. + Ust3 + ust, = 0. By an appropriate choice 
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of the frame of reference we may take P as (1, 0, 0, 0), r as x; = 0, and A as x, = 
0, 7, = 0, Bas 2x3 = 0, a, = 0, and C as 2, + 23 = 0, % = 0. 

Here we may take R, as 2; + at2 + 6x3 = 0, v1 = Oand S,as%+ (a + y)x, + 
(8+ y)az3 = 0,2,=0. Then A N R, = (—B, 0, 1,0), BN 8, = (-ea —y, 1,0, 
0). Hence M, = (A N R,) U (B N S,) is % + (a + 7) 22 + Bx; = 0, % = 0, 
Then BN R, is (—a, 1, 0, 0), AN Si is (—B —v, 0, 1, 0) and M; = (ANS) U 
(B Nn R,) is Vy + aXe + (8 + ) x3 = 0, “4 = 0. Then M, N Ni is (—a —B 7, 
1, 1,0) and Cv = PU (M,N Nj) is x — 23 = 0,21 = 0. Hence Cy is independ- 
ent of the choice of R, and S;. 

We may take 


Rk, 


3 + Bx = %3 + yX%s = 0 


since S is a line coplanar with R, and C. Then we have 


AUR, at (a B= 0} ate = (AUR) MB S.) 


dN ee: 4 Mh Te 


BUS, Xs + Xs = 0 
AUS, te + (a — yas = 0 a 
BUR, 23 + Bus =0 Nz = (AUS) N (BU Fe) 


Hence M2 U Nz is x2 — 23 + (2 — B — yas = Oand Cl = (Mz UN.) N ris 
to — 23 = 0,2, = 0. Finally C? is independent of the choice of R and S and 
Cz = CT = C*. Note that always C* ¥ A, B and that C* # C if the character- 
istic of F is different from 2. 


Yate UNIVERSITY. 
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ON THE CONVERGENCE OF TRIGONOMETRICAL INTERPOLATION 
AT EQUI-DISTANT KNOTS 


By I. P. NatTanson 
(Received October 12, 1943) 


§1. Introduction 


A trigonometrical polynomial of order n is a function of the form 
(1) T(x) = A + >> (a: cos ka + by sin kr). 
a1 


li T,(xz) coincides at the points 
(2) Xo, M1, 12, °° » Lan (0 S x% < 2m) 
with some function f(x), then T,,(x) is called the interpolation polynomial of the 
function f(z) at the knots (2). 
In particular, the points 
2a 


(3) = ok (k = 0,1, +++, 2n) 





are called equi-distant knots. 
It is easily seen that the interpolation polynomial of these knots has the form 


sin Bas : (x{” — z) 
(4) T,(x) = ¥ fle {ory oo Susie 


ik . a” —2z 
sin 5 











where f(x) is the funetion interpolated. 

Naturally the question arises, under what conditions the polynomial 7',(x) 
converges to the function f(a) when n is increasing. 

Papers dealing with this problem generally make some assumptions concern- 
ing the nature of the function f(x) in the whole segment [0, 27]. Such a treat- 
ment makes it possible to apply the results established in the theory of the best 
approximation of functions and leads to different tests of uniform convergence 
of T(z) towards f(x). These tests prove very similar to those of uniform con- 
vergence of Fourier-series. 

Yet there is also a second possibility of treatment which it is natural to call a 
local one. Namely, we may examine properties of f(x) near a fixed point 2» which 
will cause the convergence of 7',(2) towards f(%). I know of only one paper 
treating the problem in this way, namely the classic mémoir by Vallée-Poussin.” 

Vallée-Poussin has proved that the equality 
(3) lim Tn(20) = f(2o) 


n-?o 


'Ch.—J. de la Vallée-Poussin. ‘‘Sur la convergence de formules d’interpolation * 
Bull. de ’Aead. de Belgique, 1908. 
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holds whenever f(x), being continuous at the point 2 itself, is of bounded varia. Th 
tion near this point. Consequently, the well known Dirichlet-Jordan test fo; 
the convergence of Fourier-series is at the same time a test of convergence of the (8) 
interpolation process. Furthermore, Vallée-Poussin has established the equality 
(5) in the case where a finite f’ (zo) exists or, more generally, in the case where all 


derivative numbers of f(x) are finite at the point 7). Thus the analogy between 
the theory of Fourier-series and the theory of interpolation at the knots (3) re- 
! mains valid for the local treatment of the problem as well. 








One of well known local tests of convergence is the Dini test requiring con- the 
vergence of the integral the 
©) [" 2 =22| a 
0 Z— XH ’ 
What has been said before naturally suggests the problem of extending this wh 


test to the theory of interpolation. This problem forms the main object of the 
present paper which, consequently, may be understood as an attempt to continue 
and develop the ideas of Vallée-Poussin. 

The main result of this paper, as proved in §3, consists in establishing a theo- 





rem running as follows: Th 

THEeorEM. Let f(x) be a function integrable (R) in [0, 2x], and let 0 < 2% < 2r. 

If there exists a function ¢(x) increasing in [0, x], decreasing in [x , 2x], and satis- 
fying the conditions att 
f(x) — f(xo) “ute ‘ 

tL — Xo 

i Qn an 
g(x) dz < +, fun 
( 


then equality (5) is true. 
The assumption of this theorem is heavier than the condition of the Dini-test. (4 
It is interesting to decide whether the Dini-test itself 


Ps [" (@2zt 


x — XM 
is sufficient for the validity of equality (5). 
In §4, I show that test (7) is not sufficient for (5), even if only continuous func- (9) 
tions are considered. Finally, in §5, I analyse some analogue to the Abel-Poisson 


whe 


ime 





dizi < 








process of summing a Fourier-series. Introductory lemmas that will be needed 
in the sequel are gathered in §2. 
; §2. Lemmas 
F Lemma 1. Put a” = a k (k = 0, + 1, + 2, --- ) and let p and mbe 
integers (p S m). Set, further, (10 
| | Cian # z cos nay”, Srpm = 7 sin nx{”. wh 
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Then 
2 


2 
(8) | Cr.p.m | < /3’ | Baan | < V3 ° 


Proor. If we consider the sum 
™ . 
| ae in + e'™” 
k= p 


then Cy,p,.m and Sp,p,m Will be the real and imaginary parts of thissum. But as 
the numbers x,” form an arithmetical progression, it is easily seen that 








inz(n) a eine) 
E.omn = in 
Ds oo. en ) 
whence 
2 1 
|\B.anl % re gi enn) @nti) = ss ie 
2n+ 1 
The expression 
1 UF 
2n+1 
attains its least value at n = 1, this value being +~/3/2. Thus the lemma is 


proved. 

Lemma 2. Let a bounded function f(x) be given in an arbitrary segment [a, b}, 
and let m and w denote respectively the precise upper bound of the modulus of this 
function and its oscillation in fa, 6]. 


On wr 
J (n) ae ne (n) 
Cf) = x 5 2y Se ) cos nai S,(f) a, a f(xf”) sin nag” 


where L,, is the set of all values of k for which az” falls into [a, b], we obtain the 
inequalities: 





w+ 2m 
Qn + 1° 


w+ 2m 
2n + 1’ 


Proor. Let c be an arbitrary point of [a, b]. Then 


C.(f) = 





9) |C.(f) | S wb — a) + |S.(f) | S w(6 — a) + 


p> {f(ak”) — f()} cos nxf” + 5? ; p> cos na" 





mai? 


Hence, using (8), we get: 





10 wn 
(0) lO Saga + im tiv 


where 7, denotes the number of & — values belonging to Lp . 




















460 I. P. NATANSON 


But, as the distance between two neighboring knots 2,” is (2r)/(2n + | ), the 


distance between the border knots belonging to the segment [a, }] is 
((2)/(2n + 1))(t2 — 1), 
whence 


Tn Po kat Pe 1 ; 
2n+1 2r 2n+ 1 


Combining this with (10) we get 








2 
yg” 
2Qn+1 ’ 


from which (9) follows at once. Evidently the estimate (9) remains valid also 
with respect to the semi-segment [a, b) open on the right. 
Lemma 3. Let the function f(x) be integrable (R) in the segment [a, b]. Then, 
with the notation of lemma 2, 
lim C,(f) = lim S,(f) = 0. 


noo 





Cf) | Ss 


Proor. Take an arbitrary « > 0 and decompose the segment [a, b] by the 
points 


Ze a< 4, <2ge<°*+ <Z,=b 


in parts [Z; , Zi4:] so small that 


s—1 


Dy on(Zis1 — Ze) < ¢, 

k=0 
where w; is the oscillation of f(x) in [Z;, Zx4:]. Applying estimate (9) to each 
of the intervals e 


[Zo ’ 41), [Z1 ’ Zz), rites [Zs-2 ) Zs-1), [Zs-1 ’ Zs] 





we obtain 
s—1 
iia »» (con + 2m) 
C;, < ~ 
|C.(f) | s »» wi(Zir1 — Ze) + n+l 
where m, is the upper bound of | f(x) | in [Z, , Zi4:]. Hence 
A(e) 
|C.(f) | <e+ In+1 


where A(e) = o i= (wx + 2m). Taking n sufficiently large we have 
| C,(f) | < 2e. 
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Thus the lemma is proved. 

Lemma 4. Let f(x) be a function integrable (R) in the segment [0, 2x] which 
contains the point xo(0 < 2» < 2m), and let [a, b] be a subsegment of [0, 2x] that does 
not contain 2%. Furthermore, let L,, denote the set of all indices k for which a < 








x” <b. 
On putting 
sin tt (xt” — 20) 
(n) 
U,(f) = Qn *: 1% Ld fle vy Slee dk i aa 
sin a. 
2 
we have 


n—>oo 


Proor. The function sin 3(z — 2) does not become zero in the segment 
(a, b], and therefore the function 





ie al 
sin ~—_*° 

2 

is integrable (R). But 
U,(f) = > > F(x,"’) sin (n + 4) (ay — 2), 
hence we obtain 
(n) 
(n) oe % _ — % 
U,(f) = — a 74 pe F(x. )| sin n(x Xo) Cos 9 
(nm) 

+ cos n(x" — a) sin #2 

Writing” 
F\(x) = F(z) cos > , F.(x) = F(x) sin a =, 
we obtain 
3 n) m) . 
U,(f) - *: i 2 »» Fy (xf) sin n(xy Xo) 


ae < 7 De Falak ™) cos n(xf” — a). 


’ Eviden tly Fila) = f(x), but this is not important. 


“3 engneceaperwagtiilpeennt nied 
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The two sums obtained are quite similar to each other. Taking for instance the 
first of them and using the notation of Lemma 2 we have 


— 1 _ S F,(x{”) sin n(x” — 0) = Sa(F1) cos nz» — C,(F;) sin nz 
2n - 1 Ly ’ 
and thus Lemma 4 is reduced to Lemma 3. 

Remark. From Lemma 4 it follows that, if functions f(x) and g(x) coincide in 
an arbitrarily small neighborhood of a point 2, their interpolation poly- 
nomials 7',{f; 2] and 7',[g; 2] at the point % itself satisfy the condition 

lim {T.[f; xo] — Tulg; rol} = 0. 

Hence, Riemann’s localisation principle remains valid in the case of interpola- 
tion at knots (3). It is interesting to combine this fact, (stated for the first time 
by Vallée-Poussin) with 8. N. Bernstein’s theorem concerning the divergence of 
Newton’s interpolation formula for the function | x | at all points of the segment 
[—1, +1]. The result of 8. N. Bernstein shows that in the case of parabolical 
interpolation at equi-distant knots there is no principle of localisation, the func- 
tion | x | coinciding in [0, 1] with the function x for which the process is conver- 
gent. It might be interesting to derive general characteristics of those interpola- 
tion processes for which the principle of localisation is true. 

Lemma 5. Let a positive increasing function g(x) be given in the segment {a, bj. 


If 
/ g(x) dx < +a” 


then 


lim g(x)(b — x) = 0. 
z—b 
Proor. The lemma follows from the obvious relations 


b 
e(e(o - 2) s f ead, 


4 
lim g(t) dt = 0. 


z—b 4z 


§3. The main theorem and its consequences 


THEOREM 1. Let the function f(x) be given and integrable (R) in the segment 
[0, 2x], and let 








i 38 sin a (xf? — x) 
) ae Sa oe rim) | tt 
sin ae Bey 


be its interpolation polynomial at knots (3). 
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If0<%< 2x, and if there exists a function ¢(x) increasing in the segment 
(0, xo], decreasing in the segment [xo , 2x], and satisfying the conditions 





(11) fe) = Fe)! < 
(12) [ ewar<t« 
then 

(13) lim T',(%0) = (x0). 


Proor. From inequality (11) and Lemma (5) it follows that at the point 
a the function f(x) is continuous. 
This stated, we choose an arbitrary « > 0 and take 6 > 0 so small that 


roté 
(14) [" e@ar<e 

Zzo- 
and that the inequality |z — 2| < 6 implies the inequality 
(15) | f(x) — f(m) | <«. 


By virtue of the obvious equality 











1 2 sin — Xo) 
a 2n+1 k=0 -—* = — X% 
sin _ 
2 
we obtain 
sin a De sa s”) — 49) 
Tales) ~ flea) = 54, Sista!) — fe)} 4, — 
2n = Li . ae” — 2x 
eT. 
2 
We now assume that 
a” 


<%< ae. 


(If, for some n, the point 2» coincides with one of the knots, the T,(%) = f(2), 
and such n may be excluded from consideration). We examine only the sum 


2n + 1 (xi 


in ——_—_ — %) 

(n) sg ie 

an 75 & ues ) — f(xo)} - a ? 
sin —_— 5 — 


Yn = 





2n 


as the sum )° is quite analogous. 
m+1 


ape ner 








a ae ee 
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If 
a _,Sm—5 <2 
and 
2 Dy a 
1 (n) " : (zs a 0) 
/ n ahd Ey us 
vs = 5 et) f(xo)} ea 
sin ——_—— 
7 ] 
then, by Lemma 4, 
lim r, = 0 
no 7 
and for n > m% we shall have 1 
(16) Iral<e. 
It remains to estimate the sum ther 
2 1 ‘ In| 
a cin = (x{” — x) The 
r= nti ~ i; > {f (xk ) = f(x0)} x” ‘io . T 
sin ———_—— 
2 
Its modulus is not greater than then 
h 
1 Sa lf(xe”) — f(a) (my T 
| Be FS ah ay | ae pa OS) — Se 
sin ——__—_ 
2 | 
sin a : ra” — a) then 
: ai” — % . Ir 
| sin sacs! yamaha 
Observing that 
| sin na | < n|sin a| Th 
iat Se (0<«<3) i 
v 2 
and taking into account relation (15), we see that 
m—1 (n) 
f(x”) ed 
Irn | < mt >» ae” 2 | + then 
This and (11) imply . 
m—1 
1 Tr % ‘ 
(17) Ire < ay 2 Gt”) +« 


mn i” 
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But, as the function g(x) is increasing, we have 


(n) 

2 * e+ 

oy eal) < fo" ole) ae. (k =p, pt1,---,m—1) 
*, 


From this it follows that 
| rs | <e. 
Hence, using (16), we get forn > m, 
lta] < $e. 


Thus the theorem is proved. 
TuEorEM 2. If at the point x there exists a finite derivative f'(x») or if 


|f(z) — f(m)| Ss K|x — x| 


then equality (13) is true. 
In fact, the constant K may be taken for g(x). As stated in the introduction, 
Theorem 2 was established by Vallée-Poussin. 

THEoREM 3. If 


| f(z) — flm)| = K|z — m|* (a > 0) 
then (13) is true. 


In fact, here we set g(x) = K|z — ~|*. 
TarorEeM 4. If 














(Ke) — f@)| $ Goer (a > 0) 
then (13) is true. 
In fact, here 
K 
0) = (emi = 1 
TaroreM 5.2 If 
|S(@) — f(a) | 
ole: i =— ea: OP 
aE a es aa (ines cae 


then (13) is true. 


AS 


* As usual, 


in, z = Ing, Inmyi Z = In (Inm 2). 


~ —— 
ee OT ae 


: 
: 
a 
' 
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In fact, here we put 
Saiaadaiii eee Se k = 
[a — aa|-|In]2— ao]|-[lna]2 — aol] «+= [lim] @ — ol |-[ lesa] 2 = a] 





g(r) = 


In all these theorems the function f(x) is supposed to be integrable (R) in the 
segment [0, 27] and the point 2 to be an internal point of this segment, 0 < x < 
2x. The extension of these theorems to the case % = 0 or % = 2r is quite 
trivial. 


§4. An example of failure of the Dini test 


The conditions for the convergence of the interpolation process established by 
Theorems 2, 3, 4, 5 are at the same time conditions for the convergence of the 
Fourier-series of the function f(x) at 2%. Similarly, the Fourier-series for f(x) 
converges to it in the case x = 2, if the conditions of the main Theorem | are 
satisfied. But in the theory of Fourier-series it is not necessary to suppose that 
LQ) — f(a) 

v Xe 


the ratio | _ “| has an integrable monotonous majorant; it is sufficient 





to require the integrability of the ratio itself. 
It is natural to investigate whether condition 


(18) [ i er [dx < +2 


x = we 


is sufficient also for the convergence of the interpolation process. It is quite 
clear that for discontinuous functions conditions (18) is not sufficient; but the 
example we are going to analyze will prove its insufficiency for a case of a con- 
tinuous function. 

EexaMpLe. Let n > 1 bean integer. Let o, denote the greatest odd number 
< Vn, and K,, the set of the odd numbers 1, 3, 5, --- , on. 

We define a function ¢,(x2) by the conditions: 


¢.(1) =0 for OS2SE 








(19) on(ter) = on(x rs BS on (ayy, = An 
where 
x = (20 + 1) Vines 
a fg ae: 1 
(20) - 
a : ? ta 1 Tv 
sin | ———_ -- 
2n+1 2 
We surround each of the points ¢S’?,, ¢?3, --- , «2, by an interval 
(21) (xis — 6, oy, + 3,) (= 1, 3, °°" 1 Fn) 


so small that these intervals have no points in common and do not contain the 
knots v$7o, , and that 


(22) x — 5, > 2. 





fror 


and 


(26 


give 
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Evidently, these conditions will be satisfied if we choose ' 


T 


(28) Qn +1 | 


but, in addition to (23), we yet require that ; 


aia tin dx 1 | 
(24) I. — « § -———_ (@¢ = 1,3, --- , on). 


3, t— 7 2 deen 


This attained, we make ¢,(x) zero at the end points of the intervals (21), 
linear in the segments 


(n) (mn) (mn) ‘ ; 
[x'"); oe 6, +] Level and pare ; ’ Lad -t- 5,1, (2 = 1,3, eee Cn) 


and zero at all other points of [0, 27]. 
The function ¢,(x) thus defined is non-negative, continuous, and by (24) we 





have 5 
1 
25 y BO gb 
(25) :.8 ~~ F = 2" 
Furthermore, ¢,(7) = 0 and on (m) = 0, the latter derivative existing. i 
Denoting by T,[f; x] the interpolation polynomial for the function f(x) at the 
knots a,” we obtain fies 
2n 1 n . # 
' ee m sin a x a r) 
Ts n) a ae ag "Ny a wari 
le n| an mm oe ® o(x. ) a” age 
a 


from which it follows that 


An > mit fm ) 2n + 1 


Qn+1 ik (21 - Ls) 
2n+1 2 


Qn + 1G + 2i -1) 
Tv 








T, [en ; 1] = 


and, by (20) 


(26) Trlon ; 7] = Vinon- 
Also, the inequality 
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whence 
(27) lim \, = 0. 


no 


> 


Having done all this we may pass to the construction of the required function 





“ nm, = 3, and let n2 denote an integer so large that it makes ( 
(28) | Tnolen 3 #7] | < 1 
and a 
(29) Tieton, + Sng < Zarkt — Sy. 
: The first of these conditions can be satisfied because ¢,,(r) = 0 and because 
at the point x = z the interpolation process for ¢,,(x) is convergent, so that al 


lim Trl¢n, ; x| = 0. 


no 


Condition (29) can also be satisfied because of 


. (n) ~ . 2a - T 
Sin ei ee 
and 
lim 6, = 0. 
noo Ze 


Having chosen 2 we denote by n; an integer sufficiently large for which 
| Tnslen, + ¢ng3 4) | <1 
and 
Zisten, + Sng < Saskia — Ong - 
fr 


By continuing this process we construct an infinite sequence of integers 


Mm <M < Nm < eee 


such that au 
(30) | an lon, + Pro + by hi + Pny—y ; | | < 1 

and 

(31) . Cn + 5n, < Eade = bn,-) . 





By virtue of condition (31) no two of the functions 


Pn, (x), Pnz(X) ’ Pnz (x) ’ 


can be different from zero simultaneously at the same point z. Thus, by the th 
inequality 
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and the relation (27), the series 
$n, (2) + Pn_(2) aa $n3(2) 4... 


converges uniformly. Hence we may set up the function 


2) fla) = Y en(a). 


The function f(x) is continuous. As all terms of the sum (32) are non-negative 
and vanish for 0 S 2 S m we have 


C| f(z) - ae Sts)| dx S@) dx = 5 ema) gy, 
0 | T k= 


so FF e¢ == T 


Qn 
| 
We also have: 
Tlf; 7] = Tryleny + °° + Om-i 3 7] + Tarlen, 5 71 
+ Tralee: + mss + °°*5 Fh 


Each of the functions ¢n,4,(%), Gng+2(%), «++ , a8 well as their sum, becomes 
zero at the knots 2$" by virtue of (31). 
Hence 





and by (25) 
f(x) — f(x) | 


a ¢ 





dr < i 


Trlenesr + mes. + °° 5 *] = 0. 
On combining this with (26) and (30) we get 
Ta lf; 7] > Vindn, — 1, 
from which it follows that 


lim 7,[f; 7] = + 


no 


and at the point x = x the process of interpolation diverges. 


§5. An analogue to Abel-Poisson summation 
By applying the identity 
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the interpolation rents ste be written in the form 
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where 
a,” = 2n + 1 > seek”) cos vi" = (v = 0, 1, «++, n) 
bs”? = “I > sal”) sin yuh (y = 1,2,-- "9 n). 
Put 
T(r, 2) = => st > r’(a;” cos vx + b;” sin vz). 
v=1 


It is clear that 
lim [lim T(r, x)] = lim T,(2). 


no rol nro 


Thus, if we take limits in this order the introduction of the polynomial T,,(7, z) 
proves senseless. 

In contrast to this, we may establish a theorem running as follows: 

TueorEM 6. If the function f(x) is integrable (R), then at every point, where 
f(x) is the derivative of its indefinite integral, we have 


(33) lim [lim 7,(r, x)] = f(x). 


r—1—0 n-0 


Proor. Construct the Fourier-series for the function f(x) 


s+ > (a, cos vx + b, sin vx) 


v=1 


and set, for0 < r < 1, 
T(r, 2) = 3 + >> r’(a, cos vx + b, sin vz). 
v=] 


It is known that at the points x mentioned we have 


lim T(r, x) = f(x). 


Thus in order to prove the theorem it is sufficient to show that 


(34) lim T(r, x) = T(r, 2). 


But this is semi-trivial. In fact, if v is fixed, then 


(35) lim aS” = a, lim 0S” = b, 


n—?0o noo 


) . e . 
because a," and b;” are the Riemann sums for integrals by which a, and }, are 
expressed. 
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On the other hand 
(36) [a |< 2M, |S” | < 2M, 
where M is the upper bound of | f(x) |. Putting 
U, = 7'(a, cos vx + b, sin vx) (v = 1, 2,3, ---) 
(a cos vx + b™ sin vz) (v = 1,2, --+,n) 
wn) = 16 (p= n +1," +2, --*) 
Up = =e u(n) = . 


we obtain 
io} 2) 
T(r,7)=2,U,, — ‘T(r, 2) = 2 u,(n). 
v=0 v=(0 
Every term of the series 7',(r, x) tends with n — ~ towards the corresponding 
term of the series 7'(r, x) and by (36) the convergence of 7’,(7, x) is uniform with 


respect to the parameter n. This implies (34) and the theorem is proved. 


LENINGRAD-BARNAUL. 
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two-dimensional case which has been studied by many authors, the three- 
dimensional problem is totally unexplored territory. As a challenge to the 
investigator it is second only to the general problem of the reduction of singulari- 
ties of varieties of arbitrary dimension. How much more difficult is the general 
problem is of course impossible to say with certainty and precision at the present 
moment. We are inclined to conjecture that the difficulties in the general case 
and in the three-dimensional case are of comparable order of magnitude. How- 
ever that may be, the three-dimensional problem offers an excellent testing 
ground for ideas and methods in relation to the general case, and for this reason 
its solution is presented here as a possible contribution to the general problem of 
reduction of singularities. We shall now endeavor to outline the main ideas 
of our solution. 

2. By the theorem of local uniformization (see [6], p. 858), given any zero- 
dimensional valuation v of a field >> of algebraic functions of any number of 
variables (over a ground field of characteristic zero), there exists a projective 
model V of >> on which the center of v is a simple point. We shall show in a 
separate paper** that this theorem implies the existence of a finite resolving system 
for >., i.e. of a finite number of projective models of >> such that any zero- 
dimensional valuation v of >> has a simple center on at least one of the models 
(for the classical case, see our proof in [6], p. 854; compare also with footnote”, 
section 25). We have shown in [7] that, in virtue of the existence of finite re- 
solving systems, the solution of the problem of the reduction of singularities 
hinges entirely on the proof of the “fundamental theorem” stated in Part IV, 
section 25. Now the assumption of that theorem is that two given projective 
models V and V’ constitute a resolving system for a given set N of zero-dimen- 
sional valuations. One is naturally led to consider tentatively the join V* 
of V and V’ ({8], p. 516). In general, V* will not be a resolving model for N. 
However, the following condition is sufficient in order that V* be a resolving 
model for NV: 

If vis any valuation in N and if P and P’ are the centers of v on V and V' respec- 
twely, then one of the points P, P’ is simple and at the same time is not fundamental 
for the birational correspondence T between V and V’ (i.e. its quotient ring contains 
the quotient ring of the second point). 

The gist of the considerations developed in the last section of this paper (sec- 
tion 25) is that in the three-dimensional case it is possible to transform V and V’, 
by successive quadratic.and monoidal transformations, into another pair of 
varieties for which the above condition is satisfied. The centers of these trans- 
formations are always selected as follows: if we are dealing with a simple point 
P of V which is an isolated fundamental point of 7’, then we apply to V a quadratic 
transformation of center P; if P lies on a simple fundamental curve A of 7 then 
We use a monoidal transformation of center A. In the second case it is, however, 
necessary to assume that P is a simple point of A, for otherwise the monoidal 





Ass “The compactness of the Riemann manifold of an abstract field of algebraic functions’’, 
course of publication in Bull. Amer. Math. Soc. 
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transformation will not necessarily satisfy the requirement of transforming the 
simple point P into simple points (section 5, a)). For this reason it is necessary 
first to resolve the singularities of A before a monoidal transformation is applied 
(section 20). Similar considerations apply to V’ and to the successive trans- 
forms of V and V’. Given any valuation v in N, with centers P and P’ on y 
and V’ respectively, and if, say, P is the simple center, the intended effect of the 
successive transformations applied to V is to augment the quotient ring of P, so 
that ultimately P is replaced by a simple point whose quotient ring contains the 
quotient ring of P’. In this procedure we come up against the following com- 
plication (see case C, section 25): when we apply a monoidal transformation 
whose center is a simple curve A, we automatically augment the quotient ring 
of each point of A, hence also of such points of A which are singular for V and 
occur as centers of valuations in N. A lemma proved in section 24 enables us 
to overcome this difficulty. 

3. When all incidental questions are discounted, there remains in the proof of 
the fundamental theorem a central idea, and that is the elimination, by successive 
quadratic and monoidal transformations, of the simple fundamental curves and 
of the isolated simple fundamental points of a given birational transformation 
T of a three-dimensional variety V into another variety V’. That this elimina- 
tion is always possible is precisely what is asserted in Theorem 7 (section 19), 
or in the essentially equivalent Theorem 7’ (section 19). In this last theorem 
the elimination of the simple fundamental locus of 7’ is presented as a process 
of elimination of the simple base locus (base curves and isolated base points 
outside the singular locus of V) of the linear system | F | of surfaces on V which 
‘corresponds to the system of hyperplane sections of V’. The exigencies of the 
proof of Theorem 7’ determine to a considerable extent the contents of the rest of the 
paper. ‘The scope of this theorem will be best understood if we analyze one 
implication of the theorem. , 

By a well-known theorem of Bertini, the singular points of the variable sur- 
face in the linear system | F'| , outside the singular locus of V, lie necessarily 
on the base manifold of | |. This theorem of Bertini is re-stated in algebraic 
terms, more appropriate for our purpose, in section 23, and we prove it for abstract 
varieties in a separate paper [9]. In virtue of this theorem of Bertini, any 
birational transformation of V which brings about the elimination of the simple 
base locus of the linear system | F | automatically reduces the singularities of the 
variable surface of the system (not counting the singularities which fall at singular 
points of V). We render the term “variable surface” more precise by inter- 
preting the linear system of surfaces | F | as one surface F/K, over a suitable ex- 
tended ground field K, embedded in the variety V/K. This way of looking 
at the linear system | F'| is part of our formulation of the theorem of Bertini. 
We see therefore that Theorem 7’ implies a reduction theorem for algebraic surfaces, 
namely that it is possible to reduce the singularities of a surface F/K embedded in a 
three-dimensional variety V/K by successive quadratic and monoidal transforma- 
tions of the ambient variety V/K (Theorem 6, section 17). A geometric proof 
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of this theorem in the classical case, for surfaces embedded in a linear space, was 
presented by Beppo Levi in [2]. In Part III we prove this theorem for abstract 
surfaces. Here we make use of a local reduction theorem (Theorem 5, section 
10) proved in Part IT. 

With the aid of the above reduction theorem, the proof of Theorem 7’ is carried 
out smoothly in two steps. First the theorem is proved directly for linear 
systems | F | which, outside of the singular manifold of V, are free from singular 
base points (i.e., base points which are singular for each surface in the system). 
This is done in sections 20, 21, and 22. For arbitrary linear systems | F | the 
proof is completed in section 23 by reducing the base singularities of | F | . 

4, Our solution of the three-dimensional problem is complete in the case of 
ground fields of characteristic zero. However, we can point out with precision 
what has still to be done in order that the proof be complete also for fields of 
characteristic p ~ 0. Throughout the paper we have used the assumption that 
the field is of characteristic zero only in two instances: a) in Part IV, where we 
presuppose the local uniformization theorem for three-dimensional varieties; 
b) in sections 18, 14 and 15, where we prove the local reduction theorem for 
valuations of rank 1. These then are the only two gaps which would have to be 
filled in in order that our solution be valid for arbitrary ground fields of character- 
istic p. We must state explicitly that these gaps remain even if the ground field 
is perfect. 

When we speak of a possible generalization of our solution of the three- 
dimensional problem to arbitrary fields of characteristic p ~ 0, we have in mind 
the following definition of a simple point: a point P of an r-dimensional algebraic 
variety 1s simple if the ideal of non-units in the quotient ring of P has a base of r 
elements. The elements of such a base are called uniformizing parameters of P. 
A simple point, according to this definition, is therefore characterized by the 
intrinsic condition that its quotient ring be a p-series ring in the sense of Krull [1]. 
It was pointed out to me by Chevalley and André Weil that this definition is in 
general not equivalent with the following classical definition: ¢f (fi, fe, --- , fm) 
is a base for the prime polynomial ideal in klix, t2,-++ , tn] which defines the 
variety V, then a point P of V is simple if and only if the Jacobian matrix || af;/ dx; || 
is of rank n — r at P. Simple points, according to this classical definition, 
remain simple upon an arbitrary extension of the ground field. For such points 
the term “absolutely simple” has therefore been proposed by Weil. An abso- 
lutely simple point P is necessarily a simple point, but if the residue field of P 
is not separable over the ground field the converse is not necessarily true. Ina 
Separate paper we shall analyse the relationship between simple and absolutely 
simple points, and we shall also characterize simple points by an algebraic con- 
dition involving the rank of a certain Jacobian matrix. 

It is clear that if we mean by a non-singular variety one whose points are all 
absolutely simple, then not every field of algebraic functions has a non-singular 
model. For instance, for the existence of such a model it is at least necessary 
(but not sufficient) that the function field be separably gemerated over the 
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ground field. On the other hand, we conjecture that every field of algebraic 
functions (in any number of variables) possesses a model which is non-singular 
in the sense of our definition of simple points. It is in this sense that we speak, 
for instance, of the solution of the three-dimensional reduction problem for 
arbitrary ground fields of characteristic p. 

One more remark. We make frequent use of the theorem that every minimal 
prime ideal in the quotient ring of a simple point is a principal ideal. In the case 
of characteristic zero and more generally for absolutely simple points, this 
theorem will be proved in our paper to be printed elsewhere (for algebraic 
surface, see our proof in [5], p. 664, Theorem 3). However, this theorem follows 
in all its generality, i.e. for arbitrary ground fields, from an unpublished result 
concerning p-series rings, due to I. Cohen. This theorem of Cohen states that 
any p-series ring, whose characteristic coincides with the characteristic of its residue 
field K, can be embedded in a full power series ring over this field K [see abstract of 
paper “‘Some theorems on local rings”, by I. 8. Cohen, Bull. Amer. Math. Soc., 
vol. 49, n. 1 (1943), p. 37]. 


Part I 


QUADRATIC AND MONOIDAL TRANSFORMATIONS OF SURFACES EMBEDDED IN A J; 


1. Multiple points of embedded surfaces 


The object of our considerations in Parts I, II and III shall be an irreducible 
3-dimensional algebraic variety V and a fixed irreducible algebraic surface F 
on V. The variety V may have singularities. However, we stipulate that from 
now on whenever points or curves of V are considered it will be tacitly understood 
that these points or curves are simple for V. To this we add that in the case of a 
simple curve of V it is not excluded that some special points of the curve may be 
singular for V, but if a point of the curve is mentioned it shall be understood that 
it is a simple point of V. 

On the other hand, no such restrictions shall be imposed on the points and 
curves of the surface F. On the contrary, we shall be primarily interested in 
those points or curves of F which are singular for F (but are simple for V). 

Quite generally, if H and G are irreducible algebraic varieties and if H C G, 
we shall denote by Qc(H) the quotient ring of H, regarded as a subvariety of G. 

If H is simple for G and if say H and G are of dimension h and g respectively, 
then it is known that the ideal of non units in Q;(H) has a (minimal) base of 
g — helements. The elements t,, é2, «++ , tp, of any such minimal base shall 
be referred to as uniformizing parameters of H(@). The notations H(@) and 
Q<(H) are dictated by the necessity of avoiding confusion in cases when H occurs 
as a subvariety of more than one variety G. In all other cases the letter @ will 
be omitted. 

Let H be a point P or a curve A on F, and let m be the ideal of non units in 
3 = Qv(H). The surface F is defined in $ by a minimal prime ideal which is a 
principal ideal, sty 3-w, for H is simple for V (see Introduction). 
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DeriniTion 1. H is wfold for the surface F if w = 0(m’), o # 0(m’*"). 

This definition implies that w can be expressed as a form f of degree v in the 
uniformizing parameters t; of H(V), whose coefficients are in & and do not all 
belong to m. Thus, if H is a point P, then 


(1) = f(t ? te ’ ts), 
and if H is a curve A, then 
(1') w = f(t, b). 


We shall also denote the multiplicity v by mr(A). 

Lemma 1.1- Jf PC AC F, then me(P) = mp(A). This is well known in the 
classical case. If the ground field is of characteristic zero or is a perfect field of 
characteristic p, the lemma can be proved by methods of formal differentiation 
(see Part II, section 13). However, since we shall give elsewhere (compare 
with Introduction, 4), a proof of Lemma 1.1 in the most general case, we shall 
omit the proof here. 


2. Quadratic transformations 


We apply to V a quadratic transformation 7, whose center is a point P on F’ 
and we denote by V’ and F’ respectively the transforms of V and of F under T; . 
Here F’ is an irreducible surface on V’ which is birationally equivalent to F. 
We denote by 7' the quadratic transformation from F to F’ which is induced 
by 7,. We shall now state several salient features of 7’ which we shall need in 
the sequel and which we have established elsewhere (see [8], p. 532). 

By 7; the point P is transformed into a surface 6’ = 7',[P]. 

a) The surface ©’ is irreducible and each point of &’ is simple for V’. 

Let $ = Qy(P) and let m be the ideal of non units in $. We denote by K 
the residue field of P, i.e. the field ¥/m. Let S = Sz be the projective plane 
over K, 

b) The surface &' is in regular’ birational correspondence with S. 

Let ti , fs , fs be a fixed set of uniformizing parameters of P(V). If f(a, #, 2) 
is a form with coefficients in $, where z,, 22, 23 are indeterminates, then we 
denote by F(z: , 22, 23) the form in K[z:, 22, 2s] whose coefficients are the P- 
residues (i.e. the residues mod. m) of the coefficients of f. If & «3, & = O(m’), 
££ 0(m’"), we can write = f(t; , 2, ts), where f is a form of degree p and where 
F(z, 2, 23) ¥ 0. In this case we shall call F(z, 22, 23) the leading form of § 
(see Krull [1], p. 207); it is independent of the particular way of representing £ 
as a form of degree p in t, f2, fs. We identify the indeterminates 2: , 2, 23 
with the homogeneous codrdinates in S. 

let now H’ be a point or an irreducible curve on ©’, or ®’ itself, and let H 
be the corresponding locus in S [by b)]. 

¢) The quotient ring 8’ = Qy-(H’) consists of all quotients f(t, , te , ts)/g(h , te , ts), 


‘For the definition of a regular correspondence see our paper [8], p. 513. 
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where f(z, 22, 23), (zi, 22, 2s) are forms of like degree, with coefficients in $, and 
where G(z , 22, 23) =~ Oon H. In other words, f(t)/g(t) « Qv-(H’) if and only if 
F(z)/G(z) ¢ Qs(H). 

From c), in the particular case H’ = ©’, it follows that Qy-(®’) consists of all 
quotients f(¢)/g(t) such that G(z) ¥ 0. In other words: if € and 7 are elements 
of $, then &/n € Qy-(®’) if and only if the degree of the leading form of » is not 
greater than the degree of the leading form of § Let u be the degree of the 
leading form of 7. If £/n is a non unit in Qy-(®’), then the degree of the leading 
form of — must be = yw + 1, and conversely. In this case we have: 
£/ti € Qy(®’), ti/n eQv-(@’), whence §/n is divisible by t in Qy-(®’). Con- 
versely, if this condition is satisfied, then €/n is a non unit in Qy-(®’). From this 
we conclude, on account of ¢), as follows: 

d) If z= # 0 on H, the surface ®' is defined in 3’ by the principal ideal 3’ -t,, 
and we have: 


(2) Qs(A) = V/3h; YY ~ Qs(A). 


Let {t, ts} or {t} be a set of uniformizing parameters of H(S) according as 
H’ (and therefore also A) is a point or a curve. Let ¢; be an element of 1’ 
which is mapped into #; by the homomorphism (2). We put ti=t. 

e) According as H’ is a point or a curve, the elements t; , to , t3 or the elements 
ty , ts are uniformizing parameters of H’(V’). 


3. The effect of a quadratic transformation on the multiple points of F 


We now turn our attention on the surfaces F and F’ and on the quadratic 
transformation 7, of center P, which 7, induces between these two surfaces. 
To the fundamental point P there will correspond on F’ an algebraic curve 
T|P] which may be reducible. It is clear that this curve is the intersection of 
F’ and ®’ and that [see (1)] 


(3) F(a, 2%, %) = 0 


is the equation of the plane curve in S which corresponds to TP] in the regular 
birational correspondence between ’ and S. This plane curve is of order », 
where v = mp(P). 

We take for H’ [see c)] a point P’ of T[P] and we denote by P the point of 8 
which corresponds to P’. We put w’ = w/t}. 

Lemma 3.1. If 2: ¥ 0 at P, then the principal ideal 3’ -w’ is prime and defines 
the irreducible surface F’2 

Proor. We have to show that: 1) w’ is zero on F’ and 2) that if an element 
é’ of 3’ is zero on F’ then ¢’ ¢ 3’-w’. The first assertion is obvious, since w = 0 
on F and t; ¥ 0 on F (in view of our assumption that z,; ~ 0 at P). To prove 
2), let ¢’ = &/n, where &, n€3. Since ¢’ = 0 on F, & must be zero on F, 





* Since P’ is a point of F’, the surface F’ is given in 3’ (= Qy-(P’)) by a prime minimal 
ideal. When we say that 3’-w’ defines the surface F’ we mean that this prime ideal coin- 
cides with 3’-w’. 
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hence £ = :&, & € 9. If p is the degree of the leading form of », then the 
iegree of the leading form of € is at least p [c)] and hence the degree of the leading 
form of £, is at least p — ». By c) we may assume that the leading form of 7 
doesnot vanish at P. Under this assumption the quotient &t/7 is in 8’, whence 
“/y' = &ti/n eS’. This completes the proof. 

 Lpmma 3.2. If P’ is a point of T[P], then my-(P’) S mp(P). 

Proor. Let m’ and m denote the ideals of non-units in 3’ and in ¥ = Qs(P) 
respectively, so that [see e)] m’ = 3’: (ti, 2, ts) and m = §-(,%). In the 
homomorphism 3’ ~ ¥ = 3’/9'-t [see (2)], the ideal m’ is mapped into the 
ideal m. The element w’ is mapped into the element @ = F(z, 2, 23)/2). 
If »’ = mp-(P’), then we must have, by Lemma 3.1, w = O(m”’). Hence 
i = 0(m’ ), ie. the point P must be a v'-fold point of the curve (3). Our lemma is 
therefore equivalent to the assertion that the plane curve (3), which is of order 
y, cannot possess points of multiplicity > v. This assertion is trivial if the 
ground field k is algebraically closed. On the other hand, it is obvious from our 
definition 1 that the multiplicity of P for the curve F(z) = 0 does not diminish 
if we extend the ground field k. This establishes the lemma. 

ToeorEM 1. Jf T[P] possesses an irreducible component which is v-fold for F’ 
then T'P] itself ts irreducible and is a rational curve free from singularities. 

Proor. Let I’ be an irreducible component of 7[P] and let us assume that 
I’ is »-fold for F’. Let I be the irreducible plane curve in S which corresponds 
to I’ in the regular birational correspondence between ®’ and S. The proof of 
Lemma 3.2 shows that I must be a v-fold component of the curve (3). Since 
this curve is itself of order v, it follows that the form F(a , 22, 23) is necessarily 
the » power of a linear form, i.e. the plane curve in S into which T[P] is trans- 
formed must be a straight line, q.e.d. 


4. Auxiliary considerations concerning ruled surfaces 


Let \ be an irreducible algebraic curve in an n-dimensional projective space 
S; and let >, m, «++, ™ be the homogeneous coérdinates of the general point 
of A. If 2, 2 are algebraically independent over the field k (m0, m,---+, 1); 
we consider the ruled surface R over k whose general point has the following 
homogeneous coérdinates: 


Pi; = Nie; , 1=0,1,2,---,n; j = 1,2, 


where p is a factor of proportionality. This surface lies in a projective space of 
dimension 2n + 1. Assuming that » ~ 0 let &: = ni/m,% = 1, 2,---, , and 
let K be the field of rational functions on A: K = k(é, &,-+++,&,). Fora 
suitable choice of the factor p we can write: py; = 2;, pnij = §2;, and this shows 
that if K is taken as ground field then R is a straight line L and that the field 
of rational functions on R (over k) is the field K(x), where x = 1/22. Let 
Play ,a,, +++, an) be a point of A, where the ratios of the a’s are algebraic over k, 
and let z; , z: be still regarded as algebraically independent over the residue field 
i oi P. The irreducible curve, over k, which is defined by the general point 
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(ni;), where 77; = aiz;, is a generator of the ruled surface R. We shall denote 
this generator by gp. It is clear that gp is a straight line /* over k*. 

Lemma 4.1. The generator g p is simple for R if and only if the point P is simple 
for A. If t is a uniformizing parameter of P(A) then t is also a uniformizing 
parameter of g p(R). 

Proor. Let 0 = Qa(P), 0: = Qe(gr). Any element of 0; is of the form 
f(ni3)/g(ni;), Where f and g are forms of like degree with coefficient in k and where 
g(nij) ~ 0. If for any polynomial F(x) in o[x] we agree to denote by F*{[z] the 
polynomial in k*[x] whose coefficients are the P-residues of the coefficients of 
F(x), then we can say that 0; consists of all quotients F(x)/G(x), F(x) and G(x) 
in ofz] and G*(x) ¥ 0. 

Suppose that P is a simple point of A, with uniformizing parameter ¢. If 
w, = F(x)/G(x) € 0, , then w is a non unit in 0; if and only if F*(x) = 0, ic. if 
and only if each coefficient of F(x) is a multiple of ¢ (in 0). Hence each non unit 
of 0; is divisible by ¢ (in 0;), and since ¢ is itself obviously a non unit in 0, it follows 
that gp is simple for R and that ¢ is a uniformizing parameter of g p(R). 

Conversely, assume that gp is simple for R and let ¢ be a uniformizing param- 
eter of gp(R). Without loss of generality we may assume that ¢ is a polynomial 
in o[z], say 


t= te” + ho” +--- + tn, tg ed. 


Since t = 0 on gp, it follows t; = 0 at P, whence the coefficients ¢; are non units 
ino. Wecan therefore write: 


(4) t;-G(x) = (F(z),  G*(x)¥0, i=0,1,--+,m. 


Let now w be an arbitrary non unit in 9. Since w is also a non unit in 0; , we have: 
w:B(x) = t-A(x), B(x) and A(2) in o[z] and B*(x) # 0. If therefore b is any 
coefficient of B(x), the product wb belongs to the ideal o-(t, #1, +++, tm). In 
particular, if b is one of the coefficients of B(x) which is not zero at P, then ) 
is a unit in 0, and we conclude that weo-(t, t:,--:,tm). Hence o-(t, h, 
-++ , tm) is the ideal m of non units in 9. Since m # m’ it follows from (4) that 
we cannot have F;(x) = 0 for alli. Let, say, F> (x) ¥ 0, and let c be a coefli- 
cient of F,(x) which is not zero at P and which is therefore a unit in 0. We 
have t:F,(x) = t,F;(x) and consequently ct; = O(o-t,). This shows that m = 
o-t,, q.e.d. 

Lemma 4.2. If P is a simple point of A, then every point of gp is simple for R. 

Proor. The general point of gp is (ni;), where ni; = az;. Any point P* 
of gp has as homogeneous codrdinates the products a8; , where the ratio 61/6: 
is algebraic over k. The quotient ring Q,(P*) consists of ail quotients F(a , 2:)/ 
G(z, , 22), where F, G are forms of like degree with coefficients in 0 and where 
the form G*(z; , z2) in k*[z, , zo] is such that G*(B; , 62) ~ 0. The quotient ring 
Q,,(P*) consists of the quotients F*(z; , z2)/G*(z; , 22). This shows in the first 
place that P* is a simple point of gp , and this is true even if P is singular for 4. 
This is in agreement with a preceding remark to the effect that gp is a straight 
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line. Let 7* = F*(a, 2)/G*(a, 2) be a uniformizing parameter of P*(gp) 
and—assuming that P is simple for A—let ¢ be a uniformizing parameter of P(A). 
Then it is immediately seen that if we put +r = F(z, z2)/G(z: , 2), then ¢ and + 
are uniformizing parameters of P*(R). 


5. Monoidal transformations 


We apply to V a monoidal transformation 7, whose center is an irreducible 
curve A on F and we denote by V’ and F’ the transforms of V and F respectively. 
We collect in this section some fundamental properties of 7. For the proofs 
see our paper [8]. 

Under 7 the curve A is transformed into a surface, which may be reducible. 
However, only one irreducible component of this surface corresponds to A 
itself. We shall denote this component by ®’. The remaining components 
correspond to special points of A, points which are either singular for V or for 
A, and do not interest us at present. 

a) The points of the surface ®' which correspond to simple points’ of A are simple 
for V’ and for ®’. 

We denote by & the quotient ring Qy(4) and by m the ideal of non units in &. 
Let m, m,°**, am be the homogeneous coérdinates of the general point of A, 
and let K = &/m be the field of rational functions on A. We introduce the 
ruled surface R relative to the curve A (see preceding section) and we denote 
by N’ the subvariety of &’ whose points correspond to the points of A which are 
singular either for A or for V. 

b) The surfaces &’ and R are birationally equivalent, and corresponding points 
P’ and P* (P’ €’, P* € R) ave such that if T;)(P) = P’ then P* egp. This bira- 
tional correspondence is regular at each point of ®’ — N’. 

We shall denote by gr the transform of P on ®’. By a), b) and by Lemmas 
4.1 and 4.2 it follows that: 

c) If P is simple for A (and also for V), then gp is in regular birational corre- 
spondence with the generator gp and is therefore an irreducible rational curve free 
from singularities; moreover, gp and each point of gp is simple for V' and for ®. 

In addition to the ground field & and to the field K of rational functions on A 
we shall have occasion to deal with the residue field of P. This last field shall 
be denoted by k*. We shall use small Latin letters f, g, h, etc. to denote poly- 
nomials (in any number of variables) with coefficients in 3. If the coefficients 
of such polynomials are reduced mod A, the resulting polynomials will have 
coefficients in K and shall be denoted by the corresponding capital Latin letters 
F,G,H---. If the coefficients of f, g, h --- are not only in 3[= Qy(A)] but 
also in Qy(P), then their coefficients can be reduced mod P, and the resulting 
polynomials, with coefficients in k*, shall be denoted by f*, g*, h*, --- respec- 
tively. 

Let ti, te be a fixed pair of uniformizing parameters of A(V) and let 2, 2 








* But these points must also be simple for V (see section 1). 
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be indeterminates. If m denotes the ideal of non units in & and if é is an element 
of % which is exactly divisible by m’, then & = f(4, , &), where f is a form of degree 
p, and F(z; , z2.)—the leading form of &—is not zero. 

In the sequel only points and curves of &’ are considered which do not belong 
to N’. 

Let H’ be an irreducible curve or a point on ®’, or ® itself. If H’ is a curve, 
not in the set {gp}, or if H’ = &’, let H* be the corresponding locus on R. Since 
H* is not a generator gp , no element of K, different from zero, is zero on H*. 
Hence if R is regarded as a straight line over K, then H* is a point of that line 
or the line itself. Consequently it makes sense to say that a form F(z, , 2) 
does or does not vanish on H*. 

On the other hand, if H’ is either a point of ®’ or if H’ = gp , then H’ corre- 
sponds to a point P of A. Then H* is either a point P* or a generator gp. 
We select uniformizing parameters 4, f&, ts of P(V) in such a fashion that 
i; , te be uniformizing parameters of A(V). 

In both cases let H denote the corresponding locus in A (H = A in the first 
case, H = P in the second case). 

d) The quotient ring 3’ = Qy-(H’) consists of all quotients f(t: , te)/g(t, t) 
of forms of like degree, with coefficients in Qvy(H), such that F(a, %)/ 
G(2; , 22) € Qr(H*). 

In particular, if H’ = ®’, then it follows that Qy-(®’) consists of the quotients 
é/n, & and » in &, such that the degree of the leading form of 7 is not greater 
than the degree of the leading form of &. From this it follows as in section 2 
that: 

e) If a # 0 on H* (ic. if ni, m1, +++, mu are not all zero on H*), then the 
surface ®’ is defined in ' by the prime principal ideal &’-t, , and we have 


(5) Qe(H*) = W/S-h. 


A similar result holds if 2. # 0 on H*, in which case t, is to be replaced by t . 

f) The elements t, , ts and also the elements t., ts are wniformizing parameters 
of g(V'). If H’ = P' isa point of gp with H* = P* as the corresponding point 
on R, and if z: ¥ 0 at P*, then (t, tz, ts) are uniformizing parameters of P’(V’), 
where to is any element of ’ which in the homomorphism‘ Y’ ~ Q,p(P*) is mapped 
onto a uniformizing parameter of P*(g p). 


6. The effect of a monoidal transformation on the multiple points of / 


We now study the birational transformation 7 from F to F’ induced by the 
monoidal transformation 7;. To the curve A there will correspond on F’ an 
algebraic curve T[A], which may be reducible. The total intersection of 7” 
and ® may contain, in addition to T[A], also a finite number of curves ge and 
a finite number of isolated points P’. These isolated points necessarily are 





‘We note that 3’ ~ Qr(H*), by (5), and that if H* is a point P* on gp then Qr(P*) ~ 
Q.,(P*). 
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singular for V’ (and hence belong to N’), for at any common point of F’ and &’ 
which is simple for V’ the intersection of F’ and ®’ is locally pure 1-dimensional. 
As to the curves gp which may possibly occur in the total intersection of F’ and 
6’, we shall see later on that they necessarily correspond to certain special points 
P of A (see Lemmas 6.2 and 6.5). 

Let H’ be an irreducible component or a point of 7[A] and let HW and H* denote 
respectively the locus on F and & which corresponds to H’. We denote by 
9’ the quotient ring Qy-(H’). We put w’ = w/ti, where we Qy(H) [see (1) 
and (1’)]. 

Lemma 6.1. If 2; ¥ 0 on H%, then the principal ideal 3’ -w’ is prime and defines 
the irreducible surface F’. 

The proof is the same as that of Lemma 3.1. 

Lemma 6.2. If P is a point of A which is simple for A (and also for V) and if 
the curve gp lies on F’, then necessarily mp(P) > mp(A). 

Proor. If » = mp(A) and if t,, &, ts are uniformizing parameters of P(V) 
such that ¢,, & are uniformizing parameters of A(V), then w [= f(i, &, és)] 
can be expressed as a form g(t; , t2), of degree v, with coefficients in the ring Qy(P). 
Assuming that z: + 0 on the generator gp of R, it follows from d), section 5, that 
gt: , t)/ti €Qy-(gp). If we now assume that gp ¢ F’, then the element g(t: , f2)/t1 
must be a non-unit in Qy-(gp). That implies g*(z:, 22) = 0, where the coeffi- 
cients of g* are the P-residues of the coefficients of g. Hence the coefficients of 
g(i:, 4) are non units in Qy(P), whence w can be written as a form in t,, fe, fs, 
with coefficients in Qy(P), of degree greater than v. Hence ms(P) > », q.e.d. 

Lema 6.3. If P is a simple point of A such that mp(P) = mp(A) and if P’ 
isa point of F’ which corresponds to P, then my: (P’) S me(P). 

Proor. Let vy = mr(P) = mr(A), v’ = mr-(P’), and let P* be the point of R 
which corresponds to P’ [see b), section 5]. Let 3, 3’ and 3 denote respectively 
the quotient rings Qy(P), Qy(P’) and Qx(P*), and let m, m’ and m denote the 
ideal of non units in these rings. Assuming that z, ~ 0 at P*, we have: 


w = w/ti = g(t, t)/ti = O(mod m”). 


By the homomorphism 3’ ~ § [see (5)] the element w’ is mapped into the ele- 
ment = G(z,, z22)/z1, and we have 


(6) & = Gla, 2)/zi = 0(m”). 


let now 3* = Q,,(P*) and let m* be the ideal of non units in 3*. From (6) 
follows (see footnote’): 


(7 w* = gh(er, 20)/21 = O(m*”’). 


Since mp(P) = mr(A), g*(z1 , 22) is not identically zero and is a form of degree v 
with coefficients in k* (k* = residue field of P). Hence if we put 2/a = 2, 
then «* is a polynomial in k*[z], of degree < v, while 3* is the quotient ring of a 
prime ideal in k*[z]. Consequently, by (7), we conclude that »’ < », q.e.d. 
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Leva 6.4. If H’ is an irreducible component of T(A], then me(H’) S< mp(d), 

Proor. In this case, if K is taken as ground field, then H* is a point of R 
(over K) and the lemma follows, as in the preceding lemma, from the fact that 
G(a , Z2) is a form of degree v. 

Lemma 6.5. Jf v = mr(A), all but a finite number of points of A are exactly 
v-fold for F. 

Proor. The surface F is defined in Qy(A) by a principal ideal (w), where w 
is a form g(t, é&) of degree v with coefficients in Qy(A). Here t,, t& are uni- 
formizing parameters of A(V), and we may suppose that they are polynomials 
in the non-homogeneous codrdinates £; of the general point of V. If o denotes 
the ring k[é, & , --- , &] (we assume that V is immersed in an S'.), we consider 
the ideal o-(é;, f&) and the points P of A satisfying the following conditions: 

1) P is at finite distance (with respect to the above non-homogeneous coérdi- 
nates £;) and is simple for V and for A. 

2) The coefficients of g(t , t2) are in Qy(P) and are not zero at P. 

It is clear that the number of points P on A which do not satisfy both condi- 
tions 1) and 2), is finite. Now we show that if conditions 1) and 2) are satisfied, 
then m;(P) = »v. 

Since P is simple for A, there exists an element ¢; in Qy(P) such that t,, t2, (; 
are uniformizing parameters of P(V). But then, in view of condition 2, g(t: , t:) 
is a form in the uniformizing parameters of P (although ts does not actually occur 
in the form), with coefficients in Qy(P) which are not all zero at P. Our lemma 
will therefore follow if we show that w remains prime in Qy(P). Suppose that 
w factors in Qy(P), say w = wwe. Since w is prime in Q,(A), one of the factors, 
say w,, must be a unit in Qy(A), and the other factor w. must be divisble by the 
ideal (t; , f2)’,in Qv(P). But then w must also be a unit in Qy(P), for otherwise 
all the coefficients of g(t: , t2) would be zero at P. 

THEOREM 2. Jf TA] possesses an irreducible component which is v-fold for 
F’, then T[A] itself is an irreducible curve, birationally equivalent to A, and the 
birational correspondence between A and T[A] is regular at each simple point P of 
A, provided mr(P) = mp(A). 

Proor. Let A’ be an irreducible component of T[A] which is »-fold for I” 
and let A* be the corresponding curve on R. The curves on 2 which correspond 
to the various components of T[A] (in the birational correspondence between 
#’ and R), regarded as points over K, are given by the zeros of the form G(a , 2). 
This form in K[z; , 22] is of degree v. If A’ is v-fold for F’, then A* must cor- 
respond to a v-fold root of G(1, x), where x = z2/z,. Hence G(z: , z2) must be the 
y™ power of a linear form in K[z, , 22], and this shows that 7'[A] itself is irreducible, 
T{A4] = A’, and that the field of rational functions on A’ coincides with K, i. 
A’ is birationally equivalent to A. 

Let now P and P’ be corresponding points of A and of A’, where we assume that 
mr(P) = mp(A) and that P is simple for A. To complete the proof of the 
theorem we have to show that Qa(P) = Q,:(P’). Since P is simple for A we may 
assume that the uniformizing parameters f,, f: of A(V) together with some 
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element ¢; form a set of uniformizing parameters of P(V). Then the coefficients 
of g(t , 2) are in Qy(P) and are not all zero at P, since mr(P) = m;(A) (see proof 
of Lemma 6.5). Therefore the coefficients of G(z, z) are in Q(P) and are 
not all zero at P. By the first part of the proof we have: 


Ga, za) = (a2z ae 22)’, a, @ek, 


and now we know that a, and _™ are both in Q,(P) and are not both zero at P. 
Let, say, a2 ~ 0 at P and let ar : az be the P-residues of aand b. In the regular 
birational correspondence between ©’ and RF let A* be the irreducible curve on 
R which corresponds to A’ and let P* be the point of A* which corresponds to 
P’. Then it is clear that az, — az = 0 on A* and that 2:2 = alia: at P*. 
The quotient ring Qr2(P*) consists of all quotients A(z, , 22)/B(a , 22) of forms 
of like degree, with coefficients in Qa(P), such that B(at as) ~ 0. Since 
iz = aia, on A*, it follows that Q,-(P*) consists of all quotients A(a; , a2)/ 
B(a,, a), such that B(at , a2) ¥ 0. That shows that Qa(P) = Qa-(P*), and 
since the birational correspondence between ®’ and RF is regular at P*, we also 
have Qa+(P*) = Q,-(P’). This completes the proof. 

Corottary. If T transforms the v-fold curve A of F into a v-fold curve A’ of 
F’, then simple points of A which are v-fold for F go into simple points of A’. In 
particular, if A is free from singularities and if no point of A is of higher multi- 
plicity than v for F, then A’ is free from singularities. 


7. Further remarks concerning singular points of / whose multiplicity is not 
lowered by a quadratic or by a monoidal transformation 


We have seen in the preceding section (Theorem 2) that if a v-fold curve A 
of F is transformed by the monoidal transformation 7’ of center A into a v-fold 
curve A’ of F’, then the two curves A and A’ are birationally equivalent. We can 
express this result by saying that: 

a) residue field of A = residue field of A’. 

Now consider the case of a v-fold point P of F belonging to the v-fold curve A, 
and let us assume that a point P’ of F’ which corresponds to P is also v-fold 
for F’. From the proof of Lemma 6.3 we deduce that the form g*(z: , 22) must 
he the v™ power of a linear form in k*[z: , 22], where k* is the residue field of P. 
Hence if P* denotes the point of R which corresponds to P’, then the P*-residue 
of the ratio z2/z; is an element of k*, since g*(z:1, 22) = Oat P*. This shows that 
the residue field of P*, and hence also the residue field of P’, coincides with the 
residue field of P. Moreover this also shows that P’ is the only point of T[A] 
which corresponds to P. Hence 

b) residue field of P = residue field of P’, and T|P] = P' 

We now go back to the case of a quadratic transformation 7’, studied in section 
3. We suppose that 7'[P] carries a point P’ which is »-fold for F’, where v = 
mr(P). This point P’ must then correspond to a v-fold point P of the curve 
(3) (see proof of Lemma 3.2). The conditions under which a plane curve of 
order » can possess a v-fold point are elicited in the following lemma: 
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Lemma 7.1. If F(z: , 22, 23) is a form of degree v in K[2y , 22 , 2s], different from 
zero, and if the plane curve F(z, 22, 23) = 0 has a v-fold point P, then the curve 
consists of .v (not necessarily distinct) lines through P. 

Proor. We assume that z; ~ 0 at P and we use the non-homogeneous ¢o- 
ordinates x = 2:/23, y¥ = 22/z3. Let F(a, y, 1) = f(z, y). Our lemma asserts 
that if the point P is v-fold for the curve f(x, y) = 0, then the polynomial f(z, y) 
is either the v“” power of a linear polynomial in K[z, y] or is a form of degree y 
in two such linear polynomials which both vanish at P. Thus the lemma implies 
at any rate that there exists a linear polynomial which is zero at P. On the 
other hand, if we can show that there exists a linear polynomial which is zero at 
P, then the proof of the lemma can be readily completed as follows. Without 
loss of generality we may assume that x = 0 at P. Let S denote the (z, y)- 
plane and let / denote the line x = 0. We put 0 = Qs(P), 0: = Q:(P) and we 
denote by m and m, respectively the ideals of non-units in 9 and 0;. We have by 
hypothesis: f(z, y) = O(m’). Hence if we put fo(y) = f(0, y), we also have: 
fo(y) = O(m}). If fo(y) ¥ 0, then the congruence fo(y) = 0(1m}) is possible only 
if fo(y) = (coy + a)’, @, . eK, where qy + co = 0 at P. Without loss of 
generality we may assume that fo(y) = y’. The point P is then the origin 
x = y = 0 and f(z, y) is necessarily a form of degree v in x and y. Suppose 
now that fo(y) = 0. Then f(x, y) = 2afi(z, y), and since x ¥ 0(im’), it follows 
that fi(z, y) = O(m’™”). Since f, is of degree v — 1, the proof is completed by 
induction with respect to »v. 

In order to prove the existence of a linear polynomial in K[x, y] which vanishes 
at P, we use formal differentiation. In order to include fields of arbitrary 
characteristic, we shall use the well-known operator: 


(m) 
eb tho. @ 


1 = a axioy!’ 
It is immediately seen that if f(a, y) = O(m’), then D{?’f(x, y) = O(m"™). 
Since D$? f(x, y) is of degree < v — m, the existence of at least one linear poly- 
nomial which vanishes at P is assured (by induction on v), provided not all the 


+7 =m. 


partial derivatives D{7? of f(x, y), m = 1, 2,---, » — 1, vanish identically. 
In the contrary case we must have v = p‘ and f must be a polynomial of the form 
(8) f(a, y) = % + a” + cry”, 


where we may assume that c. ¥ 0. 

Let £, 7 be the codrdinates of P in a suitable algebraic extension field of K. 
Let g(x), h(x, y) be polynomials in K[z, y] defined by the following conditions: 
1) the leading coefficient of g(x) is 1 and also the leading coefficient of A(z, y), 
regarded as polynomial in y with coefficients in k{z], is 1; 2) g(x) is irreducible in 
K{[z] and g() = 0; 3) the degree of h(z, y) in z is less than the degree of g(2); 
4) h(z, 9) = 0 and A(3, y) is irreducible in K(z)[y]. Then it is known ({§}, p. 
541) that g(x) and h(x, y) are not only uniformizing parameters of P, but also 
form a base for the prime ideal of P in K[z, y]. If g(x) is of degree 1, then 
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there is nothing to prove. We therefore assume that g(x) is of degree greater 
than 1. , 

From our hypothesis that f(z, y) = 0(m’) follows immediately that f(z, y) 
must be divisible by h(@, y)’ (in k(#)[y]). Since f(z, y) 0, it follows that 
h(x, y) must be of degree 1 in y, say 


h(a, y) = y + A(z). 
Consider the following polynomial in K{z]: 
B(x) = f(x, y) — ely + A(z)”. 


Since the polynomial on the right belongs to the ideal m’ and since B(x) depends 
only on 2, we conclude that B(x) is divisible by [g(x)]’ *. Since the degree of 
A(z) is less than the degree of g(x) and since by hypothesis the degree of g(x) 
is greater than 1, comparison of the degrees of B(x) and of [g(x)]’ * shows that 
B(x) must be identically zero. Hence 


Co + at” + cy” = cy” + efA(x)]”. 


From this we conclude that A (x) is linear, say A(x) = dha + d,. Hence, h(x, y) 
is a linear polynomial which vanishes at P. This completes the proof of the 
lemma. 

In applying this lemma to the »-fold point P of the curve (3) we observe, 
in the case of the lemma, that if there exist two independent linear polynomials 
in K{z, y] which vanish at P, then the coordinates Z, 7 of P are in K. Since 
the coefficients of the F(z; , z2 , 2s) in (3) are in the residue field K of P, we con- 
clude with the following theorem: 

TuroreM 3. If P is a v-fold point of F and if among the points of F’ which 
correspond to P in the quadratic transformation of center P there is one, say P’, 
which is also v-fold for F’, then either T[P] is an irreducible rational curve free from 
singularities (and—in fact—is equivalent to a straight line over K under a regular 
birational transformation) or T[P] consists of several such curves through P’, and 
then the residue field of P’ coincides with the residue field of P. 

In the sequel we shall find it convenient to use the following phraseology: 
we shall say that the multiplicity of the center H of a quadratic or of a monoidal 
transformation 7(H C F) is uniformly reduced by T, if for any two corresponding 
points P and P’ of F and F’ respectively, such that P is a simple point of H and 
mr(P) = mpr(H), it is true that mp-(P’) < mr(P). (In the case of a quadratic 
transformation P is H itself and the condition mr(P) = mr(H) is vacuous). 
In the problem of the reduction of the singularities of F it is true that the reduc- 
tion process suffers a setback whenever at some step of the process a quadratic 
or monoidal transformation T fails to reduce uniformly the multiplicity of its 
own center. However, the results a), b) and Theorem 3 of this section show that, 
with one exception (see Theorem 3), the setback is always compensated, to a 
certain degree, by the invariance of the residue field of the point or of the curve 
under consideration. This compensation is brought about by the fact that 
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when the residue field is invariant the transformation 7 operates locally very 
much in the same fashion as it would if the ground field k was algebraically 
closed. We proceed to develop this idea. ; 

1) Let first 7 be a monoidal transformation of center A, and let us suppose 
that some irreducible component A’ of T[A] has the same residue field as 4 
(i.e. that A and A’ are birationally equivalent). Let 4 and & be uniformizing 
parameters of A(V). By d), section 5, either 4/t; or t/t belongs to Qy.(d’), 
Let, say, t2/t, ¢Qy-(A’). Since A and A’ have the same residue field, there 
exists an element w in Qy(A) which has the same A’-residue as é:/t; , and hence 
(tg — tw)/t is a non unit in Qy-(A’). It is clear that also 4 and t& — tw are 
uniformizing parameters of A(V). Hence we may replace fz by #2 — tw and we 
may therefore assume that é/t; is a non unit in Qy-(A’). Using the results of 
section 5, especially d), we now conclude as follows: 

If we put 


(9) i=h, & = t/t, 


then t; and ty are uniformizing parameters of A’(V’), and the quotient ring Qy:(A’) 
consists of all quotients (ti , t2)/W (ti, t2), where and w are polynomials with 
coefficients in Qy(A) and where the ‘constant term” of y is a unit in Qy(A). 

The equations (9) can be regarded locally (i.e. in regard to the pair of corre- 
sponding curves A and A’) as the equations of 7’. The form of these equations 
is the same as that of a quadratic transformation between two planes (f, t2) 
and (t;, 2), over an algebraically closed ground field. 

2) The transformation 7 still being monoidal, with center A, let P be a simple 
point of A and let us suppose that a point P’ of F’ which corresponds to P is 
such that its residue field is the same as that of P. Let t,, t2 , ts be uniformizing 
parameters of P(V) such that ¢,, t2 are uniformizing parameters of A(V). By 
d), section 5, we may assume that é:/t; € Qy-(P’), and then we can conclude as 
in the preceding case that for a suitable choice of ft the quotient t2/t; is a non 
unit in Qy:(P’). Using the results of section 5, especially d) and f), we conclude 
as follows: 

If we put 


(10) hE=h, G&=b/i, 6 =&, 


then ti, ts and ts are uniformizing parameters of P’(V’) and the quotient ring 
Qy-(P’) consists of all quotients $(t; , t2 , ts)/W(ti , t2 , t3), where @ and y are poly- 
nomials with coefficients in Qy(P) and where the “constant term’ of y is a unit in 
Qv(P). 

Here again, the equations (10) can be regarded locally (i.e. in regard to the 
pair of corresponding points P and P’) as the equations of 7. The form of 
these equations is the same as that of a monoidal transformation between two 
affine three-dimensional spaces (t; , f2 , fs) and (ti , 2, ts), over an algebraically 
closed field, the center being the line t; = t = 0. The points P and P’ play the 
role of the origins (f) = 0, (t’) = 0. 














a 


ql 
in 


be 
th 


Ol 








very 
ally 


D0se 
SA 
Zing 
A’), 
lere 
nce 
are 


3 of 


4’) 
ith 





SINGULARITIES OF ALGEBRAIC VARIETIES 489 


3) We finally consider the case of a quadratic transformation 7’ with center P, 
and we assume that 7[P] contains a point P’ with the same residue field as P. 
By the same reasoning as in the preceding two cases and making use of the results 
of section 2, we conclude as follows: 

For a suitable choice of the uniformizing parameters t, , tz , ts of P(V), the elements 


(1) ih=h, t=b/h, ts = t/t 


are unifor mizing parameters of P'(V’). The quotient ring Qy:(P’) consists of all 
quotients @ th «es td) /W(ti , te, t3), where @ and y are polynomials with coefficients 
in Qy(P) and where the “constant term” of y is a unit in Qy(P). 

The form of the equations (11) is typical for a quadratic transformation 
between two three-dimensional affine spaces, over an algebraically closed field, 
the center of the transformation being the origin 4; = 4 = 4; = 0. 


8. Normal crossings 


Let A be an irreducible curve on V and let P be a simple point of A. The 
prime ideal of A in Qy(P) has then a base consisting of two elements w: and w2 
whose leading forms are linear and linearly independent. That means that if 
{,, f:, ts are uniformizing parameters of P(V), and if k* denotes the residue field 
of P, then w; = fi(t, , te, ts), where fi(z: , 22 , 23) is a linear form with coefficients 
in Q,(P) and where fi (2 , 22, 23) and i (2; , 22, 23) are linearly independent over 
k*. Here fila , 22 , 23) denotes, as usual, the form in k*[z; , 2 , 23] whose coeffi- 
cients are the P-residues of the coefficients of filer, 22, %). The two forms 
fi , fe define a point in the projective plane S2’, or also a direction through the 
origin z; = z. = z; = O in an affine three-dimensional space over k*. It is the 
tangential direction of A at the point P. 

If P is a common point of two irreducible curves A and A we shall say that P 
isa normal crossing of A and A if P is simple point of both curves and if the 
tangential directions of A and A at P are distinct. 

If A and A are two »-fold curves on F we shall say that P is a normal craning 
on F if P is a normal crossing and if it is exactly v-fold for F. 

Lemma 8.1. If P is a normal crossing of two irreducible curves A and A, then 
there exist uniformizing parameters t,, ts, ts of P(V) such that (ti, t) is a basis 
jor the prime ideal of A in Qy(P) and (tz , ts) is a basis for the prime ideal of Ain 
Qs(P) 

Proor. Let 7, 72 and 73, 74 be bases respectively for the ideals of A and A 
in Qy(P). Since P is a normal crossing, three of the leading forms of the 4 
elements +; must be linearly independent. Assuming that the leading forms 
of 71, 7, 73 are linearly independent, we will then have that 7, 72, 73 are 
uniformizing parameters of P(V). We therefore can write rs, = 971 + detz + 
75, a;€Qy(P). The elements a; and az cannot be both zero at P, for other- 
wise the leading forms of 7; and 7, would be linearly dependent, contrary to the 
assumption that P is a simple point of A. Let, say, a2 ~ 0 at P, and let us put 
h= m1, t = ar, + aet2, ts = 73. Since a is a unit in Qy(P), the elements 


| 
: 
| 








490 OSCAR ZARISKI 


(t, , 2) form a basis for the prime ideal of A in Qy(P). On the other hand we 
have t2 = 74 — d373, and hence fz and ¢s form a basis for the prime ideal of j 
in Qy(P), q.e.d. 

Let now A and A be two irreducible »-fold curves of the surface F and let F’ 
be the transform of F be the monoidal transformation of center A. 

Lemma 8.2. If T carries A into a v-fold curve A’ of F’ and if P is a normal 
crossing of A and A on F, then the corresponding point P’ of A’ = T[A] is a normal 
crossing of A’ and A’ on F’. 

Proor. We select the uniformizing parameters of P(V) as in Lemma 8.1. 
By Theorem 2 of section 6 the transform T[A] is the irreducible curve A’, and by 
b), section 7, there corresponds to P a unique point P’ of A’. Since P’ is p-fold 
for F’, the residue fields of P and P’ coincide. We are therefore in position to 
apply the results of the preceding section. In order to decide which one of the 
two quotients t,/t, and t2/t, certainly belongs to Qy-(P’), let us consider the prin- 
cipal ideal (w) in Qy(P) which defines the surface F. Since both curves A and 
A are v-fold for F, w must be expressable in the following form: 


(12) w = wol2 + wnte hls + +--+ wr(tts)’, 


where the w; are in Qy(P) and where a 7s not zero at P, since mr(P) = v. Thus 
the leading form of w is w)z2, where wo is the P-residue of wy. Consequently 
[see f), section 5], t2/t: e Qy'(P’), but t/t is definitely not in Qy-(P’). Therefore 
t/t, is a non unit in Qy-(P’), and the equations (10) of the preceding section are 
valid. 

The surface F’ is defined in Qy-(P’) by the principal ideal (w’), where 


(12’) w = w/tt = wots” + ante” ts + --- + onl’. 


The curve A’ is defined in Qy-(P’) by the prime ideal (¢:, fs) and is naturally 
v-fold for F’, as is also shown clearly by (12’). Therefore P’ is a simple point of 
A’. As to A’, we know that it lies on the surface &’ (= 7,[A]), and therefore 
[e), section 5], t; is one of the two generators of the prime ideal of A’ in Qy'(P’). 
Hence P’ is a normal crossing of A’ and A’ on F’, as was asserted. 

In the sequel we shall have occasion to follow up the monoidal transforma- 
tion 7; , of center A, by a monoidal transformation T;, of center A’. Now we 
could have first applied a monoidal transformation of center A’ and then a 
monoidal transformation whose center is the transform of A. It turns out that 
interchanging the order in which the curves A and A are used as centers of a 
monoidal transformation does not affect essentially the resulting composite 
transformation of the surface F, i.e. to within a regular birational correspondence. 
We proceed to state precisely the result. 

We suppose then that A and A are irreducible v-fold curves of F and we apply 
to V a monoidal transformation 7 of center A. We denote, as usual, by y' 
and F’ the transforms of V and of F respectively, and by 7—the transformation 
from F to F’ induced by T;. We suppose that T[A] is an irreducible »-fold 
curve A’ of F’, and we denote the transform T[A] by A’. We next apply to V’ 
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, monoidal transformation T; , of center A’, and we denote by V” and F” the 
transforms of V’ and F’ respectively, and by 7’—the transformation from F’ 
to F” which is induced by T;,. We suppose that 7’[A’] is irreducible and »-fold 
for F”’. 

3 We now interchange the order in which the two curves A and A have been 
wed. We first apply to V a monoidal transformation 7, of center A, getting 
entities V*, F* and T whose meaning is similar to that of V’, F’ and T. Since 
T does not affect the quotient ring of A we have Q,(A) = Q»-(4’), and since 


| we have assumed that 7’[A’] is irreducible and v-fold for F’’, it follows therefore 


that also T[A] is irreducible and »-fold for F*. Let 7[A] and T[A] be denoted 
respectively by A* and A*. We next apply to V* a monoidal transformation 
T* of center A*, getting V**, F** and 7*. Since 7 does not affect the quotient 
ring of A, we have Qr(A) = Qy-(A*), and since we have assumed that 7[A] 
is irreducible and »v-fold for F’, it follows that also 7*[A*] is irreducible and 
vfold for F**, . 

Lemma 8.3. Jf P”’ and P** are two corresponding points, of F” and F**, i.e. 
if P’ and P** correspond to one and the same point P of F, then Qe (P") = 
Qp»(P**), except when P is a common point of A and A which is not a normal 
crossing on F’, 

Proor. Let P’ and P* be the points of F’ and F* respectively which cor- 
respond respectively to P’”’ and P**. We shall first suppose that P is not a com- 
mon point of A and A. If P does not lie on either curve, then all the trans- 
formations used above do not affect the quotient ring Qy(P) at all, and hence 
Qy(P") = Qys(P**) = Qy(P). Assume now that Pe A, P¢A. Since 
P ¢ A, we have Qr(P) = Qy+(P*) and P* ¢ A*. Therefore the monoidal trans- 
formations 7’ and 7™* are locally identical at P and P* respectively, whence 
Qr(P') = Qpe(P**). On the other hand, since P ¢A, we also have P’ ¢ A’, 
and therefore Qr:(P’) = Q,r--(P”), and the assertion of the lemma is proved 
in this case. 

Suppose now that P is a normal crossing, on F, of A and A. Locally, for the 
pair of corresponding points P and P’, the equations of T' are given by (10), i.e. 


(13’) t=h, t=b/h, t=ts. 


We know already that in Qy-(P’) the curve J’ is given by the prime ideal (ta , ts)" 
From the form (12’) of the element w’ and from the fact that w. # 0 at P’ (since 
“ * 0 at P), we conclude that to/ts eQ,y(P”). Since the residue fields of P 
and P” are the same, we can find an element a in Qy(P) such that t/ts —a 
beanon unit in Q,y-(P”). Now note that (t,t) = (4, f — atts) and (f, ts) = 
(lo — atts , ts), all ideals being in Qy(P). Hence we may replace t by fz — atts . 
With this choice of te : t2/ts will be a non unit in Qy-(P”) since tp — als = (4 — 
alits)/t;. Hence the equations of 7 are as follows: 


(13”) i=,  =t/t, t =, 


Where i;', t3’, ¢3’ are uniformizing parameters of P’’(F”). 
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In a similar fashion we find that the equations of 7; are 
(13*) tt =, te “je to/ts ’ t3 = bs, 


where f; , t2 , ts are the uniformizing parameters of P*(V*), and that the equa- 
tions of T; are as follows: 

(13**) f*=t, f° =G/i, =e, 

where f;, t2 , t3 are uniformizing parameters of P**(V**). From (13’), 
(13’’), (13*) and (13**) we conclude that 


(14) i’) = =h, ty’ = to” = te/tits, b= =%&, 


and this shows the complete identity of the composite transformations 7,7, 
and 7,77 locally, at (P, P’’) and (P, P**). This completes the proof of the 
Lemma. 

Lemma 8.4. Let A be an irreducible v-fold curve of F and let P be a simple point 
of A which is exactly v-fold for F. If a quadratic transformation T, of center P, 
transforms P into a »-fold curve T’ of F’, then the transform A’ of A intersects I’ 
in one point only, and that point is a normal crossing of A’ and I’ on F’. 

Proor. We know from b), section 2, that the points of ©’ are in (1, 1) cor- 
respondence with the directions about P (since each direction about P is repre- 
sented by a point of the projective plane S). Since P is simple for A, it follows 
that A’ intersects ®’, and hence also I’, in only one point. Let P’ be the com- 
mon point of A’ and I’. If t,, &, ts are uniformizing parameters of P(V) such 
that f , ts are uniformizing parameters of A(V), then the equations of 7’; are given 
by (11), section 7, where ¢; , t2 , ts are uniformizing parameters of P’(V’). The 
curve A’ is given in Q,-(P’) by the ideal (t2 , t3), while the surface ®’ is defined 
by the ideal (¢;). Since IY C #’ and I” has a simple point at P’ (Theorem 1, 
section 3), and since moreover P’ is exactly »-fold for F’, it follows that P’ isa 
normal crossing of A’ and I’, as asserted. 


Part II 
Loca. RepucTion THEOREM FOR SURFACES EMBEDDED IN A V3 


9. Reduction of the singularities of an algebraic curve by quadratic 
transformations 


In the sequel we shall have to make use of the theorem that the singularities 
of any higher space curve can be resolved by quadratic transformations of the 
ambient space. This theorem is well-known in the classical case. In this section 
we shall prove this theorem for arbitrary ground fields. It is clear that all 
depends on proving the following theorem: 

THEOREM 4. If 


Ty, Te, ++ Beg: 

is an infinite sequence of irreducible algebraic curves (over a common ground field k) 
and if P,, P2,---, P;,--- ts a corresponding sequence of points such that: 
1) P; is a point of T; ; 2) T:41 is obtained from T; by a quadratic transformation 7; 
of center P; ; 3) the point P; +; is one of the points of V3, which correspond to P: 
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(there is only a finite number of such points), then if i is sufficiently high, P; is a 


simple point of T;. , 
Proor. Let 9; be the quotient ring Qr (Pi), so that we have 


Dike we SG BW Gee:, 


and let 2 be the union of the rings 3;. Any non unit in 3 is also a non unit in 
%, 3s, °°: , and consequently Q is a proper ring (i.e., not a field). Therefore 
Q is contained in the valuation ring R, of at least one valuation v of the field of 
algebraic functions of which the curves I; are projective models. 

Lemma 9.1. Jf Q & Ry, thenQ = R,. 

Proor. Let $ be the ideal of non units of 2, and let m; be the ideal of non 
units of $;, so that BN Bs; = m,. 

Let &:/m be an arbitrary element of R,, where &, mei. If m 4 O(m), 
then &:/me31. Suppose that m = O(im). Then necessarily also & = O(m). 
Considerations similar to those developed in section 2 show immediately that the 
extended ideal 2-1 is a principal ideal, say Se-m: = QYe2-B2, Bo € me (see also 
[5], p. 679, formula (33)). Let & = &62, m = Ge, where & , m2 € J2, whence 
t/m = £/n2. If m2 4 O(me), then f/m € %2. In the contrary case we will have 
by a similar argument: & = &@3, m2 = 1383, 83 = O(ms). Since 6. = O(ms»), 
we have (8) > 0, whence v(é) > v(%) 2 O and v(m) > v(m.) 2 0. Similarly, 
r(f) > v(3) = O and v(m) > v(ns) = 0. Since the value group of v is the addi- 
tive group of integers, it follows that if 7 is sufficiently high then v(n;) = 0, and 
then we will have »; 4 O(m,), &/m = &:/n: €3i. Thus every element of R, is 
contained in one of the quotient rings 3%; , and this completes the proof of the 
lemma. 

Each point P; is the center of only a finite number of valuations (P; is the 
origin of only a finite number of branches of [;). From the preceding lemma we 
therefore may conclude as follows: 

a) If i is sufficiently high then R, is the only valuation ring containing 3; (i.c. 
P; is the origin of only one branch of I;). 

The residue field R,/f of the valuation v is a finite extension of the ground 
field k, and on the other hand this residue field must be, by Lemma 9.1, the 
union of the residue fields $;/m;. Since these form an ascending sequence of 
fields, it follows that: 

b) If i is sufficiently high then $i/mi = Sizs/Mizs = «+: = residue field of v. 

From Lemma 9.1 it also follows that 

¢) If i is sufficiently high then m; contains elements of value 1 in 0; in other 
words: Ry-m; = $, for i sufficiently high. 

In view of a), b) and c), Theorem 4 is a consequence of the following lemma: 

Lemma 9.2. A point P of an irreducible algebraic curve T is a simple point of T 
if the following conditions are satisfied:° 


*It is obvious that the conditions a), b) and c) are also necessary, since a point of an 
algebraic curve is a simple point of the curve if and only if the quotient ring of the point is 
4 valuation ring. 
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a) The point P is the center of only one valuation of the field of rational functions 
on T. 

b) If v ts the valuation of center P, then the residue field of P coincides with the 
residue field of the valuation v. 

c) The quotient ring Qr(P) contains elements of value 1. 

Proor. Let 3 = Qr(P) and let 3 denote the integral closure of § in its 
quotient field. Since & is the intersection of valuation rings, it follows by a) 
that ¥ = R,. Since 3 is the quotient ring of a prime ideal of a finite integral 
domain (namely of the ring generated over k by the non-homogeneous coérdi- 
nates of the general point of I), it is known that % is a finite $-module (see F. K. 
Schmidt [3]). Hence the conductor € of ¥ with respect to $ is not the zero ideal. 
The conductor € is therefore a primary ideal in 3, whose associated prime ideal 
is the ideal m of non-units in $; unless © = &, in which case § = § = R,, 
and P is then indeed a simple point of [. In either case, since $ is a chain- 
theorem ring, we will have m’ = 0(@), for some integer p. Since € is also an 
ideal in 3, the congruence m’ = 0(G) implies, by c), that every element of R, whose 
value is = p is necessarily an element of §. Let now t be an element of $ such 
that v(t) = 1, in view of c), and let ~ be an arbitrary non unit in 3, whence 
v(é) = m>O0. Byb), there exists an element a in {¥ whose P-residue coincides 
with the residue of £/t” in the valuation v. Therefore, if we put 


=a" + &, 


then we will have v(é,;) = m, > m. Ina similar fashion we can find an element 
a in ¥ such that v(é; — at”') = mz, > m,, whence 


£=at"+ at” + &, m <m < me, = v(£). 
Let 


(15) £ = at” + oat” + aot”? +--+ + ant + fru, 


where 
Lim<m<m<--+ < mp, < mags = v(Eru1) 


and a, a, a@,-*+,a, f11€9. Let us take h so high that ma si = p + 2. 
Then v(&4:/t’) = p, whence tnya/t’ e ¥ and consequently 4: = 0(%-t°). From 
(15) we therefore conclude that § = 0($-t). Since this holds for every element 
of m, it follows that m = $-t, whence P is a simple point, with ¢ as uniformizing 
parameter, q.e.d. 

Let T be an irreducible »-fold curve of a surface F, v > 1, and let F” bea 
transform of F by a monoidal transformation of center [. To I there will 
correspond on F a finite number of irreducible curves. Suppose that one of 
these curves, say I”, is still »-fold for F®. We apply to F® a monoidal trans- 
formation of center I”, getting a surface F®. If F® still contains a v-fold 
curve ™ which corresponds to I, we repeat the process. Suppose that we 
get in this fashion a sequence of consecutive v-fold curves 
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1 ° e (2) 2 :) aa 
all »-fold for their respective carriers F, F, F®,---, F, +--+, where F*” 


is obtained from F © by a monoidal transformation of center I” and where 
© eorresponds to P“*” in that monoidal transformation. 

TueorEM 4’. The sequence T, T, I, --- is necessarily finite. 

Proor. Let & be an element of the field of rational functions on F such that 
the I-residue of £ is a transcendental with respect to the ground field k. Over 
the extended ground field k() the surface F becomes a curve, I becomes a 
point, and our successive monoidal transformations become quadratic. It is 
thus seen that Theorem 4’ is nothing but Theorem 4 in a different ‘‘dimension 


terminology.” 
10. A local reduction theorem for algebraic surfaces 


Let F be an irreducible algebraic surface embedded in a V;, and let v be a 
zro-dimensional valuation of the field of rational functions on F such that the 
center of v on F is a point P which is simple for V;. Let P be a v-fold point of F. 
We make the following assumption: Jf P is not an isolated v-fold point of F then 
it is either a simple point or a normal crossing of the total (possibly reducible) v-fold 
curve of F. By a permissible transformation of V; we shall mean either a quad- 
ratic transformation of center P (regardless whether P is or is not an isolated 
-fold point) or a monoidal transformation whose center is a v-fold curve 
through P. 

Let T; be a permissible transformation of V; and let V; and F’ be the transforms 
of Vs; and F respectively, under 7,. Let 7 be the birational transformation 
between F and F’ induced by T7;. We suppose that the center P’ of v on F’ is still 
y-fold and we consider various possible cases. 

a) P is an isolated v-fold point of F. In this case T; is necessarily quadratic 
and any v-fold curve through P’ can only be a new »-fold curve created by the 
transformation 7’, i.e. it must belong to T[P]. It then follows from Theorem 1, 
section 3, that if P’ is not an isolated y-fold point it is a simple point of the 
v-fold curve of F’. 

b) P is a simple point of the v-fold curve of F. Let A be the irreducible compo- 
nent of the »-fold curve which passes through P. If 7; is quadratic, then 
only the following cases are possible: 1) P’ is an isolated »-fold point P’; 2) T[A] 
is the only irreducible v-fold curve of F’ which passes through P’; P’ is a simple 
point of T[A] since P is simple for A; 3) T{P] is v-fold for F’ and is the only 
irreducible »-fold curve of F’ passing through P’; 4) T[P] is v-fold for F’, and / ¥ 
helongs to both curves T[P] and 7[A]; in this case P’ is a normal crossing, by 
Lemma 8.4. 

Now suppose that 7; is a monoidal transformation of center A. If 7'[A] is not 
v-fold for F’, then P’ is an isolated v-fold point. If T{A] is v-fold, then it is 
irreducible (Theorem 2, section 6), and P’ must be a simple point of T[A] (Corol- 
lary to Theorem 2), and there are no other v-fold curves through P’, 

c) P is a normal crossing of two v-fold curves A and A. If 7; is a quadratic 
transformation, then P’ cannot belong to both curves 7A] and T{A] since A 
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and A have at P distinct tangent lines. This case does not differ from case b) 
considered above. If 7; is a monoidal transformation of center A, then in 
addition to the possibilities which have arisen in the preceding case b) we have 
also the possibility that P’ is a normal crossing of the two »-fold curves T{A| 
and 7'[A] (see Lemma 8.2). 

We conclude that in all cases the center P’ of the valuation v on F’ is again 
either an isolated v-fold point, or a simple point of the v-fold curve of F’ org 
normal crossing of the v-fold curve of F’. All this provided that P satisfy 
these same conditions, that P’ be a v-fold point and that 7; be a permissible 
transformation. 

We next apply to V3 and F’ a permissible transformation 7’; , relative to the 
point P’, getting V3, F’’ and P”. If P’”’ is still v-fold for F’”’, we apply a permis- 
sible transformation 7;’ to V3’, relative to the point *: and so we continue 
indefinitely as long as the center of the valuation v remains a p-fold point. In 
this fashion we ‘get a sequence of surfaces F, F’, F’,---, F®,.-- , Where 
F“*” is obtained from F by a permissible transformation Tf” relative to the 
center P“ of v on F where it is supposed that P™ is still »-fold for F. We 
observe that whenever P“ is not an isolated v-fold point of its carrier F, then, 
in view of our definition of a permissible transformation, T{” may be either quad- 
ratic or monoidal. We have therefore, in general, a certain degree of freedom 
in building up the sequence of successive transforms F”. 

The main purpose of this second part of the paper is to establish the following 
local reduction theorem: 

THEOREM 5. By a suitably chosen sequence of permissible transformations it is 
possible to obtain a birational transform F* of F on which the center of the valuation 
v is a point of multiplicity less than v. 

This theorem naturally implies the theorem of uniformization of valuations 
which we have first proved in [5] for surfaces over an algebraically closed ground 
field of characteristic zero and later on, in [6], for higher varieties over arbitrary 
ground fields of characteristic zero. However, our present local reduction 
theorem is stronger than the pure existence theorem (‘there exists a birational 
transform of F on which the center of the given valuation is a simple point”) 
proved in the quoted papers, since it calls for a proof that the valuation can be 
uniformized by birational transformations of a specified type. Another dif- 
ference is this: in the proof of the general uniformization theorem for surfaces, 
it was sufficient to carry out explicitly the uniformization for surfaces embedded 
in a linear 3-space. In the present case our surface is embedded in an arbitrary 
V; and it is essential that the uniformization be carried out by birational trans- 
formations of the ambient V3; . 

The broad lines of the proof of Theorem 5 are essentially the same as those of 
our old proof of the uniformization of valuations. However, their adaptation 
to the new set-up calls for a technique in which the local character of the problem 
comes to the fore, for the controlling ring is now not a ring of polynomials in three 
variables but the quotient ring of a simple point P of V;. The resulting re 
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organization of the proof actually implies an improvement on our old proof, 
especially when the ground field k is not algebraically closed. 

In the following sections we take up the various types of zero-dimensional 
valuations and prove Theorem 5 for each type separately. As was pointed out 
in the Introduction, our proof of Theorem 5 for valuations of rank 1 applies only 
to fields of characteristic zero. For valuations of rank 2, our proof applies to 


arbitrary fields. 
11. Some preliminary lemmas 


Let V be an irreducible algebraic variety and let v be a zero-dimensional valua- 
tion of the field of rational functions on V. The valuation v determines an 
infinite sequence of successive birational transforms of V, say 


V, Vi, Ve,-°+, Vi,cee 


where V4; is obtained by applying to V; a quadratic transformation 7'; whose 
center is the center P; of von V;. Let I be an irreducible algebraic curve on 
V passing through P and let T[T] = T,, TifTi] = T2,--- , TAT = Tin, --- 

Lemma 11.1. Jf P; eT; for all 7, then v is compounded with a valuation whose 
center on V is the curve T. 

Proor. Let 3; = Qy,(Pi), 3: = Qr, (Pi) and let m; and iii; be respectively 
the ideal of non units in S$; and &;. The ideal %,4,-m; is principal [ef. section 
2; also [5], p. 679, formula (33)], say Siga-m: = Bivi-Bis. If Big1 is the Ty4s- 
residue of Bij,, then Biz, ¥ O and ¥i4,-M; = Figi-Bizr. Let now & and 7 
be elements of $ and let us assume that £is zeroon rand» #OonT. We have 
thn = &61:,8¢€9:,& =OonT,. If 7 is anon unit in $ we can also write 
n= mi, mei. If m is a non unit in 9, we define the element 7 in %2 
by the relation ”™ = m2, and we also put & = 62. More generally, if the 
elements m, m2, -°-+ , 7 are definable by the above construction, and if 7, is a 
non unit in 3, , we put & = &4:Be4q1, me = eyiBs41. If &, 7; denote the I,- 
residues of £; and 7; respectively, then £; = 0 and 9; = 7:4:8i41 (@ = 1, 2, --- , 8). 
Since Si4.-M; = Biaa-Bigs , the proof of Lemma 9.1 shows that for some integers 
swe must get an element 4.41 which is a unit in 3,41. Then 7.4: is a unit in 


Ji, and consequently v(&41) > v(ne41), since &4: is zero at P,.1. Since . 


S.41/M41 = &/n, we conclude that v(é) > v(m). We have thus proved the follow- 
ing: if €, ne 3, £ = Oon T and n ¥ 0 on, then v(£) > v(m). This shows that 
the valuation v is of rank greater than 1, for if 7 is such that 7 = 0 at P, 7 ¥ 0 on 
I'then v(n) > 0 and v(£) > v(n"), for any positive integer n. 

Let m be the rank of v and let 


¥ 2 Pi Ds 2D Bm—1 # (0) 


be the strictly descending chain of the prime ideal of the valuation ring &, , 
where § is the ideal of non units in R,. Since P is the center of v, we must have: 
33 = m. On the other hand, Bn. 4 ¥ m, since, as we have just seen, 
there exist pairs of elements ¢ and 7 in m such that v(é) is greater than any 


| 
! 
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positive multiple of v(m); for such a pair of elements it is true that 7 cannot belong 
to Bn. Let therefore s be an integer, 1 S s S m — 1, with the property: 


BaNF=n, BANF=pH¥m. 


From the preceding considerations it follows that every element £ of 3 which 
vanishes on I’ must belong to 8, , hence also to p. Hence the prime ideal y js 
at most one-dimensional, and since p # m we conclude that p is the prime 
ideal of the curve T. If we now consider the valuation v; of the field of rational 
functions on V whose valuation ring is the quotient ring of $, in R, , then p js 
compounded with v; and from the fact that » is the prime ideal of I it follows that 
I is the center of v,, q.e.d. 

The following is an application of the preceding lemma. Let us suppose that 
P isa simple point of V, whence also P; isa simple point of V;. Let t,t: , «++ 1, 
be uniformizing parameters of P(V). The point P; corresponds to a definite 
tangential direction of V at P, i.e. to a definite point P of a projective (r — l)- 
dimensional space S over the residue field of P (cf. section 8 for the case r = 3: 
the general case is treated exactly in the same fashion). If 2, 2, ---, z, are 
homogeneous coordinates in S and if, say, z. # 0 at P, then Si-m = 31-4 [ef. 
section 2, d)]. Let w be an element of 3 and let us suppose that w is exactly 
divisible by m’. Then w is divisible by t; in $1, say w» = ti-a,. We call w 
the transform of w by the quadratic transformation T, or briefly: ihe T-transform 
of w. 

If v = 1 then the ideal $-w defines a pure (r — 1)-dimensional subvariety 
W of V which passes through P (W may be reducible and-may possess multiple 
components). The ideal $i-w, defines that part of the variety T[iV] which 
passes through P; (see Lemma 3.1). 

We now suppose that V is a surface (r = 2). Let wi, w,--**,wi,°" 
be the successive transforms of w by 7, T,,°::. Let ©, r®,---, r 
be the irreducible components of the algebraic curve defined on V by the ideal 
3. Suppose that each w; is a non unit in the corresponding ring },, 1. 
wi = Oat P;. Then for at least one of the curves I, say for I’, it must be 
true that 7,[I”] passes through P;. But then, by Lemma 11.1, we conclude 
that the valuation v must be of rank 2 and must be compounded with a divisor 
whose center is the curve I. We therefore can state the following 

Lemma 11.2. Let v be a zero-dimensional valuation of the field of rational func- 
tions on a given surface F, and let 


YY 
F,,Fo,°°>,Fi,°°° 


be the sequence of quadratic transforms of F determined by the valuation v (te. let 
P41 (¢ 2 0) be the transform of F; by a quadratic transformation whose center P; 
on F; is the center of v]. We assume that the center P of v on F is a simple point of F. 
Under the hypothesis that v is of rank 1, it is true that if w is any element of Qe(P) 
and if a1, w2, +++, wi, ++ are the successive transforms of w by T, T1, T2,°"' 
(7.¢., Uf wis: ts the T; transform of w;), then for i sufficiently high the element «i 8 
a unit in Qr,(P3). 
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In the next lemma, r is again arbitrary, although we shall actually use the 


lemma only for r = 2, 3. 
Lemma 11.3. If we Qvy(P), where P is a simple point of V, and if w, «2, - 


ae the successive quadratic transforms of w by T, T,, T2, +--+ , then 
PLi geri ; 
(16) w = efi hi --- tite: , 
where ¢; ig a@ unit in Qy,(Pi) and where ty; , bi, «++ , t-i form a set of uniformizing 


parameters of Pi(Vi), while the exponents pj; are non-negative rational integers. 
Proor. The lemma is true for 7 = 1, since if w = tia then ¢, is one of a set 
of r uniformizing parameters of P,(V1) [see section 2, e)]. We assume that the 
lemma is true for 7 = n and we prove it fort = n + 1. Without loss of gene- 
rality we may assume that 
(17) wi = litwiss, 
and that 4; is one of a set of r uniformizing parameters of Piii(Visi). We 
know from section 2 that the quotients f;i/4i, 7 = 2, 3,---, 7, belong 
to Qv;4;(Pi41). Without loss of generality we may assume that the first s — 1 
of these quotients (1 S s < r) are non units, while the remaining quotients are 
units in Qy,,,(Pi41).. From the considerations developed in section 2 it follows 
immediately that the elements hi, tei/ti, --- , tei/ti form a subset of a set of 
uniformizing parameters of P:4:(Vi41). Hence we may put 


hiss = hi, toign = boi/tii, -++ , bigs = bes/tr . 
and we get from (16) and (17) 


= P1it1yP2,i+1 dntts 
wo = eqilicii lis +++ leit wit, 


where 
Pitt = prs t+ pri tees tpn tv, 
Pj,itl = Pris j = 2,3,---,8, 


and where 


ean =e: IT (ti/tus)?*', 
j=stl1 
Whence ¢;4: is a unit in Qy,,,(Pi41), q.e.d. 

The next—and last—lemma of this section refers to a sequence of permissible 
birational transformations all elements of which are quadratic transformations 
(see section 10). Using the notations of section 10, let $ = Qyv(P), 
Ji = Qrivn(P™), and let the surface F be defined in $ to be the prime principal 
ideal ¥ *®, 

LemMa 11.4, J f the points P, P®, P®, --- are all v-fold for their respective 
carriers F, PF , R® , +++ (all the successive transformations T, T°, T®, - ++ being 
quadratic) and if the leading form of w is not a vy power (of a linear form), then the 
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valuation v is discrete (and is therefore defined by an algebraic or analytical branch 
through P). 

Proor. Let ti, f2, ts be uniformizing parameters of P(V) and let F(z, , x, :,) 
be the leading form of w; here F is a form of degree v whose coefficients are in tho 
residue field K of P. Since P“ is a v-fold point of F“, and since, by hypothesis, 
F is not the v™ power of a linear form, it follows from Lemma 7.1 and Theorem 
3 (section 7), that F is a binary form of two linear forms in K[z , 22 , 23]. With- 
out loss of generality we may assume that 7 = G(z. — aia, 23 — biz), where 
where a,, b,¢ K and G is a form with coefficients in K. The plane curve 
F(a , 22, 23) = 0 consists of straight lines through the point 21:22:23 = 1:a,:h, 
and since this curve is, by hypothesis, not a v-fold line, the above point is the 
only v-fold point of the curve and therefore represents the tangential direction 
of V at P which corresponds to the v-fold point P™. It follows that the local 
equations of the quadratic transformation T are as follows; [cf. equations 
(11), section 7]: 


to — ayt tz — 

(18) Put, Cte ea 
hy ty 

where a; and f; are any two elements of Qy(P) whose P-residues are respectively 

a, and b; and where ¢}”, #2”, ¢$” are uniformizing parameters of P”(V). Let 


g(u; , U2) be a form with coefficients in $ such that the reduced form mod P is 


G(u, uw). Then it is clear that w and g(t, — ayt:, ts — Bit) have the same 
leading form. Consequently 
w = g(lz — ati, ts — Pi) + 6, = 0(mod mn”*’), 


where m is the ideal of non units in %. 
The surface F is defined by the principal ideal $1-«;, where @ is the T- 
transform of w. Using (18) we find 


(19) wo = g(t?”, 8°) +P hs, fied. 


Let F,(z{”, 23”, 23”) denote the leading form of w,. By hypothesis, F’; is of degree 
v, since P is y-fold for PF. Hence it follows from (19) that 


(20) F,(0, sf”, z$?) -— G(e!?, sf”), 


1) r. 1) 
whence Fy(z{”, 23”, z$”) is not the v™ power of a linear form. Therefore we have 


now at P™ the same situation as at P. Since P™ is also v-fold for F”, we con- 
clude in view of (20) and recalling that the residue field of P“ is the same a8 
that of P™ (Theorem 3, section 7), that Fy(z{”, z$”, z{?) must be a binary form 
of two linear forms in the z{”, all the coefficients being in K. In view of (20) 
these two linear forms can be onmed to be 2$” — az{”, z { — beet”, ar, bre K. 
If a2 , Be are elements of S$ whose residues are a2 and be saiaaiiiaien. then we have 
relations similar to (18): 


(1) 1 1 (1) 
to — a - 1 i — Batt 
) ., © wa’ 


(2) an 2 
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2) * 2 2 2 2 
where (°, tS, t? are uniformizing parameters of P?(V®). More generally, 
we find: 
«) (i) ‘) ) 
GH) _ 4) ee te” — agyity ee) — — Bits 
9: Ege EO = Se 


where ai+1  Bi41 € 3. 
From (18), (21) and (22) we obtain the following relations: 


to = anti + anti +--+ + adi + (aig +)", 
ts = Bit + Bots tere t Biti + (Bisa te roy 


The relations (23) point obviously to the fact that the successive centers 
P,P”, P®, --+ of the valuation v arise from a sequence of “infinitely near’ 
points on an » artees or analytical branch 7 on F, given by the expansions: 
tp = aut + ali +--+, ty = Bit + Bot; +--+, and that the valuation v is 
therefore either aesihiiaba (i.e. has rank 2) or analytical (i.e. has rank 1 and is 
discrete). The formal proof is as follows: 

For simplicity of notation we agree to use one and the same symbol for an 
element of % and for the F-residue of that element. Thus we shall treat 4; , t2 , ts , 
if necessary, as elements of the field of rational functions on /’, although in 
reality they are elements of Qy(P), i.e. elements of the field of rational functions 
on V. This convention permits us to speak of the values v(¢,), v(é), v( — arts), 
etc. We shall adhere to this convention throughout this part of the paper. 

Let 


(23) 


go = th —- wh — afi — +++ — adi, 
(24) , 
hi; = tg — Bir — Bti —--> — Bh, 
whence, by (23), 
(25) v(g:) = v(tit), —vo(hi) = vi). 


Let ¢ be an arbitrary element of Qr(P), and let n:(f) be an integer defined 
as follows: a) if ¢, regarded as an element of $ belongs to the ideal 3- (gi, i), 
then ni(¢) = i + 1; b) if ¢ does not belong to the ideal $-(g;, hi), there exists 
an integer 7 (depending on ¢ and 7) such that 


(26) ¢ = e-ti (mod 9g: hi), 
where ¢ is a unit in &°. In this case we put 
(27) n(¢) = min. (j,i + 1). 


* The leading forms of g; and A; are respectively z2 — @i2%4 23 — 6:21. Hence t, , gi and 
h; are uniformizing parameters of P(V), and therefore the ideal 9- (gi , hi) defines an alge- 
braic curve T; on V which has at P a simple point. If and #, are the I’-residues of ¢ and 
4 respectively, then § ¥ 0 and %; is a uniformizing parameter of P(T;). Therefore we can 
write § = di, where zis a unit in Qr,(P). From this, congruence (26) follows immediately 
(e = any element of % whose Ty-residue is é). 














502 OSCAR ZARISKI 


We have from (25) and (26): o(f) 2 ni(S)o(). Tf nS) > +e asia to, 
then the valuation v is of rank 2 and is composed of a divisor whose center is a 
component of the curve defined on F by the principal ideal (¢). Suppose now 
that v is not of rank 2. Then n;(¢) is bounded for any non zero element ¢ in 
Q,-(P). We conclude from (25), (26) and (27) that if 7 is sufficiently high we 
must have 


vo(f) = ni(g)o(tr), 


whence the value of any non zero element ¢ in Qr(P) is an integer. Therefore 
the valuation v is of rank 1. This completes the proof of the lemma. 


12. Valuations of rank 2 


The valuation v is composite with a divisor (a 1-dimensional valuation). This 
divisor may be of second kind with respect to F, i.e., its center may be the point P. 
It is known, however, that a finite number of quadratic transformations will 
necessarily lead to a surface F” with respect to which the divisor is of the first 
kind (see [5], p. 681; the reasoning is identical with that employed in the proof 
of Lemma 9.1). Hence it is permissible to assume that the center of the divisor 
is an irreducible curve T on F, through P. If T is a v-fold curve of F (where » 
is the multiplicity of the point P), then P is a simple point of T (see section 10). 
Hence successive monoidal transformations operating on T and on its transforms 
are permissible. By Theorem 4’ (section 9), a finite number of such trans- 
formations will eliminate T as a v-fold curve. Hence we may assume that the 
multiplicity of T for F is less than v (we assume of course that v > 1). From 
now on we shall employ only quadratic transformations. 

First of all we may eliminate by quadratic transformations the singularity 
which I may possibly possess at P. Note that the successive centers Pp”, Pp”, 

- of the valuation v will always lie on successive transforms of the curve I, 
for the valuation v is composite with a divisor whose center is T'. Hence it is 
permissible to assume that P is a simple point of T. We may then select uni- 
formizing parameters x, y, z of P(V) in such a fashion that the curve I be given 
by the equations y = z = 0 [ie. T is given in Qy(P) by the ideal (y, z)]. Since 
v(y) > nv(x) and v(z) > nv(x) for any integer n, it follows that the local equa- 
tions of our successive quadratic transformations T will all be of the form: 

Vi41 = I, Yin = %, a1 = =, 
where x, y;, 2: are uniformizing parameters of P(V“). On each surface F 4 
the center of the divisor is the curve y; = z; = 0. 

Let (w:) be the principal ideal in 93; [= Qyci(P)] which defines the surface 
F®. Here wis: is the T°-transform of w; (see section 11). As long as P; is 
v-fold for F we will have 


(28) a= LX wis1 . 
In particular, F is defined by the principal ideal $-w. 
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Let & denote the ideal %-(y, z), and let m; be the ideal of non units in 9%; . 

Lemma 12.1. Let & be an element of & which is exactly divisible by m’ and let 
, be the T-transform of £, i.e. let § = x°t. A necessary condition that & be 
divisible by mi ts that the following congruence be satisfied: 


(29) é = 0(A’m"”’, m’*’). 


Proor. We shall use induction with respect to c, since for ¢ = 0 the lemma 
is trivial. Assume that the lemma is true for ¢ = s and let & be divisible by 
m;. Then & is also divisible by mi , (29) holds (with o replaced by s), and we 
can write: 


(30) g = x” “ply, z) + ge4ilY, z) + Vp+i(2, Y; z), 


where ¢, is a form with coefficients in %, ¢.4: is a form with coefficients in m’~ 
and Y,4: is a form with coefficients in &%, the degrees of these forms being s, 
s+ 1and p + 1 respectively. We have: 


s—l 


& = o(y1, a) + grsi(Yi y Za) + Will, m1, 21), 


where vesi is a form, of degree s + 1, with coefficients in 3. From this expres- 
sion of & it follows immediately that if & = 0(m{**) then the coefficients of ¢. 
must all belong to m. Hence ¢,(y, z) = 0(m**’), and consequently, by (30), 
$= 0° m*", m’*), q.e.d. 


LemMa 12.2. Jf p, s and a are non-negative integers, s = a, then 
(31) (W?, m’):a” = (%, m*”). 


Proor. It is sufficient to prove the lemma for ¢ = 1. Letting ¢ = 1, we 
shall use induction with respect to s, since if s < p then the lemma is trivial. 
Let § be any element of (2°, m**’):2. Then by our induction, £ is an element in 
(X’, m*“), and we can write £ = a, + a, when a, = 0(%°) and x = 0(m*"). 
We must have rz = 0(%’, m**”), ice. 


(32) TL = o,(y, z) + m, 


where ¢, is a form, of degree p, with coefficients in $ and where x’ = 0(m’™). 
Ii = 0(m*), then € = 0(%’, m‘), and there is nothing to prove. Suppose then 
that * # O(m’). In this case rz is exactly divisible by m’, and the relation 
(32) is possible if and only if also ¢,(y, 2) is in m’ and if rz and ¢,(yz) have the 
same leading form, for x’ = O(m‘*’). Now no term of the leading form of 
¢,(y, z) is of degree less than p in y and z. Hence the same must be true of the 
leading form of +. This implies that + = 0(%’, m’), and consequently also 
£ = 0(’, m’), q.e.d. 

By means of the preceding two lemmas the proof of the local reduction theorem 
for the valuation v is readily completed. If P is a »-fold point of F ® the lead- 
ing form of @ must be a binary form in y, z, with coefficients in the residue field 
ofP. Hence w = 0(%’, m’). On the other hand, the curve I (y = z = 0) is 
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not v-fold for the surface F, i.e. w # 0(Y"). There exists therefore an integer 
n = 1 such that’ 


Qo = O(n’, m’"*”), w # O(n’, hata | 


and we can write: w = ¢»(y, 2) + where = 0(m"™) and ¢, is a form of degree 
v, with coefficients in 3. By (28) we have: a1 = %(y1, 4) + 2°h, he%. 
We assert that w. # O(%i, mi*”), where W% = 31-(y1, 2%). For in the contrary 
case we would have: x"t: = 0(%1, mi*”), and hence, by Lemma 12.2 (applied 
to %; and my), & = O(%i, mi), ie. & = Omi). It then follows from Lemma 
12.1 (in which we now have p = n + v, o = v) that € = 0(%’m", m”’*”*), and 
consequently w = 0(’, m"*’*"). This is in contradiction with our definition 
of the integer n. 

We thus conclude that if P is still »-fold for F®’, and if n is the integer with 
the property 

wo = O(4, mr”), wo # 00%, mo?*), 
then 
n>n2 0. 


More generally, if P”, P®,---, P® are »-fold points of F”, F®,---, F”, 
and if n; is the integer with the property 


w: = 0143, mz*”), w: # OW, mrit’*), 
where WA; = 3i- (yi, zi), then 
n>m>m>:::>nH20. 


This shows that the number of successive v-fold points P™ is necessarily finite. 
This completes the proof of the local reduction theorem for valuations of rank 2. 


13. Differentiation with respect to uniformizing parameters 


In this and in the remaining sections of Part II we assume that the ground field 
k is of characteristic zero. Let P be a simple point of an r-dimensional variety 
V and let t; , 2, --- , t, be uniformizing parameters of P(V). If f(z: , 2, °°* , %) 
is a non-zero polynomial in the indeterminates z;, with coefficients in k, and if 
fo(a:, 22, °+* , 2) is the leading form of f, i.e. the sum of terms of lowest degree 
p, then f,(z:, 22, --- , 2-) is also the leading form of f(ti, &,-°--,¢,). Hence 
f(i,t, +--+ , t-) is different from zero since it has a leading form which is different 
from zero. We conclude that the uniformizing parameters ti, t2,°°* , t are 
algebraically independent over k. Hence every element w of the field of rational 
functions on V is algebraic over the field k(t, , &, «~~ , t,), and the partial deriva- 
tives 0w/dt., a = 1,2, +--+, 7, are defined and are elements of the field. 

LemMaA 13.1. IfweQy(P), then also S= eQy(P),a =1,2,--:,7. 





7 See, for instance, Krull [1], p. 207. 
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Proor. Let &, &,--:, & be a set of non-homogeneous coérdinates of V 
such that P is at finite distance with respect to this system of coérdinates. Since 
every element in Qy(P) is a quotient of polynomials in k[ , & , --- , &,] in which 
the denominator is ~ 0 at P, to prove the lemma it is sufficient to prove that 
the derivatives 0£;/dt. belong to Qy(P). 

Let g:(w) be an irreducible polynomial in k[u] such that g:(é;) = Oat P. Then 
g:(&) is a non-unit in Qy(P), and therefore, by the very definition of uniformizing 
parameters, we must have relations of the form: 


(33) Hilé, ) = A(gil&i) + Li BialE)te = 0 
where ¢ and ¢ stand for the sets of elements i, &,---,& and tj, t&,---,t, 


respectively. Here A and the B;, are polynomials with coefficients in k and 
A(t) ¥ Oat P. Since H,(é, t) = 0, we have 








, OH; OF; a7=1,2,---,n 
(33') te an, a=1,3---.¢ 
On the other hand, since g;(£;) ¥ 0 at P, we see from (33) that 

oH; at . 
— =0 atP,ifi ¥ j, 
0; . 
om, - #0 at P. 








is different from zero at P, and consequently 





ij 
0; 
a € Q;y(P), in view of (33’), q.e.d. 


"Ths following is an immediate consequence of the lemma. Let w be an ele- 
ment of Qy(P) and let F(z) be the leading gs" of w, where F is of degree y in 


41,22,°++,2. Then o is the leading form of Se , unless = = 0, in which case 


i = 0(m’), where m is the ideal of non-units in Qy(P). For if F(a, %, %) = 
Di a-g2i'2i" --+ z'* then we can write w in the form: w = » aytitty? +++ th", 
Where a) is some element of Qy(P) whose P-residue is a». Since 
da(9/At; € Qv(P), it follows that ? = DL trayti® “t* +--+ &” (mod m’), and from 


this our assertion follows. As a corollary we have the following familiar result: 
if w is exactly divisible by m’, then all partial derivatives of w, of order 1,2, +--+,» — 1, 
with respect to the snitecniaing parameters, are zero at P, but at least one ope 
derivative of order v is different from zero at P; and conversely. 

In the following considerations we shall denote by z one of the uniformizing 
parameters of P(V), say the parameter ¢t,. Thus in the case r = 3, which is of 
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§ 
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particular interest to us, the uniformizing parameters will be denoted by 2, y, z, 
as in the preceding section. 

We introduce in $ [= Qy(P)] an operator A, , n — a positive integer, defined 
as follows: if £ is any element of Qy(P), then 


| i iyiligol Miblancs hay dae 
(34) An(é) = & ” ie - 2! az +(-1 n! d2"* 
We have 
An (¥) i 2” ane ua af 
(35) je OD rae = O*?- 


Given any element w in § and given any positive integer », it is always possible 
to write w in the form 


(36) w = a2 tae ++ + auz + ow, 


where a; € §. Moreover, if w = 0(im’), the a’s can be so selected that they satisfy 
the congruences: 


(37) a; =O(m'), it=0,1,---,». 


DEFINITION 1. The expression (36) of w is normal if the elements a; satisfy 
the congruences 
Oa; i ; 
(38) > = 0(z'), i=0,1, +++». 
Derinition 2. If w = O(m’), then the expression (36) of w is strongly normal 
if the elements a; satisfy the following condition: if a; is exactly divisible by 
m’*, then vy; = 7 and 


da: <= 0(2”'), 1 = 0, 1, ED 


(39) _ * 


We shall now prove the following lemma: 

LemMA 13.2. Any element w of & can be expressed in a normal form (for any 
integer v). If w = O(m’) then the elements a; which occur in a normal expression 
of w satisfy the congruences (37). Any element w in m’ can be expressed in a 
strongly normal form. 

Proor. We start from an arbitrary expression of w, of the form (36). By 
(34) we have A,(a,) = a,(mod z). Hence, if we put a, = A,(ay) = a + Br, 
then 


w = age’ + ay” Fees + y_o2° + (mA — Brs)z + a, . 
, 
This expression of w is similar to (36), and we have “e = 0(z"), by (35). Hence 
z 


if n = v, then (38) is satisfied for i = v. Suppose that the congruences (38) 
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are satisfied fort = s+ i, s+ 2, ‘++ yv. Then we put a, at A, (a) = a, + B.-12, 
and we replace the expression (36) of w by the following: 


w= age! + aye” oes H (Gea — Beale + one? + cape” + ++ Haw, 


and for this new expression of w the congruences (38) are satisfied for i = s, 
s+1,--:, ». Ultimately we get in this fashion a normal expression of w. 
Let us suppose now that (36) is a normal expression of w, and let w = 0(m’). 
All the partial derivatives of w with respect to the uniformizing parameters 
z,y,°**,%, of order S$ vy — 1, vanish at P. Therefore all the partial derivatives 
of a,, of order S v — 1, with respect to the parameters z, y, --- , other thanz, 
° 0 v v . . . . 
must be zero at P. Since — = (Q(z’), and since a, is certainly zero at P, it 
follows that a, = 0(m’). Consequently 
wo! = age” + ane” + +++ + aa = O(m"™”), 


and since this is obviously a normal expression of w’, we conclude in a similar 
fashion that a. = O(m”’). Thus the congruences (37) follow by induction 
with respect to ». 

To derive a strongly normal expression of the element w, we start with an 
arbitrary normal expression (36) of w, and we assume that a; is exactly divisible 
by m*. From the preceding part of the proof we know that the inequalities 
vy; 2 7 are automatically satisfied, since, by hypothesis, w = O(m’). Let us 
assume that the congruences (39) are already satisfied for i = s + 1, 
s+ 2,---,v, s S v. We consider the element a,. If the leading form 
of a, is divisible by z, then a, can be written inthe form: a, = 8.12 + & , where 
8.1 € ¥and & = 0(m"**"), whence 


(40) a, = O(z, &s). 


This leads to another expression of w which differs from (36) in that a1 is 
replaced by a1 + Bs: and a, is replaced by &. This expression may not be 
normal, but can be rendered normal according to the procedure of the first part 
of the proof. In this procedure the coefficients 41, 42, °** @ are not 
affected, and &, is replaced by a, = A,(&,), where n = s. By the definition of 
the operator A,, it follows that 


a, = & (3-2) and a, = 0(m"™), 
whence, by (40), 
a, = Oz, a) = Oz, m’*”). 


If the leading form of az is still divisible by z, the above procedure leads to a 
hew normal form of w: 


4 80 gt ” —stl , 
w=aez tae +--- tae tase + -+++a,, 


and we will have 
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a, = O0(z,0), a = O(m"*), 
whence 
a, = O(2, ac) = O(z, m’**), 


If that process continues indefinitely, so that the leading form of af’ is always 
divisible by z, then «, = 0(z, m’**’), for all 7, whence a, = 0(z), say a, = 28,.,. 
In that case we get a normal form of w: 


w = aye” + aye” + ee + (ce + Be + aye + ta, 


in which the coefficient of 2” * is zero. But if a, = 0, then the congruences 
(39) are satisfied fori = s,s + 1,---,». 

We may therefore assume that the leading form of a, is not divisible by z. 
As was pointed out above, we may replace the original normal expression (36) 
of w by another normal expression, in which a, is replaced by A,(a,), without 
affecting the coefficients a.41, @42,°°*,@n. Since a, = O(m’*), each of the 
n + 1 terms in the expression of A,(a,), except the first (i.e. a,), is in m’’, and its 
leading form 7s divisible by z, while a, is exactly divisible by m”* and its leading 
form is not divisible by z. Hence A,(a,) is still exactly divisible by m’*. It is 
therefore sufficient to take n 2 », in order to satisfy the congruence da,/dz = 
0(z”*) [see (35)]. This completes the proof of the lemma. 

We conclude this section with two lemmas concerning the effect of a quadratic 
transformation on a normal form of an element w. Let 7’ be a quadratic trans- 
formation of V, of center P, and let P’ be one of the points of the transform V’ 
of V which correspond to V. We assume that the quotients te/t: , t3/t, +++ , t/t 
are finite at P’ and that, in particular, t,/t; , 1.e. z/t, , is zero at P’. Thenz’ = 2/t, 
is one of the uniformizing parameters of P’(V’). We consider a normal expres- 
sion (36) of an element w in $ and we assume that w is exactly divisible by m’. 
Then w = tiw’, where w’ is the 7-transform of w. Moreover, by (37), we can 
write: a; = tla;, a; € 3’ = Q,-(P’), and therefore: 


/ , eo / / 
(41) w’ = age” + aye” + --- +a,’ +.4,. 


Lemma 13.3. If (36) is a normal expression of w, then (41) is likewise a normal 
expression of w’. 


Proor. We have, by hypothesis, = 0(z'). We also have: 
i Ja; Oa; 0a; 0z Oa; F i iin 
og ™ oe 7 ga ae ~ 8 ay = OE) = Oe’). 


Hence da;/d2’ = 0(z”), q.e.d. 

The principal ideal {}-z defines an irreducible (r — 1)-dimensional subvariety 
of V which has at P a simple point. The uniformizing parameters of P(W) are 
ti, t2,--+-,t,1 (more precisely: the residues of ft, t,---, —1 mod J-t). 
Under our assumption that the quotients t;/t; are finite at P’ and that 2/t 
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is zero at P’, it is clear that the T-transform of W is a variety W’ passing through 
p’. and that W’ is defined in 3’ [= Qy-(P’)] by the principal ideal 3’-2’. The 
transformation 7 from W to W’ which is induced by T is quadratic with center 
at P. Let m denote the ideal of non units in Qy(P) and let m’ denote the 
ideals of non units in Qy-(P’). 

Lemma 13.4. If ais an element of 3 such that the congruence a-= 0(m’) always 
implies the congruence da/dz = 0(S-z"), then the T-transform a’ of a satisfies the 
same condition (with respect to m’, &’ and z'). Moreover, if a is exactly divisible 
by mt’, and if & is the W-residue of a, then also & is exactly divisible by m’, and the 
T-transform of & is the W’-residue of the T-transform of a. 

Proor. If a is exactly divisible by m’, then a’ is at most divisible by m’ 
(Lemma 3.2), while from the proof of the preceding lemma it follows that the 
congruence da/dz = O(z’) implies the congruence da’/dz’ = 0(2’””). 

Since a is exactly divisible by m’ and since da/dz = 0(2”) = 0(m’), it follows 
that the leading form of a must be independent of z. Hence the leading form 
of a is not divisible by z and consequently a # 0(z, m’™’). This implies that 
a #0(m’™). Hence @ is exactly divisible by ™m’. 

We have therefore: a = tia’, & = ta’, where t, is the W’-residue of t; and where 
a is the T-transform of & From this it follows that @’ is the W’-residue of a’, 
and this completes the proof of the lemma. 


14. Valuations of rank | 


We now proceed to prove the local reduction theorem for any zero-dimensional 
valuation v of rank 1. We use the notations of section 10. If it is possible to 
lower the multiplicity v of P by using quadratic transformations only, then there 
is nothing to prove. We shall therefore assume that it is not possible to lower the 
multiplicity of P by using only vena an transformations of the ambient variety V. 
If we then denote by 


@) pt) (i) 
PRO, Oe: | Pee 


the successive quadratic transforms of F which are determined by the valuation 
’ ° ° ° 1) (2) 

v, then our assumption implies that the centers P, P®, P®,--+ of v on the 
saaeef, 7 ( p . 

surfaces F, PF, F®,..- are all v-fold points. Let 


3: = Qrn(P), m = ideal of non units in 3, 


and let 3;-w; denote the principal ideal which defines the surface F Here 
wiz: is the T-transform of @; . 

We begin by observing that the leading form of w; is necessarily the y* power 
of alinear form, for alli. For suppose that the contrary is true. Then we may 
assume that the leading form of w itself (¢ = 0) is not a v™ power. In that case 
the valuation v is discrete, by Lemma 11.4. Moreover, the leading form of no 
w: is a vy” power [see (20) and the statement which immediately follows that 
formula], and the residue fields of the consecutive centers P, P®, pm ee, 
all coincide (Theorem 3, section 7). Under these conditions, our naveneption 
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that all points P® are v-fold, v > 1, is impossible. This has been proved by us 
in [5], p. 651-652, under the hypothesis that the ground field is algebraically 
closed. But it is clear from the proof that what really matters is that the points 
P™ all have the same residue field, and this condition is satisfied in the present 
case. 

Let x, y, z be uniformizing parameters of P(V). We assume that z actually 
occurs in the leading form of w. If 2’ is any other element of $ such that also 
zx, y, 2’ are uniformizing parameters of P(V), then it is clear that also z’ will 
actually occur in the leading form of w. We shall select the element z so as to 
satisfy a certain condition. 

Lemma 14.1. The parameters x and y being fixed, there exists a third uni- 
formizing parameter z such that the following condition 1s satisfied: if z’ is any 
element of & such that x, y, 2’ are also uniformizing parameters of P(V), then the 
relations: 


(42) v(z’) > v(z), 
(42’) v (22) = v(z) 


are never satisfied simultaneously. 

Proor. Suppose that the parameter z does not satisfy the required condition. 
Then (42’) holds and there exists another parameter z’ for which (42) holds. 
If we write z’ in the form 2’ = ax + By + yz, where a, 8, y are elements of §, 
then the hypothesis that also x, y and 2’ are uniformizing parameters of P(V) 
implies that y is a unit in 3, whence v(y) = 0. Since 


op 


0a 
02'/dz = — — 
v/de 1tet ts 


F) 
y+ 2, 


it follows that also 0z’/dz is a unit in $. Consequently 


» (22) = »(28,22/ = o(*) 
dz dz’ dz) ~— dz’) * 


If also z’ does not satisfy the required condition, then 


and there will exist another parameter z’”” such that 
v(z”’) > v(z’). 


If this continues indefinitely, then we get a sequence of elements 2, 2’, 2, °° 
z, +++ such that 


(43) v(z) < o(2’) < oe") << ++ < v(2") qos 


(43') . (32) _ (%) > (2), 
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From the fact that the valuation v is of rank 1 and that every ideal in % has 
4 finite base, follows immediately that the values assumed by the elements of 3, 
if arranged in order of magnitude, form a simple sequence whose limit is + 00 * 
Consequently, by (43), we have lim. v(z) = + , whence, by (43’), dw/dz = 0 
on F. Hence dw/dz must be divisible by w (in $). This is impossible, since the 
leading form of w actually involves z and therefore dw/dz is exactly divisible by 
mn’, while w is divisible by m’. This contradiction completes the proof of the 
lemma. 

From now on we assume that z satisfies the condition of Lemma 14.1. 

We denote by v(m) the least value assumed by elements of m. It is clear that 

»(m) = minimum [v(z), v(y), v(z)]. Since the leading form of w actually involves 
:, either the ratios y/z, z/z, or the ratios x/y, z/y are finite at P™; in other 
words: either v(x) = v(m) or v(y) = v(m). We fix our notation so that y/z 
and z/z are finite at P™, whence 
(44) v(x) = v(m). 
We shall prove in a moment that v(z) > v(m) (Lemma 14.2). Assuming this, 
we see that z/x is zero at P®’, whence x and z, = z/zx can be taken as two of a 
set of three uniformizing parameters of P(V), while as third uniformizing 
parameter we can take an element of the form f(y/x), where f is a polynomial 
with coefficients in &. The polynomial f(t) must satisfy the condition that if 
its coefficients are reduced modulo m, the resulting polynomial F(t) (with coeffi- 
cients in the residue field of P) is irreducible and vanishes for t = t = p”. 
residue of y/x (all this follows from section 2). Thus the uniformizing param- 
eters of P”(V™) are x, f(y/x) and z,. Let the pair of parameters (z, f(y/x)) 
be denoted by (a1, y:), where we fix our notation so that v(a) S v(y:) (so that 
n is not necessarily the element x).- Since v(z:) = v(m"), and since z = za, 
it follows from (44) that o(z) = v(m) + v(m”). We have thus shown that if 
i(2) > v(m), then v(z) = v(m) + v(m™). 

Since the leading form of w involves z, the leading form of «; will actually in- 
volve z; [see formula (19), section 11]. Hence we may assert again that y:/x 
and z:/2; are finite at P, ie. that v(a) = v(m). The Lemma 14.2 will show 
that again we must have v(z:) > v(a), ice. v(z1) > v(m”), and consequently we 
find, as before, uniformizing parameters 22, y2 , 22 of P°(V), where z: = 2/21. 
Here v(z2) < v(y2) and one of the two elements 22, y2 coincides with z,. The 
other element is of the form fi(y:/x1), where f; is a polynomial with coefficients 
ing. The relation v(z:) > v(2:) is equivalent to the relation v(z) > v(m) + 
v(m), and again we point out that this relation implies the following: v(z) 2 
om) + v(m”) + v(m”) (since v(z2) = v(m™). 


* Let a be an arbitrary element of ¥ and let % be the ideal in § whose elements have value 
2 v(a). Since all elements of m have positive value and since v is of rank 1, we have m? = 
0(%) for » sufficiently high. Since m? has finite length it follows that if the values v(q), 
a €¥, are arranged in order of magnitude, then each v(a) is preceded by a finite number of 


Values »(8), 8 ¢ 3. Since Lim v(m’) = +, our assertion follows. 
p—>+co 
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The possibility of continuing the above procedure indefinitely depends at each 
stage on the validity of the inequality: v(z;) > v(z;) = v(m"), or of the equiva. 
lent inequality v(z) > v(m) + v(m”) + --- + v(m). Hence we shall prove 
the following lemma: 

LemMA 14.2. The inequality 


(45) v(z) > v(m) + o(m™) + --- + v(m) 


holds for all values of 7. 

Proor. Let us assume that the lemma is false and let us denote by 
n — 2(n = 1) the greatest value of 7 for which (45) holds true. At each of the 
points P, P®, P®,---, P®” we will have then uniformizing parameters 
(ai, yi, 2), such that: 1) 2; = zis/ai ; 2) v(@:) = v(m); 3) one of the two 
elements z;, yi coincides with x;,, while the second element is of the form 
fi-s(yis/zi-1), Where fi. is a polynomial with coefficients in 3:1. But while 
v(zi/xi) > 0, fori = O,1,-+:,8= 2 [(xo » Yo; Z0) - (x, Y; z)], we must have, 
by hypothesis, v(Zn1/%n1) = 0, whence Zn1/%n-1 18 a unit in Qvim(P”). 

Let 


(46) w = a2 tae +---+a 

be a normal expression for w (see Definition 1, section 13). Then 
(46.1) wr = apes + al zr? +--+ + af”, 

where 

(47.1) w= am, a5 = aaj, aj eds, 


and the expression (46.1) for a is normal (Lemma 13.3). Continuing in this 
fashion we get a normal expression for each of the elements a , we, *** , @n-i: 


(46.1) ow; = af?2t + afP2eg + ee + al”, i=1,2,---,n—1, 
where 


(i—1) 
7 


° Pi v 7 (i) (%) 
(47.i) Wi-1 = TFi-10:, == Pip-10j ; a; eX. 


We also have a similar expression for w, : 

(46.n) a = &' + a 4 ss Le", 
where Zn = Zn-1/%n—1 and 

(47.n) Wa-1 = Lan; e = z,_as”, as” e }, , 


but this time z, is a unit in &, . 
Let c; and d be the P,-residues of «{" and of z, respectively (d # 0). Since 
wn = 0(m™”), we must have, by (46.n): 


cu + qu’ +++» +6 = ou — d)’. 


From this we deduce the following consequences: 
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(n) w—j 


a) All c; are different from zero. Consequently the »y + 1 terms @;"2, 
have value zero in the valuation v. But since each of these terms differs from the 
corresponding term a,’ ’ in (46) by the factor 2’x1--- 2,1, it follows that 


(48) v(ao2”) = v(anz”") = --- = v(a). 


b) The residue d of 2, coincides with the residue —c;/ veo of —aj"?/vag”, or— 


what is the same—the residue of at” /vos” en equals —1. Since 


(n) _»—1 v 


at” Jag zn => ad Zn /as”2’, as az” */ ane” = a; / a2, 


we conclude that the residue of a:/vaoz in our valuation v is equalto —1. Taking 
into account that a» is a unit (ao = as” and c ¥ 0), whence v(a) = 0, we con- 


clude that 
o(: ao s) > v(z). 
Voto 
. 0 
Since (46) is a normal expression of w, we have a; = 0(m) and = = 0(m). 


Hence either a; = 0(m’) or the leading form of a; is independent of z. Conse- 
quently, if we put 


z=2+— 


a 
’ 
vay 


then x, y, 2’ are uniformizing parameters of P(V), and 


(49) v(z’) > v(z). 


We consider 0w/dz: 


- = [vao2” + (v — laze” + +: + al 


Oao » day vl Se 4 
+ [ate 4 2a . baie . 


All terms in the first parenthesis have the same value, equal to v(z”"). All 
terms in the second parenthesis are divisible by 2’, since “a = 0(z'). Hence 
v(dw/dz) = v(z”*) = v(z), since v > 1. This equality and the inequality (49) 
are in contradiction with our hypothesis that z satisfies the condition of Lemma 
14.1. This completes the proof of Lemma 14.2. 

In view of Lemma 14.2, the parameters x; , yi, 2: a8 described above for + = 
0,1,---,m — 1, are actually defined for all values of 7, and so is the normal 
expression (46.1) of w;. For each point P we consider the surface W through 
P" defined on V“ by the principal ideal $;-2:. As was pointed out in the 
preceding section in connection with Lemma 13.4, w“* is the transform of 
W by our quadratic transformation 7”, and 2; , y; are uniformizing parameters 
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of P (Ww). If we now assume that the expression (46) of w is not only normal 
but also strongly normal (Lemma 13.2) and if we take into account Lemmas 
11.2, 11.3 and 13.4 (these lemmas have to be applied to a, a, -+-, a), we 
conclude that for a sufficiently high value s of 7, the expression (46.i) of w; will 
take the following form: 


3) pail (s) _m,— Ny— (8) y 
(50) we = 2, + ef aetystzs | eee Ht enide” Ye” ee + og aay?” , 


where m;, n; are non-negative integers and where each e$” is either a unit in 3, 
or is zero (but 6° = a” = ao ¥ 0). 

At this stage of the proof the following two cases must be considered separately: 

First case. v(zx,) and v(y,) are rationally dependent. 

SECOND CASE. v(x,) and v(y.) are rationally independent. In the second case 
we are definitely dealing with a valuation of rational rank 2. This case will be 
considered in the next section. Here we shall deal with the first case. 

If v(x.) and v(y,) are rationally dependent, there will exist a least integer o 
(o = s) such that v(a,) = v(ye), while for any integer 27, s < 7 S oa, we will have 


either 4; = Wii, Yi = Yi-r/Xi-r, OY Vi = Yir/Xi-n and y; = “1. It follows 
therefore from (50), that w, will have the following form: 
(51) we = 622 + eartar +--+ + Guth’ Ze + Gtr’, 


where each e; is either a unit in &, or is zero. 
‘. ag ‘ ‘ ‘ 
Since P® is a v-fold point of FP, and since the e’s which are not zero are 


units in 3%, , we must have 


IV 


0 


for all 7 such that «; 4 0. Hence the curve A defined by the ideal 3, (2, , z,) 
is a v-fold curve of F”. We shall now apply to F® a monoidal transformation 
M of center A. This transformation is permissible since P is a simple point 
of A [besides, we know in advance from the discussion in section 10 that the 
quadratic transformations which led from F to F® could not possibly lead to 
v-fold points other than those of types a), b) and c) described in section 10]. 
Let F; and V; be respectively the M-transforms of F and of V, and let P; be 
the center of the valuation v on F,. 
We put 2.1 = 2./x, and 


hj—1 1 hen wd si 
(51.1) wa = et + ate a fee t+ eet on, + ate”. 


Since € is a unit, the leading form of w, involves z, , whence Zo: is finite at P:. 
The surface F; is defined in Qy,(P1) by the principal ideal (wa). If 201 is zero 
at P,, then 2., Ye, 2 are uniformizing parameters of P,(V;) [see section 7, 
equations (10)]. Note that zo: is certainly zero at P; if \; — j > 0, for all j such 
that «; + 0. 

Under the hypothesis that z.: is zero at P;, the expression (51.1) of ws: is 
similar to that of w, (51). If P, is still v-fold for F; , then we must have \; — 
2j = 0, and the curve A, defined by the ideal (x, , e1) is v-fold for F;. We then 


ay7~ 3 
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apply a second monoidal transformation M, of center A, getting new trans- 
forms F, and V2. We then put 


2 
2022 = 201/ Xe = Syf Xe ’ 
1-2 »—1 —1—2(v—1) —2Qy 
Wn = ten + Eile 22 + °* + ep 4te’ Zon + Ge’ , 


where again 2.2 is certainly finite at the center P: of v on F; and where /’2 is defined 
in Qy,(P2) by the principal ideal (ws2). If; — 37 2 0, then the curve A: defined 
bv the ideal (x, , 202) is v-fold, and we can again apply a monoidal transformation. 
‘Let h be the greatest integer such that 4; — hj = 0 for all j such that €; # 0. 
Then the preceding considerations show that after h monoidal transformations 
with centers at successive v-fold curves we will get a surface F;, on a V;, , on which 
the center of v is a point P, , and which is defined in Qy,(P,) by the principal 


ideal (wen), Where 


Myo Ay » 
(52) Woh = €oZoh + €:Xe'Zoh tT: + ow "Zeh + Xe" . 
Here 
, e 
dj sa Xj pe hj, 
and 


Zoh = Ze/Xe 


If zen is zero at P,, then 2, Ye, Zon are uniformizing parameters of P;(V;). 
By the definition of the integer h, we cannot have d; — j = 0 for all j such that 
¢;~0. Hence in this case P; is of multiplicity less than v for F;, , and the proof 


is complete. 
Suppose, however, that z., ~ 0 at P,, and let d be the residue of Zan at Pa. 
d#0. Then if c, c,--+ ¢ are the Py-residues of €, aX, +++, &Xe’, and 


if suppose that P;, is v-fold for F;, , then u = d must be a v-fold root of the poly- 
nomial 


cou” + eu +--+ +e. 


This implies that c; ¥ 0, for j = 0,1, 2, --- , », whence d; = Oand no e; is zero. 
Thus (52) becomes: 


1 
Wh = €0Zeh a €1Zsh + lidites + €y—12¢h + &, 


and each of the vy + 1 terms e fon is a unit, and therefore has value zero in the 
Valuation v. Since these v + 1 terms are proportional to the vy + 1 terms aj;z” ’ 
in (46), we find again the equations (48). Moreover, since d = —¢/vey) = Pi- 
residue of —¢,/ve, it follows that the residue of z (in the valuation v) equals 
the residue of —a:/vap. As in the proof of Lemma 14.2, so also here these 
conclusions lead to a contradiction with our original hypothesis that z satisfies 
the condition of Lemma 14.1. Therefore P; cannot be a v-fold point of F,,. 
This completes the proof of the local reduction theorem under the hypothesis 
that v(2,) and v(ys) are rationally dependent. 
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15. Valuations of rational rank 2 


We now consider the case where v(x.) and v(y,) are rationally independent. 
Then also v(x;) and v(y;) will be rationally independent for all i > s and we will 
have either 


Tink = %, Yin = Yyi/Zi , ain = zi/% , 
if v(xi) < v(y:/z:), or 
Tiqn = yi/%: , Yinr = Vi, a4 = 2i/x , 


if v(y:/xi) < v(x;), for alla = s. Lets < ji < je --+ be the sequence of integers 
defined as follows: o(x;) > v(y:/z:), if i = ja — 1,7 2 8, and v(xj) < v(y;/z,) for 
all other values of 7,7 2 s. We combine the successive quadratic transforma- 
tions T, T°*?, ... | 7% into one transformation, which we shall denote 


by C,, and we put ' 

X=%, Y=%, Xa = Xj, Ya = Yr» a, = 8,. 
If we put o(Y)/v(X) = 1, then it is immediately seen (({5], p. 653) that 
(53) Xow Bw, Y= 7, 


where fa/ga are the convergent fractions of the irrational number r+ (fy = 1, 
go = 0). 

For the element w ;, we will have an expression similar to (50): 
(54) Ge = HR + ANS Ve +. + MKS Veg, + LOK 
ia) 


where we have put d. = w;,, € ¢‘” and where the integers m i, 2; depend 


on j and a. We denote the surface Ff” and the point P” respectively by 
F, and P,. 

If m; = j,forj = 1,2,---,v, then the curve X_. = Z, = Ois a p-fold curve of 
F,, and we can apply to F, a monoidal transformation with center at that 
curve. Similarly, if 7; 2 7,7 = 1, 2, --- , », we apply a monoidal transforma- 
tion with center at the curve Y. = Z, = 0. If both curves are v-fold for F., 
then P, is a normal crossing of these curves, and we can apply both monoidal 
transformations, the order in which these transformations are applied being 
immaterial (Lemma 8.3). 

More generally, if s is the greatest integer such that m,; — sj = 0, for all J, 
and if ¢ is the greatest integer such that 7; — tj = 0, for all j, then we can apply 
to F,, s consecutive monoidal transformations, with center at the v-fold curve 
X. = Z, = 0 and at the s — 1 successive transforms of this curve (all these 
s — 1 transforms will be »-fold curves), and ¢ consecutive monoidal transforma- 
tions with center at the »-fold curve Y, = Z. = 0 and at the successive trans- 
forms of this curve. Let the new surface thus obtained be denoted by F., 
and let P. be the center of von F,. If we put 


24 = Xe YiZa ’ 
then the surface F’, will be defined in Q(P.) by the principal ideal (Q.), where 
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-(a@) ys, ~ (a) i N —I = = rNe-isr 2 7M, 7Ny 
55) Qa = BZ, FEOXM YM ZS + --. -AQXM OVE IZ, 4 MONE yRe 
where the integers M ; , N; (which depend on j and a) will satisfy the inequalities: 
(56) minimum (M; — 3) < 0, minimum (N; — j) < 0. 


The case where Z. ¥ O at P. is settled by means of considerations similar 
to those developed in the preceding section in connection with the element 2., 
occurring in (52). It follows namely in this case that the hypothesis that P. 
isa p-fold point of F. is in contradiction with the hypothesis that our original 
element z satisfies the condition of Lemma 14.1. Hence we may assume that 
Z, = 0 at P., for all a, whence X., Yq and Z, are uniformizing parameters 
of Pa(Va). 

We have now transformed the surface F“” into the surface F. by a sequence 
of permissible transformations. If we put z, = Z, then the uniformizing param- 
eters of P (V") are X, Y, Z, and F™ is given in Qyi(P™) by the principal 
ideal (w,), where [see (50)], 


(7) oe = PD? $ efPXMYMZ $$ LAKMIV IZ + OXMY™, 


The equations of the transformation from F” to F, are the following [see 
(53)]: 
(58) Xue ye'ye, Yu Key’, gg = X2YiZ.. 
Since by the transformation (58) the element w, is transformed into Q, (after 


a suitable power of X% and of Y% has been deleted), it follows, in view of the 
inequalities (56), that if we put 


M; = Moi + Nifa-r, 


(59) 
Nj; = Mga t+ Nifa; 
then 
(60) p = minimum [MM ;/j], gq = minimum [N,,/j], 
and 
(61) M;=M;-— pj, Nj = Nj - qG. 


Using (59) we write M; and N;; in the following form 
M; = Ja—1|M ; + Nj5T + Ni(fa—1/Ga-1 ares T)), 
Nj = galm; + nyt + nj(fa/Ja — 7)). 

Ja 


——T 





7” 1 1 b 
fos ih oe. . eee , it follows that 


Ja-1 Ja—1 Ja 


Since | 








Ja—1(m; -f. nT) — M; — 0 
Ja(m; + nyt) — N;— 0, 
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asa— «x. Hence if a is sufficiently high, then 


[Mi/j]-1 [ me Sete < (M;/jl, 


INj/jl-1¢ [ Se eee < [N,/jl, 


for j = 1, 2,---,v [or better: for all 7 such that e§”  O]. From these ine- 
qualities and from the fact that gz — », we draw the following consequence: if 
k is one of the integers 1, 2, --- , » such that 

mM + MT — Ms + NT 


5 . et 7 
(62) a ge as 


then, for a sufficiently high, 
co — [M/k] > +~, 
[NV ;/j] — [Nx/k] > +, 


if in (62) the sign < holds. On the other hand, if the equality sign holds in 
(62), then m/k = m;/j and m/k = n,/j, since 7 is irrational, and hence, by 
(59), 


(63) 


[M j/9] = [M;/k], 
[N 5/7] = [Nx/k]. 
From (63), (63’), (60) and (61) we conclude that if @ is sufficiently high, then 
p = [Mz/k], = q = [Nz/kl, 


(63’) 


while 


M;> +2, N;— ~ 
if (63) holds, and 

M; < j, N; < j, 
if (63’) holds. In particular, we have 
(64) a a a 


If minimum (M; + WN; — j) < 0, then P, is of multiplicity less than » for F.. 
In the contrary case we apply to F. a quadratic transformation of center Pa. 
Interchanging, if necessary, X, and Y,, we may assume that the equations of 
the quadratic transformations are of the form: 


Xai = Xe, Ya = soe Za = Ze/Xea- 


Let Fai be the transform of the surface F, and let P.: be the center of v on Fa. 
The surface F.; will be defined in the quotient ring of P.. by the principal ideal 
(Qai1), Where [see (55)] 
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-(@)yM YX} v—l (a) y Me~ - rip '¢ ’ 
a o7', + eae) 1) 19 — +. ~+ ei X » aad M7ateé a xeryec . 


Qe = 
and where 
Mna=M;+N;-j, Na =N;, 


whence, by (64), 
(65) Mu < Mm. 


If Za ¥ 0 at Pai, we conclude by the usual argument based on the condition 
of Lemma 14.1, that Pa: is of multiplicity less than vy for Fa. If Za = 0 at 
Pa, then Xai, Yai and Z are uniformizing parameters of Pai. The expres- 
sion of Qa: is similar to that of 2, in (55). Moreover, by (65), we still have 
Mu < k, while N; has not been affected. But since, by (65), the exponent M,, 
has been replaced by a lower exponent, we conclude that after a finite number of 
quadratic transformations applied successively to Fa, Fai, Far, ++» we must 
ultimately get a surface F, on which the center of the valuation v is of multi- 
plicity less than v. This surface may be reached before the sum Mu + Nu 
becomes less than k, but at any rate the inequalities 


M+. > Ma+ Nu > Me+ Ne>--: 


guarantee that it will be reached after a finite number of steps. This concludes 
the proof of the local reduction theorem. 


Parr III 


REDUCTION OF THE SINGULARITIES OF AN EMBEDDED SURFACE BY QUADRATIC 
AND MONOIDAL TRANSFORMATIONS OF THE AMBIENT V3 


16. Preparation of the singular locus of the surface F 


The singular locus of F—i.e., the set of singular points of F—is a proper alge- 
braic subvariety of F. This statement, whose proof is trivial in the case of 
ground fields of characteristic zero or of perfect fields of characteristic p, will 
be proved in all generality in our paper to be printed elsewhere. Anticipating 
this result, we have therefore that the singular locus of F consists of a finite 
number of singular curves and of isolated points. A singular curve which is 
s-fold for F contains at most a finite number of points whose multiplicity for F 
is greater than s (Lemma 6.5). Hence the multiplicities of the singular points of 
F have a maximum, say v, and the singular points of highest multiplicity v 
form again a proper algebraic subvariety of F. Let A,, Ao, +--+, An be the 
ireducible »-fold curves of F. All points of each A; are exactly v-fold for F. 
Each A; may have a finite number of singular points, and these, together with 
the intersections of pairs of curves A; , constitute the singular locus of the total 
vfold curve A; + A, + --- + Ay of F. 

. The singularities of each curve A; can be resolved by quadratic transforma- 
tion of the ambient space V (Theorem 4, section 9). However, a quadratic 
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transformation will generally introduce new singular curves on the transform 
of F. We must analyze the situation more closely. 

Let T be a quadratic transformation of the ambient V, with center at a singular 
point P of one of the curves A; , say of 4;. Let V’ and F’ be the T-transforms 
of V and of F respectively. The quotient ring of any point of F, different from 
P, is not affected by 7, nor is the quotient ring of any irreducible curve on F 
affected by 7’. Hence if A’ is any point of F’ and if A is the corresponding point 
of F, then mp(A’) = me(A) S », if A #~ P. If A = P, then we know (Lemma 
3.2) that mp(A’) S mpe(A). Hence » is still the maximum multiplicity of the 
singular points of F’, and to each curve A; @ = 1, 2,---, h) there will corre- 
spond on F’ an isvedincliile curve A; of multiplicity v. ‘It F’ possesses another 
y-fold curve A’, different from each A; , such a curve can only correspond to the 
point P. But in that case that v-fold curve A’ must be irreducible and free 
from singularities (Theorem 1, section 3), and naturally will remain free from 
singularities under all further successive quadratic transformations which we 
may have to apply. 

We therefore conclude that after a finite number of successive quadratic 
transformations we shall get a variety V* and a birational transform F* of F, 
on V*, such that the irreducible singular curves of F*, of highest multiplicity », 
are all free from singularities. We shall assume therefore that the original 
surface F already satisfies this condition, i.e. we have now ‘that each curve 4; 
is free from singularities, 7 = 1, 2,--- ,h. 

The total v-fold curve A; + A, +--+ + A, may still have singularities at 
points which are common to two or more curves A;. To these points we apply 
quadratic transformations. Let then P be a singular point of the total »-fold 
curve of F,, and let V’ and F’ be respectively the transforms of V and of F by the 
quadratic transformation of center P. If A; goes through P and if T[A;] = A;, 
then A; will carry exacty one point, say P’; , which corresponds to P, since P 
is a simple point of A;. If A; is another »-fold curve through P and if P;; is the 
point of A; (= T{A,]) which corresponds to P, then P’; = P’, if and only if the 
two curves A; and A; have the same tangential direction at P (see section 8). 
If 7 creates a new v-fold curve, say I’, then, by Lemma 8.4, the tangential 
direction of A; at P* is different from the tangential direction of I’ at P ;. Hence 
if no two of the curves Ai, A:,---, A, have a common point, then the only 
singularities of the total v-fold curve of F’ are normal crossings. 

In the contrary case we repeat the procedure, i.e. we apply to F’ a quadratic 
transformation 7” whose center is a common point of two curves A; and 4;, 
getting V”, F” and v-fold curves Ai’ : Ay’ att. Ay. We observe that if 7 has 
created a new v-fold curve I’, then the »-fold rn ’ (= T[T’]) of F’” will not intersect 
any of the »-fold curves Ai, Ao, --- , Ax, by the remark just made, while its 
intersection with the »-fold curve of F” which possibly has been created by 1” 
will be a normal crossing. We assert that in this fashion we will get, after a 
finite number of quadratic transformations, models V“” and F“” such that no 
two of the transforms A{”, Aa”, «+> A of Ai, Ae, -:-, 4, have common 
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points, and that consequently the only singularities of the total v-fold curve of F‘” 
are normal crossings. ‘To prove our assertion, let us suppose that the assertion 
is false. We will have an infinite sequence of models V, F; V’, F’; --> ; , 
p’.... and an infinite sequence of points P, P®, P®,.-.-, P™,--+ such 
that: 1) F*? is the transform of F“ by a quadratic transformation of center 
p: 2) P is a common point of two curves A; , say of A; and A: , and the suc- 
cessive transforms Ai , Ai, vigneg Ae, Ae, --+ are such that P“” is a common 
point of At” and A$”. Let @ denote the union of the quotient rings Qe«)(P"”). 
This ring is a proper ring, (i.e. not a field). Hence © is contained in the valua- 
tion ring of at least one zero-dimensional valuation v. The center of v on F ” 
isthe point P. 

We reach the absurd conclusion, in view of Lemma 11.1, that the valuation v 
must be composed with a divisor whose center on F is at the same time the 
curve A; and the curve A,. Our assertion is therefore established. 

From now on we shall assume that the above preparation of the singular 
»-fold locus of F has already been accomplished. Therefore the v-fold curves 
\,, do, --: , A, of F are now not only free from singularities, but their mutual 
intersections are normal crossings and no intersection is common to more than 
twocurves A;. At this stage it may be well to recall our stipulation made in the 
beginning of section 1, according to which all our considerations apply only to 
simple points of the ambient space V. All points of F, in particular all singular 
points of F, which fall at singular points of V are excluded. 


17. Reduction of the singularities of F (Theorem of Beppo Levi) 


In section 10 we have defined permissible transformations, and we have 
observed that, in general, there is a certain degree of freedom in the selection of a 
sequence of permissible transformations. This was due to the fact that if a 
fold point P lies on a v-fold curve A, then a quadratic transformation of center 
P and a monoidal transformation of center A are both permissible. We shall 
now restrict the type of permissible transformations to be used, by stipulating 
that a quadratic transformation of center P shall be used only if P is an isolated 
vfold point. A sequence of permissible transformations in which each trans- 
formation is restricted according to the above stipulation shall be called a 
normal sequence of permissible transformations. If then 


F, Fi, Fo, +++, Fi,+s 


is a sequence of birational transforms of F by successive permissible quadratic 
and monoidal transformations 7, 71, T:,--:, Ti, °°: which form a normal 
sequence, then the following conditions are satisfied: 

|) either 7’; is a monoidal transformation whose center is a v-fold curve of F; , 
2 or T; is a quadratic transformation whose center is an isolated v-fold point 
ol F; 

It is clear that the theorem of reduction of singularities of the algebraic surface 
Fis established if it ean be proved that by a suitable birational transformation 
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it is possible to lower the maximum of the multiplicities of the singular points 
of F. This has been established by Beppo Levi [2] in the classical case. We 
state the theorem of Beppo Levi in the following form: 

THEOREM 6. Let v be the maximum multiplicity of the singular points of F 
and let the total v-fold curve of F have only normal crossings as singularities. Under 
these conditions, if 


(66) F, Fi, F.,°*:, Fy,-°: 


is a sequence of surfaces obtained from F by permissible transformations forming a 
normal sequence (the center of each transformation being a v-fold point or a v-fold 
curve), then the sequence (66) is necessarily finite. 

Before we proceed with the proof of Theorem 6, we make a few observations 
concerning normal sequences of permissible transformations which will clarify 
the reduction process called for by this theorem. In building up a normal se- 
quence of permissible transformations we have a certain degree of freedom, for 
at each step we may select any v-fold curve or any isolated »-fold point as center 
of the transformation. But granted that each maximal normal sequence is finite, 
it is not difficult to see that any two maximal normal sequences of transformations 
lead to one and the same surface. This can be seen as follows. First, if P”’ 
and P® are two isolated »-fold points on F, and if we apply to F a quadratic 
transformation of center P”, getting a surface F; , and then apply to F, a quad- 
ratic transformation whose center is the transform of the point P™, getting a 
surface F, , then it is clear that the same surface Ff, would be obtained if the 
points P®, P® were interchanged. Similarly, if P and A are respectively a 
v-fold point and a v-fold curve of F, then P is a permissible center of a quadratic 
transformation only if P is isolated, hence at any rate not on A. But then it is 
clear that also in this case a quadratic transformation of center P followed by a 
monoidal transformation whose center is the transform of A; leads to the same 
surface as does a monoidal transformation of center A followed by a quadratic 
transformation whose center is the transform of P. This possibility of inter- 
changing two consecutive transformations of a normal sequence of transforma- 
tions extends also to the case where both transformations are monoidal whose 
centers are represented by v-fold curves of F. This is obvious if the two »-fold 
curves do not meet. If they do meet, then their intersections are normal cross- 
ings, and our assertion follows from Lemma 8.3. 

It follows that the context of Theorem 6 is not narrowed down to a more 
special procedure if we, for instance, proceed as follows. If the surface /° pos 
sesses v-fold curves, we apply first only monoidal transformations. Then 
Theorem 6 says, in part, that after a finite number of steps all v-fold curves will 
be eliminated’. This, however, we know already from Theorem 4’ (section 9). 
To the new surface, free from »-fold curves, which is thus obtained, we now 





* We again recall that our considerations are limited only to the points or curves 02 F 
which are not singular for the ambient V3; . 
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apply successive quadratic transformations whose centers are isolated »-fold 
points. This second stage of the process terminates whenever a quadratic 
transformation creates a new v-fold curve. This curve must then first be 
solved by monoidal transformations before quadratic transformations come 
again into play. Theorem 6 asserts that by this procedure, where quadratic 
and monoidal transformations alternate according to a well-defined pattern, 
we must obtain after a finite number of steps a birational transform of F whose 
singular points are all of multiplicity less than ». 

let F. Fi, F2, +++, be a sequence of birational transforms of F, and let 
P, P,, Pv, +++ be a corresponding sequence of points, P;«F;. If T; denotes 
the birational transformation from F; to F;4: , then we shall say that {P;} is a 
normal sequence of v-fold points, if the following conditions are satisfied: 1) each 
point P; is a v-fold point of its carrier F; , and is either an isolated v-fold point 
or lies on only one v-fold curve A of which it is a simple point, or is a normal 
crossing of two v-fold curves; 2) if P; is an isolated v-fold point, then 7; is a 
quadratic transformation with center P; ; 3) if P; is not isolated, then 7; is a 
monoidal transformation whose center is a v-fold curve through P; ; 4) P; and 
P;,; are corresponding points under 7’; . 

It is clear that Theorem 6 is equivalent to the assertion that a normal sequence 
of consecutive v-fold points is necessarily finite. Let us suppose for a moment that 
Theorem 6 is false. Then some »-fold point P of F will give rise to an infinite 
normal sequence of consecutive v-fold points 


(67) P, Pi, Pe, +++, Pi,°° 


The quotient rings Qr,(P;) form a strictly ascending chain of rings, and their 
wion will be contained in the valuation ring of at least one zero-dimensional 
valuation. Let v be one such valuation. Now using this valuation v we apply 
to F an arbitrary sequence of permissible transformations as described in section 
0 in connection with the local reduction theorem 5. Let F, Fi, F2,--:, Fi, 
“be the corresponding sequence of consecutive transforms of F, and let P; 
be the center of v on F;. By the local reduction theorem there exists some 
sequence of permissible transformations such that only a finite number of the 
points P; are »-fold. We shall prove, however,—and this will establish Theorem 
the following lemma: 

Lemma. If the normal sequence (67) of consecutive v-fold points is infinite, 
then any sequence of consecutive centers 


(68) P, Pi, P2,-+:, Pi,-°° 


af the valuation v, obtained by using an arbitrary sequence of permissible transforma- 
lions, consists entirely of v-fold points; or, in other words: if a normal sequence of 
permissible transformations is not capable of lowering the center of a given valuation 
, (the first center being the point P) then no sequence of permissible transforma- 
tons will lower the multiplicity of the center of v. 

This lemma expresses, so to speak, the dominant character of a normal se- 
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quence of transformations in regard to the reduction process. The proof of this 
lemma is given in the next section. 


18. Proof of the lemma 


If two points A and B are members of a normal sequence of consecutive v-fold 
points, and if A precedes B in that sequence, we shall express this by the nota- 
tion: A < B. Thus, assuming—as we do—that (67) is a normal sequence, 
we have P; < P;ifi <j (i = 0,1,2,---, Po = P). 

We observe that any point P; in the sequence (67), which is not an isolated 
v-fold point, can be followed immediately at most by a finite number of y-fold 
points which are not isolated. This follows from the fact that any »-fold curve 
is ultimately eliminated by monoidal transformations. Let therefore P;, = A, 
and P;, = Az be the first two isolated v-fold points after P in the sequence (67), 
We shall prove that 


(69) <2 


The proof of the relation (69) will establish the lemma. For the relation (69) 
implies in the first place that P; is a v-fold point of F; (this is part of the definition 
of the symbol <). In the second place, it implies that the (uniquely determined) 
normal sequence of consecutive centers of the valuation v which begins with the 
v-fold point P; contains the point A,. Hence that sequence also contains the 
points Pi,41, Pi.42, ++: , since 


a ’ Pin4i ’ Pin42, ‘ 


is the normal sequence of »-fold points which begins with P;,. Therefore, 
under the assumption of the lemma, also the normal sequence of consecutive 
centers of v which begins with P; is infinite. Thus the assumption is true not 
only for the point P, but also for P;. But then, by the same argument, also 
P; is a v-fold point of F;, and the normal sequence of consecutive centers of v 
which begins with P is also infinite, and so on. Consequently all the points 
P;; are v-fold as asserted. 

We shall now proceed to prove the relation (69). Let 7’ and 7’ denote the 
birational transformation respectively from F to F; and from F to F;. If P 
is an isolated v-fold point, then a quadratic transformation of center P is the only 
permissible transformation. Hence in this case T = 7’, Fy = Fi, Pi = Pi, 
and there is nothing to prove (since P; < As). We therefore may assume that 
P lies on a v-fold curve A. In that case T' is necessarily monoidal. As to 7”, 
it may be either monoidal or quadratic. If 7 is monoidal, then its center is 
either A or another »-fold curve I through P (this last case may arise if P is a 
normal crossing). In the first case 7’ = T’, and again there is nothing to prove. 
In the second case we have essentially the same situation, since we may inter- 
change the order in which the curves A and I are treated without affecting the 
normal sequence (67) (only the order of the non isolated v-fold points, i.e. the 
points between P and A; and between A; and Az, will be affected). 
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Hence it is sufficient to prove relation (69) under the following assumptions: 
T is a monoidal transformation whose center is a v-fold curve A through P, and T’ 
is a quadratic transformation of center P. 

We select uniformizing parameters t; , t , ts of P(V) in such a fashion that 4 
and f. are uniformizing parameters of A(V). Let Vi and V; denote respectively 
the transforms of V under 7’ and 7”, and let F be defined in Q(P) by the principal 
ideal (w). Since P; is a v-fold point, we have [section 7, b)] that 7’ may be 
assumed to be given by the equations (10) of that section, i.e.: 


(70) in =h, tie = te/ti, his = ts, 


where ty; , f and t3 are uniformizing parameters of P;(V,); and that w has the 
form (see the proof of Lemma 6.3): 


(71) wo=h+ » atitr’, 

where the a; are non units in Qy(P). As to the equations of the quadratic 
transformation 7” we must consider separately two cases according as (3/t: 
is or is not finite at P;. 

First CASE. 3/t; 7s finite at P,. Let 73 = ts/t; and let a be the residue of 
nat P}. Denoting by k* the residue field of P, let a be a root of an irreducible 
polynomial h*(u) with coefficients in k* and let h(73) be a polynomial with 
coefficients in Qy(P) such that h(w) reduces to h*(u) if the coefficients of h(u) 
are replaced by their P-residues. Then ¢,, f/t,, and h(73) are uniformizing 
parameters of P;(V3), so that we can write the equations of 7” as follows: 


(72) i= th,  t = h/t = te, ts = h(rs) = h(ts/t). 


The quotient ring Qy,(P1) consists of all quotients f (t2)/g(t2), where f and g are 
polynomials with coefficients in Qy(P) and where g*(0) 0 [see section 5, d)]’*. 

Similarly [see section 2, c)], the quotient ring Qy; (P:) consists of all quotients 
fl, 73)/g(t2, 7), where f and g are polynomials with coefficients in Qy(P) 
and where g*(0, a) * 0. This shows that 


(73) Qv,(P1) & Qv; (Pi). 


Both surfaces F, and F; are defined in the respective quotient rings Qy,(P1) 
and Qy:(P;) by the principal ideal (w:), where wo: = w/ti, ie., by (71), 


(74) wo = tie + Do astia’. 
i=0 


Since P; is a v-fold point of F;, we must have w: = O(n, fe, ts)” in Qv, (Pi). 
Hence w, = 06 , ty, ty: 73)” = O(t;, 2)”. This shows that the curve L’ defined 





Here and throughout this section, an asterisk affixed to a polynomial with coefficients 


m Or(P) indicates that the coefficients of the polynomial have been replaced by their 
-residues. 
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by the ideal (ty , 2) is a v-fold curve of F t. This v-fold curve is obviously one 
which has been created by the quadratic transformation T”. 

We now apply to V; a monoidal transformation M with center L’. Let y? 
and F> be the transforms of Vi and of Fy respectively, under M, and let P? 
be the center of the valuation v on F? . It has been pointed out above that the 
elements a; in (71) are non units in Qy(P). Hence all a; belong to the principal 
ideal (t;) in the ring Qvi(P1). Therefore, by (74), a. = t’(ti). Since w = 
O(t; , #2)’, and since w, = 0-on F, it follows immediately that v(t) = v(t)", and 
consequently t/t; is finite at P?. Therefore if we put r* = s/t; and if we denote 
by b the P3-residue of 7* (b = v-residue of 7*), then the quotient ring Qy3(P2) 
consists of all quotients f’(7*)/g’(7*), where f’ and g’ are polynomials with 
coefficients in Qy; (P;) and where g’*(b) ¥ 0; here g’* is the polynomial obtained 
from g’ by replacing the coefficients of g’ by their P’-residues. 

On the other hand, let us apply to F; a quadratic transformation of center P, 
and let us denote by V2" and F>” the transforms of V; and F;, respectively. 
Let P?* be the center of v on F2*. We know already that the quotients t3/t1 (= 
ts/t, = 73) and ty/ty (= t/t; = 7*) have finite residue in the valuation v, hence 
are finite at P?*. Let us compare the two quotient rings 3* = Qr3(P> ) and 
3** = Qry(P2*). We have: Qv(P) C Qv,(Pi) C 3**, and also & «3%, 
73 € ¥**. From this it follows that Qvi(P1) S 3**. Since also r* is contained 
in $** we conclude that 

Ge. 
On the other hand, since r* ¢ §%* we conclude from (73) that 
Therefore 3* = 3**, i.e. the point P? can be obtained directly from the point P; 
by applying to F, a quadratic transformation. Before we draw conclusions from 
this result, we consider the second case. 

SECOND CASE. 1t,/t; = 0 at P;. The uniformizing parameters of Qy,(P1) 
are now: 


(75) h=t/h, t = b/p, t = bt, 

and Qy‘(P;) consists of all quotients f(t , t2)/g(t: , t2) of polynomials in th, ts 
with coefficients in Qy(P), such that g(0,0) # 0. The surface F; is now defined 
in Qy; (P3) by the principal ideal (w;), where [see (71)], 


wo = o/f = ' + > att”. 
i=0 
The curve A; defined by the ideal (4; , t) is v-fold for F,. This curve is merely 
the transform A’ of the y-fold curve A under 7’. We shall show now that 





4 The elements ¢; and ¢, are now thought of as elements of the field of rational functions 
on the surface Fj. 

12 This shows incidentally that the second case under consideration arises when the 
point P; corresponds to the tangential direction of A at P. 
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there is another v-fold curve of F; through P;, namely the curve L’ defined by the 


ideal (ts . t3). To see this, we prove that « can be written as a finite sum of the 


form 


(76) o= X Buy ti" 13° 3°, Buy € Qr(P), 


where the exponents 7; , 22 , 73 in each term satisfy the inequality : 
(77) a4 + 22 + ig = 2». 


The proof i is immediate. We observe that if we have a monomial #t}'t}*t3° 

which 8 is a non-unit in Qy(P), then B = Biti + Bolo + Bots, Bi e Qv(P), Re 
consequently the monomial can be written as a sum of three similar monomials 
with higher exponents. Hence we can certainly write w as a finite sum of the 


form: 


w= Den ed? + Dd po thare, 
7 a 


where the ¢j) are units in Qy(P), ji + 2j2 + js < 2v and % + 2te + t3 2 2y. 
Since A is »-fold for F, we also must have j: + jo 2 ¥, 41 + 2 2 v. We find 
then [see (74)]: 


=i, es) ti gistis—” giz ime > Buy giitts o--) ti ti : 


The point P; being v-fold for F; , we must have w: = O(tn , fe , hs)". Each term 
in the second sum belongs to the ideal (in, t , fis)", in view of the inequality 
i) + Qty + 73 = 2v. On the other hand, no term of the first sum belongs to the 
ideal (t1 , te , tis)”, since Jj: + 2j2 + js < 2v and since e¢;) are units in Q;(P). 
Since no two terms in the first sum have the same exponents, we have a contra- 
diction, unless the first sum is not present at all. This proves that w is of the 
form (76) where the exponents satisfy (77). From (76) we obtain the following 


. / 
expression of w; : 
, lay gli gliytiqti3s—r 
or = Dy Bw th tts ’ 
1 


and since in each term the sum of the exponents of ts and ¢3 is not less than », 
in view of ( (77), the curve L’ is indeed v-fold for F';, as asserted. 

The point P} is therefore a normal crossing of the two v-fold curves Aj; and L’. 

We now apply to F; a birational transformation M’ combined of two monoidal 
transformations of centers A; and L/ respectively. The order in which these 
two monoidal transformations are applied is immaterial (see Lemma 8.3). 
let Vr and F> be the transforms of V; and F; respectively, and let P? be the 
center of v on F2 . | From the expression (74) of w: we find that t/t has finite 
residue [i.e. v(t2/t13) = O], since v(t) > v(ts3) and we cannot have simultaneously 
Ute) < v(tr), o(te) < vhs). Now tie/ts = te/tts = t2/tit3. Hence, taking into 
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account the equations (14) of section 8, we conclude that the equations of Y’ 
are of the form 


gaff, 8. @ 644, of we, 


where {; , 3 are two of the uniformizing parameters of P3(V2 ), while 72 is not 
necessarily zero at P? , but is at any rate finite at P2 . From these equations 
of M’ and from (75) and (70) we find 


it = tu /tis , mn = tio/tis , ts = hs, 


and from these equations we conclude as in the preceding case that the point P} 
can be obtained directly from the point P, by a quadratic transformation of center P, . 

In either case we have the following situation: a) Pi <P? , since F? is obtained 
from F; by one or two monoidal transformations with center at v-fold curves; 
b) P? is obtained from P, by a quadratic transformation of center P;. If 7, = 1, 
i.e. if P; is isolated, then P} = Psand (69) follows, since Pi < P2 = Prandeither 
Py is Ag or Pp < Az. If 2% > 1, then P; and P? are in the same relation as P 
and Pj, and there will therefore exist a point P§ such that: a) P? < P3 >b) P} 
is obtainable directly from P, by a quadratic transformation. If then 7, = 2, 
then P; = P;, and since P; < P3} the relation (69) follows. If 7, > 2, we 
repeat the same procedures. Ultimately, after 7; steps we will be able to con- 
clude that P; < A:. This completes the proof of the lemma and also 
of Theorem 6. 


Part IV 


REDUCTION OF THE SINGULARITIES OF THREE-DIMENSIONAL VARIETIES 


19. Elimination of the simple fundamental locus of a birational transformation 
of a three-dimensional variety 


Let V and V’ be two birationally equivalent three-dimensional irreducible 
algebraic varieties. We denote by 7 the birational transformation of V into V’. 
We mean by the “‘simple fundamental locus” of T the set of fundamental curves 
and of isolated fundamental points of 7 which are simple for V. 

Suppose that by another birational transformation 7* we have succeeded in 
transforming V into a variety V* in such a fashion that the following two condi- 
tions are satisfied: a) T** has no fundamental points on V*; b) if a point P* 
of V* corresponds to a simple point of V then P* is not fundamental for the 
birational correspondence between V* and V’. Under these conditions we shall 
say that the birational transformation T* has eliminated the simple fundamental 
locus of T. 

A preliminary but essential step in our reduction of singularities of three- 
dimensional varieties, a step to which most of this last part of our investigation 
has to be dedicated, consists in proving the following theorem: 

THEOREM 7. Given a birational transformation T of a three-dimensional variety 
V into another variety V', it is possible to eliminate the simple fundamental locus of 
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T by successive quadratic and monoidal transformations and to carry out this 
dimination in such a fashion that simple points of V are transformed into simple 
points by the successive transformations. 

In the proof of this theorem we must therefore show that there exists a sequence 
of quadratic and monoidal transformations to be applied to V and to the suc- 
cessive transforms of V, such that if 7* denotes the product of these transforma- 
tions and if V* denotes the transform of V by 7*, then the following conditions 
are satisfied : 

a) If a point P* of V* corresponds to a simple point of V, then P* is not 
fundamental for the birational correspondence between V* and V’. 

b) Ifa point P* of V* corresponds to a simple point of V, then P* itself is a 
simple point of V*. 

¢) T** has no fundamental points (on V*). 

Since the only transformations to be used are quadratic and monoidal, not only 
is condition c) automatically satisfied, but we also have that to every point of 
V* there will correspond a unique point of V. Moreover, the quadratic and 
monoidal transformations which will actually be used will always have their 
centers on the simple fundamental locus of 7 and on the successive transforms 
of that locus. Hence 7* will not affect any point of V which is not fundamental 
for T. Or, more precisely: if P* is any point of V* and if the corresponding point 
P of V isnot fundamental for 7’, then Qy(P) = Qy+(P*) [whereas for an arbitrary 
point P* of V* we can only assert that Qy(P) € Qy-(P*)j. 

For the purpose of the proof of Theorem 7 we find it necessary to re-formulate 
that theorem in terms of linear systems of surfaces on V and of the base loci 
of such systems. Quite generally, let = be a field of algebraic functions of r 
independent variables, and let wo, w:, °** , @n be elements of some extension 
field of 2 such that the quotients @;/w; are elements of =. If V is a given model 
of 2, the elements w; determine a unique set of divisors %, %,,--: , W, of 2, 
oi the first kind with respect to V, free from common factors and such that 


wi/wj = W/A; . 


Hach divisor {; determines on V (and—if V is normal—is defined by) an (r — 1)- 
dimensional subvariety F; whose irreducible components are counted to well- 
defined multiplicities. If No, Ar, °**, An are arbitrary elements in the ground 
field k, not all zero, then we can write 


(Aowo + A1w1 + = + Anwn)/wo - W(A)/ Ao ’ 


where % = (A) is a well-defined divisor of = of the first kind with respect to V. 
let F = F(X) be the (r — 1)-dimensional subvariety of V defined by %(A). The 
set |F | of all subvarieties F obtained by letting the \’s vary in k is called a 
linear system; it is the linear system determined by the elements wo , #1, *** , @n; 
rather by the linear (projective) space spanned by the element p(Aowo + 
May eee Anwn), Where p is an arbitrary factor of proportionality. This 
system | F' | contains of course the particular members Fo, Fi, --- , Pn, and 
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since the divisors %o, %,---, U% have no common factor the system | F | js 


free from fixed components (a fixed component being an (r — 1)-dimensional 


variety common to all varieties of the system.) 

Let 0, m,°** , 2m be the homogeneous coérdinates of the general point of V, 
and let yo, ¥1, °°, Ym be the corresponding homogeneous coérdinates in: the 
ambient projective space of V. Since the quotients w;/w; belong to &, the ele- 
ments wo, #1, °**, @n, are proportional to forms fo(n), film), «++ , fn(n) of like 
degree in m, m,°**, %m, With coefficients in the ground field k. It is then 
clear that the linear system | F' | is cut out on V, outside of fixed components, 
by the linear system of hypersurfaces 


(78) Nofoly) + Mfily) + ++ + Anfaly) = 0. 


If | F’| is the linear system determined by {ao, 1, ++, @n} on another 
model V’ of =, then the two linear systems | F' | and | F’ | are regarded as corre- 
sponding linear systems in the birational correspondence between the two 
models. This fixes without ambiguity the law of transformation of linear systems 
under birational transformations. By stipulating, as we did, that both systems 
| F | and | F’ | be despoiled of fixed components, we have in reality sidetracked 
certain difficulties which would unavoidably arise upon a more thorough examina- 
tion of the situation (in the case of algebraic surfaces see our monograph [4], 
p. 41). However, for our present purpose the transformation law for linear 
systems as formulated above is entirely adequate. 

Let us suppose now that wo, w:,°-:,@, are the homogeneous coordinates 
of the general point of a projective model V’ of the field ="*. In this case the 
linear system | F’ | determined on V’ by {wo , #1, +--+ , @n} is merely the system 
of hyperplane sections of V’, according to (78). On any other projective model 
V the corresponding linear system | F | is therefore the birational image of the 
system of hyperplane sections of V’. It is thus seen that given an arbitrary 
linear system |F| on a variety V, and provided that the quotients 
w/w , w2/wo, *** , &n/wo generate the field = of rational functions on V, then 
this linear system determines uniquely a birational transformation of V into 
another variety V’ on which the linear system which corresponds to | F | is the 
system of hyperplane sections, i.e. uniquely to within a projective transforma- 
tion of V’. 

Gojng back to Theorem 7, let | F | be the linear system of surfaces on V which 
is the image of the system of hyperplane sections of V’. It is cut out on V bya 
linear system of hypersurfaces (78). It is known ([8], p. 528) that if H is a 
point or a curve on V such that the quotient ring Qy(H) is integrally closed 
(i.e. if V is locally normal at H; see [8], p. 512) then H is fundamental for the 
birational transformation 7 if and only if H belongs to the base locus of the 





13 In order that it should be possible to regard the w’s as homogeneous coordinates of the 
general point of a projective model of %, it is necessary and sufficient to. have: 


== k(a/wo , we / wo tne wn / wo). 
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iinear system | F' |, ie. if H lies on every F of the system. The condition that 
Qy(H) be integrally closed is certainly satisfied if H is a simple point or a simple 
curve of V. Hence the simple fundamental locus of T coincides with the base 
locus of | F |, outside those base curves and isolated base points of | F | which 
are singular for V. 

It is now clear how Theorem 7 can be formulated in terms of the linear system 

F\ and of the base locus of |F |. In re-formulating below this theorem, we 
drop the condition that | F' | be the image of the system of hyperplane sections 
of a variety V’ birationally equivalent to V. Thus the theorem which we are 
going to state presently is somewhat stronger than Theorem 7. 

THEOREM 7’. Given a linear system | F'| (free from fixed components) on a 
three-dimensional variety V, tt is possible to transform V by successive quadratic 
and monoidal transformations into another variety V* in such a fashion as to satisfy 
the following two conditions: 

a) If | F*| is the linear system (free from fixed components) on V* which cor- 
responds to | F | , then every base point of | F* | corresponds necessarily to a singular 
point of V. 

b) If a point P* of V* corresponds to a simple point of V, then P* is itself a 
simple point of V*. 


20. Linear systems free from singular base points: preparation of the base 








locus of | F 
Let the linear system | F' | be cut out on V by the system of hypersurfaces 
(78), and let Fo, F,,---,F, be the particular surfaces in the system which 


are cut out by the hypersurfaces fo = 0, fi = 0,--- , fn = O respectively. Let 
P be a base point of | F | which is simple for V. We say that P is a singular 
base point of the linear system | F | if P is a singular point of each surface F in the 
system. A simple base point of | F | is a base point which is non-singular; such a 
hase point must therefore be simple for at least one surface F in the linear system 
|F |. 

Lema 20.1. If a simple point P of V is a simple base point of | F |, at is neces- 
sarily a simple point of at least one of then + 1 surfaces Fo, Fi, +++, Fr. 

Proor. Without loss of generality we may assume that 9 ~ 0 at P, where— 
we recall—n , m,--: , 7m denote the homogeneous coérdinates of the general 
pont of V. If we put w; = fi(l, m/m.--+, mm/no), then wo, 1, +++ , Wn are 
elements of Qy(P). By the theorem of unique factorization in Qy(P) let 6 be 
the highest common divisor of wo, #:,°*:, @, and let w; = 6f;, ¢: €Qv(P). 
Itis then clear that each surface F (A) of | F | is defined locally, at P, by the princi- 
pal ideal (oto + Aug) +--+ + AKEn) in Qy(P), ie. this principal ideal gives all 
the components of F(A) which pass through P, and the exponents which occur 
in the decomposition of the element doo + Agi + «++ + Angn into prime factors 
give the multiplicities of the corresponding components of F(A). The point P 
simple for F(A) if and only if the leading form of ofo + Asi + +++ + Ange 
linear (whence F(a) is necessarily locally irreducible at P). For that, however, 
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it is necessary that the leading form of at least one of the elements ¢; be linear, 
and this proves the lemma. 

In this and in the next two sections we prove Theorem 7’ in the special case 
where the linear system | F | has no singular base points (at simple points of V: 
singular points of V are left out entirely from our considerations). In this case 
the base locus of | F | consists of simple base curves of | F | and of isolated simple 
base points. Our first step is to eliminated by quadratic transformations the 
singularities of the total base curve, other than normal crossings. We prove 
namely the following lemma: 

Lemma 20.2. By successive quadratic transformations tt is possible to transform 
V into a variety V* satisfying condition b) of Theorem 7’ and such that also the 
following conditions are satisfied: 1) if | F* | denotes the linear system on V* which 
corresponds to | F' | , then | F*| has no singular base points (outside the singular 
points of V*); 2) each irreducible simple base curve of | F* | is free from singularities 
(outside the singular locus of V*); 3) af two irreducible simple base curves of | F* | 
have a point P* in common (P* — a simple point of V*), then the tangential direc- 
tions of the two curves at P* are distinct, and P* does not belong to a third irreducible 
simple base curve. 

Proor. Let P be a simple point of V which is a singular point of the total 
base curve of |F |. We apply to V a quadratic transformation 7’ of center P 
and we denote by V’ and | F’ | the T-transforms of V and of | F' | respectively. 
Let ®’ denote the surface, free from singularities [see section 2, a) and b)], which 
corresponds to the point P. What is the base locus of | F’ | ? In the first place, 
it is clear that if H’ is a base curve or an isolated base point of | F’ | , then H’ 
either corresponds to a base variety of | F'| , of the same dimension as H’, or H' 
corresponds to the point P. Hence the base of locus of | F’ | consists 1) of the 
proper transform of the base locus of | F | and possibly 2) of a certain number of 
new base curves and of isolated base points which lie on the surface ®’. We are 
interested in these new base curves on ®’. By hypothesis, P is a simple base 
point of | F | , hence, by Lemma 20.1, P is a simple point of one of the surfaces 
Fy, Fi,---,F,. Let, say, P be a simple point of Fy. If $ denotes the 
divisor determined by the, surface ’, then { is exactly divisible by $ [see section 
2, d) and Lemma 3.1; in the present case ¢ plays the role of w, and » is equal to 
1], “Tr each ¢; is at least divisible by the first power of . Hence if Fo, F,, 

-. , F, denote the members of the system | F’ | which correspond respectively 
to Fo, Fi, -:: > F,, , then we can assert that the surface ©’ is not a component of 
Fy. Hence Fo is the proper transform of Fy, i.e. Fo = T[Fo]. Therefore the 
intersection of Fo with &’ is an irreducible curve, free from singularities (Theorem 
1, section 3, where again vy = 1). This is tht only curve on ® which may be 
a base curve of | F’|, and this curve is certainly a simple curve of Fy. We 
conclude that our quadratic transformation 7 may create at most one new 
base curve of the linear system under consideration, and that such a new base 
curve ts necessarily free from singularities and is a simple base curve. Moreover 
all its points are simple base points of | F’ | , for they are all simple for Fy. The 
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rest of the proof is achieved by considerations which are identical with those 
developed in section 16, Part III. We only note that since the quadratic 
transformations used have centers at simple points, conditions analogous to 
condition b) of Theorem 7’ and to condition 1) of Lemma 20.2 are certainly 
satisfied. 

From now on we shall therefore suppose that the base locus of our original 
system | F | satisfies conditions analogous to conditions 2) and 3) of Lemma 20.2. 


91. Linear systems free from singular base points: elimination of the base 
curves by monoidal transformations 


We have proved elsewhere ((7], p. 592), for algebraic surfaces, theorems analo- 
gous to theorems 7 and 7’. We therefore know that given a linear system of 
curves on an algebraic surface (free from fixed components) it is possible to 
eliminate the base points of the system by successive quadratic transformations. 
Actually this result has been proved again in the present paper: it is an imme- 
diate consequence of Lemma 11.1. Only a change of ‘‘dimension terminology” 
is necessary in order to express this result as a statement concerning linear 
systems | F' | of (r — 1)-dimensional varieties on a V, and the (r — 2)-dimensional 
base varieties of | |. In particular, the above result applies to the base curves 
of our linear system of surfaces | F | on the three-dimensional variety V, and it 
can be used as a stepping stone toward the elimination of these base curves by 
successive monoidal transformations. However, if | F | was an arbitrary linear 
system, this extrapolation from base points of a linear system of curves ona 
surface to base curves of a linear system of surfaces on a three-dimensional variety 
would have met with a serious difficulty. We proceed to present this diffi- 
culty and to show why it disappears in the present case where we deal with a 
linear system | F'| free from singular base points. 

Let A be an irreducible simple base curve of the system |/'|. If = denotes 
the field of rational functions on V and if we adjoin to the ground field k an 
element ¢ of 2 whose A-residue is transcendental over k, then over the new ground 
field k(¢) the variety V becomes a “surface,” the system | F | becomes a linear 
system of “curves” on the “surface” V/k(é) and A becomes a base “point” of 
|. Let 7 be a monoidal transformation of V/k, of center A, and let V’/k 
and |F’| be the 7-transforms of V/k and of | F'| respectively. The trans- 
formation 7’ is a quadratic transformation of V/k(£) into V’/k(¢) with center 
at the ‘‘point” A/k(¢). If the system | F’| on V’/k(€) still possesses base 
“points” which correspond to the point A, these points represent base curves of 
F'| on V'/k, which correspond to the curve A under the monoidal transformation 
r. To these curves we again apply monoidal transformation and so we continue 
until the base “point”? A is eliminated. 

All this refers to &() as ground field. Let us see how our monoidal trans- 
formation 7’ actually affects the base locus of | F | over our original ground field k. 
The transform T[{A] of A is an irreducible surface 6’. Since A is free from sin- 
gularities (outside the singular locus of V), all points of &’ which correspond to 
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simple points of V are simple both for ®’ and for V’ [section 5, a)]. Thus condi- 
tion analogous to condition b) of Theorem 7’ is satisfied, since we know (section 
5) that any two-dimensional component of the total transform 7'{A} of A, other 
than ©’, must correspond to points of A which are singular for V. 

Now let P’ be a base point of | F’ | which corresponds to a simple point P of 
V. If P is not on A, then it has not been affected by 7’, and hence P’, as well 
as P, is a simple base point. Suppose that P is on A. There exists a surface 
F, say Fy, in | F |, which has at P a simple point. If $ denotes the divisor 
defined by the irreducible surface ©’, then we know [section 5, e) and Lemma 
6.1] that wo is exactly divisible by $. Since each element w; (¢ = 0, 1, --- , n) 
is divisible at least by the first power of $$, it follows that ®’ is not a component 
of Fy , where Fo denotes that member of the linear system | F’ | which corresponds 
to Fy. Hence Fo is the proper transform of Fo, i.e. Fy = T[Fo]. Since P is 
a simple point of /’y and of A, it follows that also P’ is a simple point of Fo (Lemma 
6.3). Hence the base points of | F |, which (outside the singular locus of V) 
are by hypothesis simple base points, are transformed into simple base points 
of | F’|. 

The points of V’ which correspond to singular points of V do not interest: us. 
With the understanding that these points are left out altogether from our 
consideration, we analyse the possible base curves of | F’ | . 

In general, there could be curves on ®’ which are base curves of | F’ | and 
which correspond to special points of A. Such new base curves, created by the 
monoidal transformation 7’, are lost when we pass to the new ground field k(¢), 
since é is not a transcendental on any such curve. The knowledge that the base 
“point”? A/k(é) can be eliminated by “quadratic” transformations would have 
been of little help to us if in the course of eliminating base “‘points’’ over k(é) we 
would find again and again new base curves which correspond to special points 
of the centers of the successive monoidal transformations. Fortunately, as a 
consequence of our assumption that | F | has no singular base points, this is not the 
case. For suppose that | F’ | possesses a base curve I’ which corresponds to a 
point P of A (P-simple for V). Again assuming that P is a simple point of /, 
it would follow by Lemma 6.2 that mr,(P) > mr,(A). This is a contradiction, 
since mp,(P) = m,y,(A) = 1. 

We conclude that any base curve of | F’ | which lies on &’ must correspond to A 
itself, and not to a point of A. By Theorem 2, section 6, there can only be at 
most one such curve, say A’, since A is a simple curve for some surface F in the 
system ||. This curve A’ is free from singularities, and (Lemma 8.2) has only 
normal crossings with other base curves of | F’|. If we apply the same treat- 
ment to A’ as we have applied to A and if we do that for all the base curves of 
| F |, we see that ultimately we will succeed in eliminating all the base curves 





‘We also may have on ®’ a finite number of isolated base points of | F’ | which cor- 
responds to special points of A. These points do not interest us in this section, but they 
have to be taken care of in the next section where we carry out the elimination of isolated 
base points. 
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of |F |, and that, without violating condition b) of Theorem 7’. We therefore 
mune from now on that the linear system | F | on our original surface has only 
‘slated simple base points (outside of the singular locus of V). 


99, Linear systems free from singular base points: elimination of the isolated 
base points 


Let now P be an isolated simple base point of ||. We apply to V a quad- 
ratic transformation 7' of center P and we denote by V’ and | F’ | the 7-trans- 
forms of V and of | F'| respectively. We know already from section 20 that 7’ 
will resolve the base point P ether into a finite number of isolated simple base 
points of | F’ | or into a simple base curve A’ of | F’|. In the first case we con- 
tinue with quadratic transformations, taking as centers the new isolated base 
points. In the second case we first eliminate the base curve A’ by monoidal 
transformation, as in the preceding section. However, after A’ has been eli- 
minated, isolated base points (all simple) may remain which correspond to special 
points of A’ (see footnote 14). To these we apply again quadratic transforma- 
tions, and so we continue indefinitely. We assert that this process must terminate 
after a finite number of steps. For suppose that the contrary is true. We will 
have then an infinite sequence of successive transforms of V: 


QQ) (i) 
¥, ¥™, ¥™, +. , V™, «>> 


and of successive simple points P, P™, P®, ---, Pp, .--, where P” « V™, 
with the following properties: 

1. Q(P) C Q(P™) C Q(P™) C --- 

2. If | F° | denotes the linear system on V°” which corresponds to | F’|, 
then P“” is an isolated base point of F°”. 

let V be the variety birationally equivalent to V on which the linear system 
which corresponds to | F'| is the system of hyperplane sections (section 19). 
Since P“” is an isolated base point of the linear system | F® |, it is an isolated 
fundamental point of the birational transformation which carries V into V. 
Since on the other hand P™ is a simple point of V, it follows (see [8], p. 532) 
that to P™ there must correspond on V a pure two-dimensional variety. Let 
thn H; = {Hi , Hi, +--+} be the set of irreducible surfaces H; on V which 
correspond to the point P“. Since Q(P;) C Q(P;) if t < j, it follows that 
H2>H,>H,>---. Since no set H; is empty and every H; is a finite set, it 
follows that they have an element in common, say G. Then G is an irreducible 
surface on V which corresponds to every point P®. Let $ be a divisor of the 
field 2 whose center on V is the surface G. This divisor is then of second kind 
with respect to each variety V‘”, its center on V being the point . then 
»’” denotes the ideal of non units in Q(P‘), then vg(p) > 0, where vg(p‘”) 
denotes the least value assumed by the elements of yp? in the discrete valuation 
defined by the divisor 8. Now, each V is obtained from V“~” by a quadratic 
transformation of center P“~”, followed up, perhaps, by a finite number of monoi- 
dal transformations. Consequently (see proof of Lemma 9.1) 


if 
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ve(p) > ve(p) > «++ > ve(p) > +--+ > 0. 


This yields a contradiction (since each vg(p”) is a positive integer) and establishes 
Theorem 7’ for linear systems free from singular base points. 


23. Reduction of the singular base points of a linear system of surfaces 


Let now | F'| be an arbitrary linear system on V. To complete the proof of 
Theorem 7’ it is only necessary to show that it is possible to eliminate the singular 
base points of | F | by quadratic and monoidal transformations, always subject 
to the additional condition that simple points of V be transformed into simple 
points. This we proceed to show by using on one hand the reduction theorem 
for surfaces (Theorem 6, section 17) and on the other hand the theorem of 
Bertini on the variable singular points of a variety which varies in a linear 
system. The proof of this theorem of Bertini for abstract varieties is given 
by usin [9]. For our present application we need some of the concepts which are 
developed in [9] and the abstract formulation of Bertini’s theorem. For sim- 
plicity of exposition we shall confine ourselves to three-dimensional varieties. 

Denoting as usual the homogeneous coérdinates of the general point of V by 
mo, ™,°**» Mm, let | F | be our linear system (78) on V, free from fixed compo- 
nents, and let t&, 4, --- , t, be indeterminates (i.e. we assume that the ?’s are 
algebraically independent over the field k(n, m1, °°, 7m). We adjoin to the 
ground field k these indeterminates and we denote by K the extended field 


k(to, t1, +++, tn). The variety V/k can be regarded as a three-dimensional 
variety V/K over the new ground field, with the same general point (m, m, 
-+*) Mm) as V. 


Every irreducible subvariety W/k of V/k, with general point (70 , 71, °-* , Im) 
defines a subvariety W/K of V/K, of the same dimension as W, with the same 
general point as W and with the property that ft, 4, --- , tr are algebraically 
independent over k (jo, 71, °°*, %m). The subvariety W/K shall be called 
the extension of the subvariety W/k. Conversely, if an irreducible subvariety 
W/K of V/K, with general point (7, 71, --- , 7m), is such that &, tr, --: yt 
are algebraically independent over k (7 , 71, --- , 2m), then W/K is the extension 
of a unique subvariety W/k of V/k. 

It can be proved that the singular locus of V/K is the extension of the singular 
locus of V/k. 

For an arbitrary irreducible subvariety W*/K of V/K, with general point 
(no : m at PrS nn), it is true that there exists a unique subvariety W/k of V/k, 
with general point (7, m1, °-* , 7m), such that 


ok ok * = am - 
k[no , mg 1m| = Kk (7 , wg FO Ny Im)» 


where the isomorphism is such that 7; and 7; are corresponding elements. 
The variety W/k shall be called the contraction of W*/K. We have always: 


W*/K © extension W/K of W/k, 
whence dimension of W*/K < dimension of W/k. 
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The essence of our formulation of Bertini’s theorem consists in regarding the 
linear system of surfaces (78) on V/k as one irreducible surface F*/K on V/K. 
This surface is defined by a general point (fo , £1 , «- + , &m) satisfying the following 
conditions: 

1) kif ; ih, air fu) & kno , Mig °°» Nm), 
whence the contraction of F*/K is the entire variety V/k. 

2) tofolS) + HS) +--+ + trfalf) = 0. 

It is proved that ¢f a variety W/K ts an extension of W/k then W/K lies on F*/K 
if and only if W/k belongs to the base locus of the linear system | F | , and that W/K 
is singular for F*/K «af and only if W/k is a singular base variety of | F | . 

After these preliminaries we state the theorem of Bertini on the variable singu- 
lar points of | F | as follows: 

THEOREM OF Bertini. Jf W,/K is an irreducible singular subvariety of F*/K, 
then the contracted subvariety W/k of V/k ts either singular for V/k or belongs to 
the base locus of the linear system | F | . 

From this theorem and on the basis of the preliminary results stated above, 
we conclude that, outside of varieties W;/K which correspond to singular sub- 
varieties of V/k, the surface F*/K may possess only the following singular 
curves and points: 

a) Singular curves which are extensions of singular base curves of | F |. 

b) Isolated singular points which are extensions of isolated singular base 
points of | F'| . 

c) Isolated singular points whose contractions are simple base curves of | F | 
(it can be proved that along these curves the surfaces of the linear system have 
variable singular points, provided the ground field k is of characteristic zero; see [9].) 

If the variety V/k is subjected to a birational transformation which carries 
V and | F'| into V’ and | F’ | respectively, then V/K and F*/K undergo a cor- 
responding birational transformation, and the transform F’*/K of F*/K has the 
same relationship to | F’| as F*/K has to | F|. In other words, the surface 
F*/K is a birational covariant of the linear system | F'|. In particular, if we 
apply to V/k a quadratic or a monoidal transformation with center W/k, then 
V/K and F*/K undergo respectively a quadratic or a monoidal transformation 
whose center is the extension W/K of W/k. If we then apply the reduction 
Theorem 6 of section 17 to the surface F*/K and to its ambient variety V/K, 
we see that by successive monoidal and quadratic transformation of V/k it is 
possible to resolve the singular curves a) and the singular points b) of the surface 
F*/K, i.e. it is possible to resolve the singular base locus of the linear system | F | . 
It should be pointed out that a preparation of the singular curves a) of F*/K 
is a preliminary step of the reduction process (section 16). The quadratic 
transformations involved in this step are actually quadratic transformations 
over k (i.e. of V/k) since the singular points of the singular curves a) are neces- 
sarily extensions of the singular points of the corresponding singular base curves 
of|F|. Finally, we also point out that we do nothing to the isolated singular 
points ¢) of F*/K; they do not correspond to singular base loci of | F | and 
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their reduction is not necessary for our purposes. Besides, since these singular 
points are not extensions of points over k, the transformations needed for their 


reduction are not directly expressable as transformations of V/k. 
This completes the proof of Theorems 7 and 7’. 


24. Alemma on simple points of an algebraic surface 


Let F and F’ be two birationally equivalent algebraic surfaces. 

Lemma. If P and P’ are corresponding simple points in the birational corye- 
spondence between F and F’ and if Q(P) | Q(P’), then either Q(P) = Q(P’) or 
P’ can be obtained from P by successive quadratic transformations. 

This lemma implies the following corresponding result for (r — 2)-dimensional 
subvarieties of a V, : 

If W and W’ are corresponding (r — 2)-dimensional varieties of a birational 
correspondence between two r-dimensional varieties V, and V;, and if Q(W) Cc QW’), 
then either Q(W) = Q(W’) or W’ can be obtained from W by successive monoidal 
transformations. 

PROOF OF THE LEMMA. Assuming that Q(P) # Q(P’), we have to show that 
there exists a finite sequence of birational transforms of F: 


Y 7 
PF, Fy, Fe, +°*, Fa, 


and a corresponding sequence of points P;, ---, P,, Pi ¢F;, such that: 1) F; 
is the transform of F;_, by a quadratic transformation of center P;1(Fo = F, 
Py = P); 2) P;. and P; are corresponding points under this quadratic trans- 
formation; 3) Q(P,) = Q(P’). 

Let x and y be uniformizing parameters of P(F), and let P; be a point of F; 
which corresponds to P’ (in the birational correspondence between F; and I”). 
Since Q(P) C Q(P’), every valuation of center P’ on F’ has its center at P on J. 
Consequently also P; and P are corresponding points. Without loss of gene- 
rality we may assume that y/z is finite at P;. Then x can be taken as one of a 
pair of uniformizing parameters of Q,,(P1). 

We shall show now that necessarily Q(P1) € Q(P’). Assume the contrary. 
Then P’ is a fundamental point of the birational correspondence between fF” 
and f’,. Hence to P’ there must correspond on F; at least one irreducible curve 
through P;. Any such curve must also correspond to P, since Q(P) C Q(P’). 
But the irreducible curve I; defined in Q(P) by the principal ideal (x) is the only 
curve on F; which corresponds to P. Hence this is the only curve through P: 
which corresponds to P’. 

Let $ be the divisor defined by the curve I, , and let m and m be the ideals 
of non units in Qr(P) and Q»-(P’) respectively. We have vs(x) = 1 
and vg(m’) > 0. Hence the element x, which is certainly an element of m’, 
does not belong to m”. Now P is fundamental for the birational correspondence 
between F and F’, and therefore there must exist on F’ an irreducible curve 4’ 
through P’ which corresponds to P. Since both x and y vanish on 4’, this 
curve must be defined by a prime element of Q(P’) which divides in’Q(P’) both 
xand y. But x itself is a prime element of Q(P’), since x # O(m”). Hence 2 
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divides y, y/x €Q(P’), whence Q(P1) € Q(P’). This shows that our assump- 
tion that Q(P1) & Q(P’) is absurd. 

If Q(P:) = Q(P’), there is nothing more to prove. If Q(P;) is a proper subring 
of Q(P’), we pass to the quadratic transform /’; of F; taking P; as center, and we 
find as before that F2 carries a point P2 such that Q(Pi1) C Q(P2) | Q(P’). 
Since the union of the quotient rings of successive corresponding points P, P;, 
P,,+++, obtained by successive quadratic transformations, is a valuation ring 
(see [5], p. 681, Theorem 10; also [7], p. 591, Lemma 2, footnote 14) and since 
Q(P’) is not a valuation ring nor can it contain a valuation ring, it follows that 
after a finite number of quadratic transformations we must get a point P, 
such that Q(P,) = Q(P’), q.e.d. 

25. Reduction of the singularities of three-dimensional varieties 


Let = be a field of algebraic functions of three independent variables over an 
arbitrary ground field k, and let N be an arbitrary set of zero-dimensional valua- 
tions of =. A finite set of models V;, V2, ---, Vn of = shall be called a re- 
solving system of N if every valuation in N has a simple center on at least one of 
the modes V;. The existence of resolving systems for the set of all valuations 
of 2 will be established by us in a separate paper, for any field = of algebraic 
functions for which the theorem of local uniformization holds true (hence, in 
particular, for function fields over ground fields of characteristic zero; see [6])””. 
Assuming the existence of a resolving system for the totality of valuations 
of 2, we have shown in [7], p. 584 that the theorem of the reduction of singulari- 
ties is equivalent to the following 

FUNDAMENTAL THEOREM. [If there exists a resolving system of N consisting of 
two models V and V’, then there also exists a resolving model for N (i.e. a model of 
2 on which every valuation in N has a simple center). 

Our proof of the fundamental theorem will be based exclusively on Theorem 
7 of section 19 and on the lemma of the preceding section. 

Let V and V’ be a resolving pair of N, and let 7 denote the birational trans- 
formation which carries V into V’. We first apply to V the birational trans- 
formation 7* of Theorem 7 which eliminates the simple fundamental locus of 
Ton V. Let V* denote the 7*-transform of V. Since no singular point of V* 
corresponds to a simple point of V, also V* and V’ form a resolving pair of NV. 
let V; denote the join of the two varieties V* and V’ (see [8], p. 516). I assert 
that also V; and V’ form a resolving pair for N. For let v be any valuation in N 
and let P, P’, P* and P, be the centers of v respectively on V, V’, V*, Vi. If 
P’ is a simple point, there is nothing to prove. Let P’ be a singular point. 
Then P is necessarily a simple point. If P is not a fundamental point of 7, 
then Q(P) 2 Q(P’), and on the other hand Q(P) = Q(P*), since in this case P 
has not been affected by the quadratic and monoidal transformations which 
compose the transformation 7* (see section 19). Hence Q(P*) 2 Q(P’) and 








* For the proof of the existence of finite resolving systems in the classical case (k = field 
of complex numbers) see [6], p. 855, and in the case of abstract surfaces see [7], p. 592. For 
the general case see the Bulletin note quoted in footnote **, Introduction. 
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hence ([8], p. 516) Q(P:) = Q(P*) = Q(P). Therefore P; is a simple point. 
If, however, P is fundamental for 7’, then it belongs to the s¢mple fundamental 
locus of 7’, and therefore P* is not fundamental for the birational transforma- 
tion between V* and V’. Hence Q(P’) € Q(P*) = Q(Pi), and since P* js a 
simple point of V* (for P is simple for V) we again conclude that P; is a simple 
point. Thus, one of the two points P;, P’ must be simple, and therefore J, 
and V’ constitute indeed a resolving pair of NV. 

The net effect of the preceding considerations is that we have replaced the 
original resolving pair (V, V’) by the resolving pair (Vi, V’), and for this last 
resolving pair it is true that the birational correspondence between the two 
models has no fundamental points on one of them (namely on V;,, since JV, is 
the join of V’ and of another model). We may therefore assume that this 
condition is already satisfied for our original resolving pair. Accordingly, we 
assume that T* has no fundamental points on V’. Then if H and H’ are any two 
corresponding loci of V and V’, the following relation will always hold true: 
(79) QHD) & Q(H’). 

We now again apply Theorem 7, and we eliminate the simple fundamental 
locus of J on V. Let V* be the birational transform of V which is obtained as 
a result of this elimination. Again we see that V* and V’ constitute a resolving 
pair of N. 

Let v be an arbitrary valuation in N and let P, P’ and P* be the centers of » 
on V, V’ and V* respectively. We analyse the relationship between the quotient 
rings of these three points and we divide this analysis into several cases. For 
simplicity we denote by /’, the simple fundamental locus of T on V. We include 
in F, all the points of that locus, hence also points of a simple base curve which 
are singular for V. 

Casge A:P ¢F,. In this case P is either a singular point or is not fundamental 
for T. In both cases the following is true: 


(A) P’ is simple and Q(P’) 2 Q(P*). 

For P ¢F, implies that P has not been affected by the birational transforma- 
tion from V to V*. Hence Q(P) = Q(P*), and therefore Q(P’) 2 Q(P*), by 
(79). Moreover P’ must be a simple point even if P is simple, for if P is simple 
it is not fundamental for T (P ¢F,), i.e. Q(P) 2 Q(P’), and hence Q(P) = 
Q(P’), by (79). Hence assertion (A) is established. 

Case B. P is a simple point and Pe F,. In this case it is obvious that 
(B) P* is simple and Q(P*) 2 Q(P’). 

Case C. P is a singular point and Pe F,. In this case P’ is necessarily 4 
simple point. If P’ is not fundamental for the birational correspondence 
between V’ and V*, then we will have: 

(C’) P’ is simple and Q(P’) 2 Q(P*). 


In (A), (B) and (C’) we have always the same situation, namely of the two 
points P’ and P* one has the property that it is a simple point and that its 
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quotient ring contains the quotient ring of the other point. If we now pass to 
the join of V’ and V*, the center of the valuation v will therefore be a simple 
point. There remains to consider the case C under the hypothesis that P’ is funda- 
mental for the birational correspondence between V' and V*. We proceed to study 
this case. 

The point P’ is either an isolated fundamental point of the birational trans- 
formation between V’ and V* or lies on some fundamental curve of this trans- 
formation. We are interested especially in this second possibility. Let I’ be 

a fundamental curve of the birational transformation between V’ and V* which 
passes through P’, Since T * has no fundamental points on V’, 7” *(I”) is either 
a unique point or a unique curve on V (note that since P’ is simple for V’, also 
1’ is simple). I assert that T”'(I’) is necessarily a point. For suppose the 
contrary, and let 7” '(I’) = IT, an irreducible curve on V. 

Suppose that T'¢F,. Then I is regular for the birational correspondence 
between V and V*. If then I* is the corresponding curve on V*, then we will 
have Q(T) = Q(T*). On the other hand we have Q(T’) 2 Q(T) [by (79)]. 
Hence Q(T’) 2 Q(T), in contradiction with our assumption that I” is funda- 
mental for the birational correspondence between V’ and V*. 

Hence I must belong to F’, , and is therefore a simple curve of V. We have 
now the following situation: I and I” are corresponding simple curves of V 
and V’ and, by (79), Q(T”) D Q(L) [not Q(T’) = Q(T), since Te F,]. By the 
lemma of the preceding section, I’ can be obtained from I’ by a sequence of 
monoidal transformations. But in eliminating the simple fundamental curves 
of T we have used just monoidal transformations. Hence the variety V* must 
contain a curve I'* such that Q(I*) = Q(I’). This is in contradiction with our 
assumption that I’ is fundamental for the birational correspondence between 
V' and V*, 

We have therefore proved that 7” '(I’) is necessarily a point. This point is 
necessarily the point P, since P’ e I’. 

Accordingly we consider on V’ those isolated fundamental points O’ and those 
fundamental curves I’ of the birational transformation between V’ and V* 
which correspond to singular points of V which lie on F, and which actually carry 
centers of valuations in N. Since (V, V’) is a resolving pair of N it is clear that 
these points O’ and these curves I’ must be simple for V’, and that no point of a T” 
which is singular for V’ can occur as center of a valuation in N. According to 
Theorem 7 applied to V’ and V* we can eliminate these fundamental points and 
curves, and by the italicized remark just made we do not have to be concerned 
about the fate of the points of a curve I’ which are singular for V’. We denote 
by 2 the set of the points O’ and curves I’ and wg also denote by V; the bira- 
tional transform of V’ obtained in the course of the elimination of the funda- 
mental points O’ and the fundamental curves I’. 

Now let again v be any valuation in N and let P, P’, P* and P; be the centers 
otvon V, V’, V* and V; respectively. In view of (A), (B), (C’) we find imme- 
diately the iclleniing: 


(Ai) If P ¢F,, then P; is simple and Q(P1) 2 (P*). 
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For by (A), P’ is not fundamental for the birational transformation between 
V’ and V*. Hence P’ is not affected when we pass from V’ to Vi, and con- 
sequently Q(P’) = Q(P}). 


(B;) If P is simple and P ¢ F, , then P* is simple and Q(P*) 2 Q(P). 


For in this case P’ ¢9’, whence Q(P’) = Q(P%). 
The relation (C’) yields (since P’ ¢0’): 


(Ci) P; is simple and Q(P:) > Q(P*). 


There remains the case C, under the hypothesis that P’ €Q’. In this case, in 
view of our elimination of the fundamental locus ©’, we must have Q(P;) 2 
Q(P*), and moreover P; is simple since P’ is simple. Hence in this case the 
statement C; still holds true. 

We have now in all cases, i.e. for any valuation v in N, the situation whereby 
of the two centers of v on V* and V; one always has the property that it is a 
simple point and that its quotient ring contains the quotient ring of the second 
center. Therefore the join of V* and V; is a resolving model of N. This completes 
the proof of the fundamental theorem. 


’ Tue Jonuns Hopxins UNIVERSITY. 
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I. PRELIMINARIES 


1. Introduction 


It is the purpose of this investigation to discuss the existence of unstable 
extremal surfaces bounded by a given rectifiable Jordan curve IT for a class of 
double integral problems in parametric form. The double integral problems 
considered are described in §2 below. The main limitation is that the integral 
be dominantly an area integral. ~There are certain indications that the restric- 
tions can be removed, and in the remarks at the end of this paper we shall list 
all those places where the restrictions were used in an essential way. 

The general theory of unstable critical points has had a remarkable develop- 
ment in the theory of M. Morse ({14], [15], [16]).” Morse has developed his well 


‘Presented to the American Math. Soc., An abstract appears in the Bull. Amer. Math. 
Soc., 48, p. 830 (1942). 
* Numbers in brackets refer to the bibliography at the end. 
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known relations for the various types of critical points first for functions of g 
finite number of variables, then for single integral problems in the calculus of 
variations, and lastly in an abstract way. The abstract theory of Morse lays 
the topological foundations of a theory of critical points, and analyzes in a 
general way those analytical steps which remain to be proved in any particular 
case. The theory thus serves as a valuable guide, but in any application deep 
analytical considerations are still required. 

The methods used by Morse for functions of a finite number of variables and 
for single integral problems can not be generalized to multiple integral problems, 
It is well known that multiple integral problems in the calculus of variations 
have difficulties of a much more serious nature than single integrals. It suffices 
to note that only in recent years has a theory of the absolute minimum for multi- 
ple integrals been developed, and that the theory is far from being in its final 
form. It is beset with difficulties of a real variable nature. In this paper we 
shall make use of the fundamental work of L. Tonelli concerning convergence, 
equicontinuity, and lower semicontinuity for multiple integrals in non-parametric 
form ({1], [2], [5]), and of the fundamental work of E. J. McShane on integrals 
in parametric form ((3], [4], [6]). 

Concerning instability, it is easy to locate the major difference between multi- 
ple integrals and single integrals. For single integrals one can use ordinary 
differential equation theory to establish the existence and minimizing property of 
extremals in the small, and decompose a problem in the large into a succession 
of problems in the small. For multiple integrals this cannot be done—size has 
no effect. 

Instability has been discussed in the literature for one multiple integral prob- 
lem, namely the Plateau problem. The theory of unstable minimal surfaces 
has been developed by the author, by M. Morse and C. Tompkins, and by R. 
Courant ({17], [18], [19]). The most general result as yet in this field has been 
recently obtained by the author in a brief note [22]. In this note an attempt was 
made to produce methods which would not be limited solely to the Plateau prob- 
lem. It is this note which has been generalized here and which serves as a 
resumé of the ideas involved. 

The decisive condition (besides lower semicontinuity, etc.) which Morse re- 
quires in order to apply his abstract theory to any particular case is ‘reducibility.’ 
We avoid the necessity of investigating reducibility by imbedding the space into 
a certain set of larger spaces approaching the original space as a limit. The 
Morse theory in these larger spaces is readily verified since it depends essentially 
on the analysis of a continuous functional. An additional continuity theorem 
allows the passage to the limit. 

But the passage to the limit necessitates certain topological modifications of 
the Morse theory (cf. [22]). Accordingly, we shall confine ourselves in the 
present paper to proving the following theorem: if I bounds two extremal 
surfaces which are proper relative minima, it must bound an’ unstable extremal 
surface. 
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2. Statement of the problem 


Let I be a closed rectifiable Jordan curve in space. We shall be interested 
in finding those surfaces bounded by I which are extremal surfaces for a double 
integral of the following form: 





sal = [ff ux, ¥, 2) + AVE EYE BY duc 


where k is a positive constant and X, Y, Z are the Jacobians 


| Zu Lu | | tu Yu 
hte: M1 Se He 


Yu ue 
Yo % 


’ 

















respectively. Surfaces will be written in the vector form r = r(u, v), with com- 
ponents x(u, v), y(u, v), z(u, v), and 


X = fu X Leo 


where : X - is the vector product. The components of ¥ are exactly the Jacobians 
X, Y, Z written above, and % is a vector normal to the surface r. The function 
{(X, Y, Z) will be written f(X), and fz will mean the vector with components 
fr(X, Y, Z), fr(X, Y, Z), fz(X, Y, Z). The domain of representation in the 
(u, v)-plane will be the unit circle. 

We shall make the following assumptions concerning the function f(X): 

2.1. f(¥) has continuous first derivatives for ¥° = 1 and is positively homogene- 
ous of degree 1 in &, i.e., f(#®) = tf(X) if ‘ = 0. 

2.2. E(¥; Xo) = 0, where E(X; Xo) = f(¥) — X-fx, = f(%) — f(%) — & — 
Xo)fey ‘ 

2.3. The minimum m of f(¥) on ¥’ = 1 is > 0. 

2.4. The maximum k’ of f(¥) on X° = 1 is < k. 

The main restrictions that are imposed on the integrand are: the integrand 
does not involve x, y, z explicitly, and the very unnatural condition 2.4 which 
asserts that J is dominantly an area integral. Conditions 2.1 and 2.2 are usual. 
Condition 2.3 is unnecessary and can be eliminated, as is well known. 

Of all the elementary consequences of these conditions, we shall note merely 
the following: 


(2a) m|%| < fH) < #|z| 

(2b) lfe| SH 

(2c) | f(%’) — f(%)| SW | — &| 

(4) Dig] < —KAlz] s | / X-fz, du dv < K’Alt] S W’DIx), 


where A[r] and D[zr] are defined directly below. 
The first decisive step is to replace J[r] by the integral 
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rial = | f 902) du do + KDIel 


where D[r] is the Dirichlet-Douglas integral, 


Dil =4[ [i+ 8) dud = 4 [ E+ dum, 


and £, F, G are the first fundamental coefficients, 
E=r7,, Fenn, Gen. 


This is the starting point of J. Douglas, of T. Rad6, and of R. Courant in the 
Plateau problem, which is the case f(¥) = 0 ((7], [8], [12]). We shall not dwell 
on the advantages of this replacement; it has been discussed in some detail 
elsewhere ({9], [10], [12]). Rather, we merely note that the integral J[r] depends 
not only on the surface but on the representation of the surface as well. Out 
of all possible representations of a surface only those are considered which have 
a finite Dirichlet integral. And as in the Plateau problem, the extremals for 
I{z] will turn out to be extremal surfaces for J[z] given in zsometric representation. 

In addition to the integrals J[r], Z[x], D[x], it will be convenient to use the 
following integrals: 


Ft) = | f 40%) aude 


Atl = | { |%\dudo = [ | VEG =P dua. 


If we wish to specify a subset G of the (u, v) unit circle over which the integrals 
are to be taken, the integrals will be written with a subscript G. The symbol § 
will always be used to represent a closed interior subdomain of the unit circle. 
The interior of the circle of radius p and center the origin will be indicated by 
C,, its circumference by C;. The annular ring between C; and C>’ will be 
indicated by C,,.. If Gis any region of the unit circle, the boundary of G will 
be designated by G*. 


3. Surfaces of class T 


The surfaces to be admitted to our variational problem must satisfy the follow- 
ing conditions: 

3.1. r(u, v) is continuous on the closed unit circle. 

3.2. x(u, v) as a function of u is absolutely continuous for almost all v, and as 
a function of v is absolutely continuous for almost all w. 

3.3. D{[r] is finite 

Surfaces satisfying 3.1 to 3.3 are said to be of class £.° The conditions 3.1 to 





* The class T is only one of various possibilities for a class of admitted surfaces. See 
[5], and K. Friedrichs, On differential operators in Hilbert spaces, Amer. Jour. Math., 61, 
528-544 (1939). 
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33 are equivalent to requiring r(u, v) to be absolutely continuous in the sense 
of Tonelli and to have a finite Dirichlet integral. All surfaces involved in this 
paper satisfy 3.1 to 3.3, and so the description “of class T’’ will generally speaking 
be omitted. The known properties of functions absolutely continuous in the 
Tonelli sense will be used without comment. 

For a surface of class T it is easily seen that all the integrals A, F, J, J exist. 

Use will be made of the theorems of Tonelli concerning convergence and of 
Tonelli and McShane concerning lower semicontinuity ({1], [2], [3], [4]). For 
example, if r” is a sequence of surfaces of class T with uniformly bounded 
Dirichlet integral, D[x"] = M, and if r” converges uniformly to rx, then x is of 
class &. And K[r] S lim inf K[r"] where K is any of the integrals A, D, 
FI, J. 


4. Convergence lemmas concerning the Dirichlet integral 


Lemma 4.1°. Let x” be a sequence of surfaces converging uniformly to the surface 
t. Then 


D{t"]— D[x]_ implies D[z" — 1] 0. 
Proor. Because 
(4.1) D(z” — x] = D{r"] — D[x] — 2D[x" — g, xl, 


it is necessary to discuss 


Dir" — x, t] = 3 / / (ru — Yu)tu + (xo — Le) Le] du dv. 


Consider the first part of the integral on the right hand side. Let « > 0 be 
arbitrary. Approximate x, in the mean by a polynomial surface » such that 


[/ (tu — p) dudv < €/16M | 


where M is an upper bound for D[r"], n = 1, 2,--- , and D[r]. The integral 
under consideration can be written 


aff at- wa nau +aff ot — wpduao, 


The first of these integrals is by Schwarz’s inequality in absolute value 
2 1/2 

s {Di om agg} < :- The second of these integrals is equal to, by 

integration by parts, 


[ ve" = da — ff pute - 2 dua 








‘Lemma 4.1 and its proof are easily generalized to include weak convergence of r* 
toy. Incidentally, (4.1) and (4.2) establish the lower semicontinuity of D{r). 
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which is less than ¢/2 for all sufficiently large n. Hence, for these n’s, 


ff (tu — fu)tu du dv| < «. 








ae ? a Similarly for / (ry — tv)tedudv. This proves ¢ 
eee ft ert i 
ie om alien io 
a bs | and with it the lemma. 

bate Lemma 4.2. For any two surfaces x and 1’, 

ie i 
j 


| Fle’] — Flel| < 2k (WV Di’) + WD[r)-V Dir’ — gf, 


and 








[Ife] — lel] < Qh + wK(V Die] + VD) Die’ — 2. 
Proor. We have 


#-X=uUXoH-wWXh=wUX(H—-w) + (u—-h) Xb 


(/ te x (x, = f) du do) < lf 12 du do- [ | (x, ing t»)* du dv 


S 4D[r’]-D{r’ — gx]. 





and 





Similarly for the other term in ¥’ — ¥. Thus, 





















(4.3) If |X’ — ¥|dudv s AW Dir] + VDir})-V Dir’ — oh. 


The inequality of the lemma is a consequence of (4.3) and property (2.c). 
The inequality of the lemma involving the integral I requires in addition the 
triangle inequality 


(4.4) |VDir] — VDEl| < VD — a. 

‘Lemma 4.3. Let r",n = 1, 2,--- , and x be surfaces such that 
D{t®" -— tr] ~ 0 as n > @, 
Then 
K[z"] > K{z], 


where K is any one of the integrals A, D, F, I, J. 
Proor. An immediate consequence of (4.4), Lemma 4.2, and (4.3). 





the 
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II. Convex Sets or SuRFACES 


5. The uniqueness property for convex sets 


The whole space of surfaces of class T is unmanageable (for example, it is not 
compact). It will be decomposed into various mutually exclusive convex sets— 
in each set there will be a unique minimizing surface. This will permit a reduc- 
tion of the whole space to the space of these minimizing surfaces (the core space). 

DeriniTIon 5.1. A set & of surfaces is said to be convex if 


(il —-d)r+wm fo OsSts1 


belongs to & whenever x and y belong to &. 

The significant theorem concerning convex sets is 

THEOREM 5.1. Let & be a convex set of surfaces such that there exists a surface x 
minimizing I[r] in the set R. Then x is unique, except for possible translated 
surfaces ¢ + constant in R. 

Proor. Let r’ be any other surface in & and consider the linear family of 
surfaces r,, 0 S ¢ S 1, defined by 


= (1 — é)r + te’ = x + tr where dx = x’ — &. 


Then 
(51) x, = CH y Oh og + ae + 28H, 
ou z 
where 
(5.2) bX = tu X to + btu Xt» and FX = btu X bee. 
Also, 
(5.3) oe = ér and = = 6% + 208°%. 


We have Iiz,] = / | f(%:) du dv + kD{z.] and 
(5.4) = [fa dk, dude + 24D| t, &), 


where D[r, y] is the ‘cross’ Dirichlet integral 4 / / (tutu + Lo,) dudv. The 


only difficulty with formula (5.4) is that fx, is not defined at a point where 
t:=0. Because of this, we must distinguish in (5.4) between a right hand and 
a left hand derivative. For the right hand derivative (d,J[r.J)/dt, define fz, 
at a point where ¥, = 0 to be 


(5.5a) fe. = be (4). 

















SoA). i &, ¥ 
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For a left hand derivative (d_I|r,])/dt, fz, is defined at a point X, = 0 to be 


(5.5b) fe, = Se (-%). 


In both cases, if (d¥,)/dt is also zero at this point, the definition of f,, in (5.4) 
is of no concern and it may be set equal to 0. 

To prove (5.4) with the modifications (5.5a) or (5.5b), first note from (5,1) 
that 


hie = Het tr "5X 


and form the difference quotient 


_ Sess) — fd) 


+ 





By the theorem of the mean, in case 7 is sufficiently small, 


(5.6) q = (& + rst) fe 
where the derivative fy has the argument 


dX, 


(5.7) X, + Or (& + 76 ‘x) where 0 <6 <1. 


In case X, ~ 0, the limit of g as r > 0 is 


dk, 


In case X, = 0, the value of f, for the argument (5.7) is by positive homogoneity 
equal to its value for the argument (d¥,)/dt + 76°% or —(d¥,)/dt — 18% accord- 
ing ast > Oor7 <0. ‘The limit of g as r — 0 is therefore still (5.8), with the 
meaning (5.5a) or (5.5b). 

Also, |q| < k’ | (d¥./dt | + k’ | &X| which is integrable.” Since 


FlXeye] — FU%) _ | - q du dy, 


r 





it follows that (dF[r,])/dt is equal to the integral of the expression (5.%) with 
the agreement (5.5a) or (5.5b). The differentiation of the Dirichlet integral is 
clear, so that (5.4) with the understanding (5.5a) or (5.5b) is proved. 

In particular, 


(69) GME = | f feseaude + 2%De, a4] 2 0 


since J[r,] has a minimum for ¢ = 0 in the range 0 < ¢ < 1. 
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We have 
Fie’) — Fiel = [ [ @ — %)-fedudo 


= | [ o%-f.dudo + If 8% fy du do 


> / / 8X -fy du dv — Dior] 


using inequality 2(d). Also D[r’] — D[r] = 2D[r, 6x] + D[éx]. Combining these 
two results, 


6.10) Te] — Tiel & | f fa-6% du do + 2kDIe, 5x] + (& — H)D[oe] 2 0 


by (5.9). Equality can hold only if D[éz] = 0, or 6x = constant. Theorem 
5.1 is proved. 

In the proof above we have merely used (5.9) as the property of the surface _r. 
Therefore the following theorem has also been proved. 

THEOREM 5.2. The minimizing surface x in the convex set R is characterized by 


[| tea du dv + 2kD{[r, dr] = 0 


for all dy such that x + br isin KR. (The vector 5¥ is defined in (5.2)). 
Also, if r and rx’ are any two surfaces in &, relations (5.9) and (5.10) show that 





1) Ie’) — Me) = ad 
dt _|-o 
Selecting x and x’ to be any two surfaces on the linear path r,,0 S ¢ S 1, (5.11) 
establishes the convexity of J[r,] as a function of t. Hence the following theorem. 
TaeoreM 5.3. Let x and x’ be any two surfaces in the convex set R, and form the 
linear path 


r=(l-drtir’, Ostsl 


joining x to x’. Then I[x,] is a convex function of t. In particular, if t minimizes 
the integral I in the set 8 then I[r;] is a monotonic increasing function of t. 

Topologically, this theorem asserts that the set ® can be J-retracted into the 
single minimizing element r, i.e., retracted in such a way that the J-integral 
never increases along a path. 


6. The set of surfaces with given boundary values 


An example of a convex set is the set of all surfaces of class T having prescribed 
boundary values. Designate such a set by the symbol 8. We shall prove that 





* Inequality (5.10) is more clearly understood if one notes that the hypotheses 2.2 and 
2.4 imply the non-negativeness of the Weierstrass E-function for J[r] when considered. as a 
hon-parametric problem. This is where hypothesis 2.4 is used. 
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a surface minimizing I(r] in the set 8 exists. For this purpose it is necessary 
to resort to a levelling process. Levelling will be performed in directions given 
by the stationary points of the function 


g(X) = f(%) + f(-—%) 


on the sphere ¥° = 1.° 
It is easy to show that g(X) as a function on X° = 1 has three linearly inde- 
pendent stationary points.’ Denote these stationary points by 


(6.1) (a; ) B;, Yi) j _ 1, 2, 3. 


(It is more convenient in this section to drop the vector notation.) At a sta- 
tionary point of g(X, Y, Z), the quantities gx , gy , gz are proportional to X, Y,Z 
respectively. In particular if (1, 0, 0) is a stationary point, gy = gz = Oor 


fr(1, 0, 0) = fr(—1, 0, 0) 

fz(1, 0, 0) = fz(—1, 0, 0). 
In place of the components x, y, z of a surface r, we shall use the functions 
(6.3) E(u, v) = ae(u, v) + By(u,r) +2, 0), 7 = 12,3. 


These functions &;(u, v), 7 = 1, 2, 3, will be called the affine components of r(u, »). 
Since the points (6.1) are linearly independent, the equations (6.3) can be solved 
for x, y, z in terms of £1, &, &: 


(6.4) (u,v) = aiéi(u, v) + date(u, v) + asts(u,v) ete. 


A surface is uniquely determined by stating its affine components. And speci- 
fying the boundary values of r is equivalent to specifying the boundary values 
of its affine components. 

Lemma 6.1. There is a constant c such that 


3(Dlé] + D[&] + Dlés]) = D[z] < c(D{é] + Digs] + Diés}), 


where & , &, & are the affine components of the surface x. 
Proor. The first inequality is obtained by applying the triangle inequality 
for the Dirichlet integral to (6.3): 


V Diéil £ | «s| WV Dial + | 8;| V Diy] + |vs| V Dial s VDE 


(6.2) 





* Levelling is used, among other places, in [2] and [4]. For the parametric problem, the 
function g(X) is used in [4]. 

"Proof. g(%) satisfies g(—%) = g(X). Let P, p be distinct points on the unit sphere 
X? = 1 where g assumes its maximum and minimum values respectively. Minimize g on 
each great circle through P, and determine a great circle = for which this minimum is the 
largest possible. A point Q on = at which g attains its minimum on 2 is a stationary point 
of g(¥) on ¥* = 1. Such a great circle = and such a point Q can be selected so that the 
points P, p, Q are linearly independent. Q.E.D. 
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since a; + Bj + y; = 1. The second inequality of the lemma follows from the 
triangle inequality applied to (6.4): 


Dia} < |u| V Die] + | a2| WV Die) + | as | WD[EsI 
< (ai + a + a3)"”-(Diti] + Digs] + Dfés})'” 


ete. 
Returning to the problem of minimizing /[r] in the set B, let 7 be the greatest 


lower bound of J[{r] for all x in B. We shall level any surface r in $ to yield 
a surface in 8 the affine components of which have arbitrarily small monotonic 
deficiency . 

Lemma 6.2. Suppose that (1, 0, 0) is a@ stationary point of g(X, Y, Z) 
nXi+ YY? + Z° = 1. Given any surface x in B and any positive 5, there is a 
surface x in B with x-component x’ of monotonic deficiency < 6, and satisfying 


D(z’ — x] S (I[r] — 1)/k. 


Proor. Suppose that x is not level relative to some of the planes x = mé/2, 
m= 0, +1, +2,---, ie., there exists a region G of the (u, v)-unit circle with 
boundary G* such that x(u, v) = mé/2 on G* for some integer m, while x(u, v) # 
né/2 inside G. Consider all such regions and retain only maximal G’s, deleting 
all others. The retained regions G; are non-overlapping. Define the surface 
Yas follows: 


fa’ m6/2 in each G;, x’ = «x outside all the G;’s; 

ly’ = y,2’ = 2) 
The surface x’ is in B and is level relative to all the planes x = mé/2, 
m=(,+1,+2,---. The latter property means that the monotonic deficiency 
of 2’ is Sé. 


In each region G; 


Felt] — Foe’ = | | (Yfr(X, 0, 0) + Zfe(X, 0, 0)} du dv. 


Gy 


But fr(X, 0,0) = fr(+1, 0,0) = a, f2(X, 0,0) = f2(+1, 0,0) = & , by positive 
homogeneity and (6.2). Therefore, 


(6.5) Felt] — Fer’) 2 a If Y dudv + [| Z du dv = 0, 


Gi Gy 
since [| Y dudv = [ 2 dz, / Zdudv = -| y dx, and x = constant on 
4 “G5 Gi a 


Gi Since r = ry’ outside the G;, (6.5) yields 
(6.6) Fie] — Flt] 2 0. 


Se ee 


* See [4], p. 558 for this argument. 
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‘ Concerning the Dirichlet integral, we have 
Delt] — De,{t’] = Dele — z'), 


so that 
(6.7) Diz] — Dir] = Dix — 2’). 
Combining (6.6) and (6.7), 

I{z] — I[r'] = kD{x — 2’), 


and the inequality of the lemma is proved by noting that J[r’] 2 7. 
Lemma 6.3. Let x be any surface in B, and 6 any positive number. There is a 
surface ) in B with affine components of monotonic deficiency S 6, and satisfying 


Dy — x] S$ 3e(Z[r] — 7)/k, 


where c is the constant of Lemma 6.1. 
Proor. Consider first the stationary point (a, 6:1, y:) of g. Perform the 
orthogonal transformation 


= at + By “+ Ne 
y* = ae + By + 112 
z*=art piyt yz 
The surface r becomes a surface r* with coordinate functions & , y*, 2*; X* = 
mX + BY + yZ etc., E* = E, etc., and J[r] = i f*(X*, Y*, Z*) dudv + 


kD[x*], whete f*(X*, Y*, Z*) = f(X, Y, Z). Also, g*(¥*) = g(%), and a sta- 
tionary point of g* is (X*, Y*, Z*) = (1, 0,0). Lemma 6.2 applied to r* estab- 
lishes the existence of a function £ having the desired boundary values, with 
monotonic deficiency <6, and Dig — &] < (J[r] — 1)/k. 

Likewise, using the other stationary points of g, there exist functions ts, bi 
enjoying analogous properties. 

Let 9 be the surface with £; , & , £3 as its affine components. It is the surface 
required by the lemma, in view of lemma 6.1.’ 

It is now easy to prove the main theorem of this section. 

THEOREM 6.1. There is a unique surface x minimizing I[r] in the set B of all 
surfaces having prescribed boundary values. Its affine components & , & , & are 
monotonic functions. 

Proor. Let r” be a minimizing sequence, J[r"] — 7. For each r”, construct 
the surface )” of lemma 6.3 with 6 = 1/n. Lemma 6.3 asserts that 


Diy" thr r”] wags 0, 





* It would seem that the most direct way to prove Lemma 6.3 and Theorem 6.1 is to level 
with respect to & then with respect to & and &. But this method fails here because & 
levelling relative to & may destroy the previously obtained levelling relative to & . 
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and Lemma 4.2 that 
Ify"] — J[r"] — 0. 


Therefore )” is also a minimizing sequence. 

By the properties of the affine components of y” stated in Lemma 6.3, a sub- 
sequence of the »"’s has affine components which converge uniformly to mono- 
tonic functions. This subsequence of the y"’s therefore converges uniformly to a 
surface r in S with these monotonic affine components. The lower semicon- 
tinuity of the J-functional shows that r is a solution to the minimum problem, 

Uniqueness follows from theorem 5.1. Q.E.D. 

Theorem 5.2 becomes 

TueorEM 6.2. The surface x minimizing I[r] in the set B of all surfaces with 
prescribed boundary values is characterized by the variational condition 


) [| te-2%dudo + 2KDIz, ax] = 0 


for all surfaces 6x of class X with boundary values 0. (If the points where X = 0 
formed a set of measure 0, the inequality would become an equality.) 

A surface x satisfying (V;) will be called an IJ-surface. It minimizes /[r] 
among all surfaces having the same boundary values. 


III]. CONVERGENCE, ISOPERIMETRIC AND CONTINUITY PROPERTIES OF [-SURFACES 
7. Elementary properties of [-surfaces 


We repeat the definition: an J-surface is a surface of class T which satisfies 
the variational condition (V;) stated above in Theorem 6.2. 

For the special case of the Plateau problem, when f = 0, J-surfaces are poten- 
tial surfaces. This part III is devoted to the proof of theorems concerning 
I-surfaces which are pertinent to our present use and are analogous to corre- 
sponding theorems for potential surfaces. The major device for proving these 
theorems is a comparison between J-surfaces and potential surfaces based on 
Lemma 8.1, 

7.1. If ris an I-surface, so is r + ¢. 

7.2. The property of being an J-surface is invariant under direct conformal 
mapping of the parameter (u, v)-plane. This follows from the invariance of the 
integral J under direct conformal mapping. 

7.3. The fact that the affine components £, &, & are monotonic can be 
expressed most aptly in terms of the concept of the monotonic quotient of a 
surface r(u, v). Consider any subregion G of the unit circle, with boundary 
diameter of r(u, v) over G 
diameter of r(u, v) over G* ” Deen ener 
and denominator are 0, q¢is taken as 1.) The monotonic quotient Q of the sur- 
face r(u, v) is the least upper bound of q¢ for all subregions G. If Qis ¥~, 
the surface z(u, v) is said to have a bounded monotonic quotient. (If r(u, v) 
isa saddle surface, Q = 1.) 





G*, and form the quotient g¢ = 
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Now, the totality of 7-surfaces has uniformly bounded monotonic quotient. 
For, from the equation (6.3) there follows the fact that the oscillation of each 
£; on G* is at most equal to the diameter of r on G*. By the monotonicity of 
£;, therefore, the oscillation of each £; in G is at most equal to the diameter of ; 
on G*. This and equation (6.4) show that the diameter of rx in G is at most 
equal to 3c times the diameter of r on G*, where c is the constant derived in 
Lemma 6.1. Thus, the monotonic quotient of r is at most 3c. 

7.4. A significant use of 7.3 is contained in the following easily proved result. 
A set of surfaces of class T with uniformly bounded Dirichlet integral and with 
uniformly bounded monotonic quotient is equicontinuous in every closed domain 
interior to the unit circle. 


8. Comparison with potential surfaces 


Lemma 8.1. Let r(u, v) be an I-surface, and G any region of the (u, v)-unit circle 
with boundary G*. Let p(u, v) be the potential function inside G having the same 
boundary values as r(u, v) on G*. Then 


(8.1) F lr] S Felp] — kDelr — 9). 
In particular, 

(8.2) Felt] S Felp] S k’Aclpl, 
and 


(8.3) Det — >) S * Adbl. 


Proor. Define the surface r’(u, v) by setting r’ = p inside G and yr’ = 1 
outside G. It is clear that r’ is of class T. Since r’ has the same boundary 
values as x, and ¢ is an /-surface, 


Z{x} = I[x'] 
or 
(8.4) Falt] + kDelt] = Falp] + Delp). 
But 
Ddp]| = Der] — Der — yl, 
and substitution in (8.4) yields (8.1). q.e.d. 

We shall find frequent occasion to use the potential surface defined over the 
unit circle having the same boundary values as r. This will be called the 
potential surface associated with r. 

9. An isoperimetric inequality 
By an isoperimetric inequality will be meant an inequality of the type 


Als] < KLfx? 
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applicable to a specified class of surfaces, where K is a constant for the class and 
L[t] is the length of the boundary of x. We shall establish such an inequality 
for J-surfaces, using one for potential surfaces. 

Beckenbach and Rad6 have established the usual isoperimetric inequality 
4 < L’/4e for sufficiently regular surfaces of non-positive curvature at each 
point.” Since potential surfaces have non-positive curvature, all that remains 
to obtain A < L’/4r is to establish the possibility of a conformal representation 
of a potential surface which does not lead to singular points. There are strong 
indications that this can be done. 

At any rate, a recent work of Morse and Tompkins implicitly contains an 
isoperimetric inequality for potential surfaces ({20]). They do not state any 
isoperimetric inequality, but their procedure yields A < KL’ with some constant 
kK. By aslight refinement in their methods, it is possible to establish A < L’/4. 
In this paper, we shall use 


(9.1) A < KL’ for potential surfaces, 
where we know that 1/4r < K < 1/4 and we expect the best K to be 1/41. 


THEOREM 9.1. For an I-surface x bounded by a curve of length L, we have 
KK 


A[r] < a L’ 


and 
BV comet 
Jiz] Ss (1 + EY KL? 
m 
Proor. Let p be the potential surface associated with r. Inequality (8.2) 
in Lemma 8.1 yields 
Flr] < k’Alp] S FKL’. 


The inequality mA[zr] < F[z] (see 2.3) gives the first inequality of the theorem. 
The second inequality is obtained from J[r] = F[r] + kA[x]. 


10. Convergence theorems 


THEOREM 10.1. Let {x} be any set of I-surfaces with boundary curves of length 
SL. Then the set {Ds{x]} for any closed interior domain S is uniformly bounded. 
In particular, the set {x} is equicontinuous in any closed interior domain S. 

Proor. Let {p} be the set of potential surfaces associated with {r}. It is 
well known that the set {Dg[p]} is uniformly bounded; in fact, Ds{p] < L?/xd’ 





“E. F. Beeckenbach and T. Rad6, Subharmonic functions and surfaces of negative 
curvature, Trans. Amer. Math. Soc., 35, 662-674 (1933). 

Tn the meantime, the author has obtained a completely elementary proof of A S 
l*/4r. Thus K can be set equal to 1/47. 
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where d is the minimum distance of points of S from the circumference of the 
unit circle. By inequality (8.3) in lemma 8.1, 
kK 


k’ 2 
Dir — p] S ; All < Er. 


The triangle inequality shows that 
sins 16 pila 1 PRY 
2 
Dit) = (Dal + V Dae — w* 5 (Fog + 4/*X) vt 

so that the set {Dg[r]} is uniformly bounded. 

Equicontinuity follows from 7.3 and 7.4. 

The remaining theorems discuss the limit surface of a sequence of J-surfaces. 

TurorEeM 10.2. Let rx” be a sequence of I-surfaces converging to a surface t 


uniformly in every closed interior domain S. Suppose also that Ds{r”] < M(S) 
for all n and every S. Then 


Is{x"] — Is{x]. 
Also, 
Ds[t" — xr] > 9. 


Proor. Since r” is an J-surface, condition (Vi) of theorem 6.2 is satisfied 
for r". Select p < 1, and ap” soon tobe determined between pand 6 = (1 + p)/2. 
Select 5r” as follows: 





f yy" in C, 
(10.1) or" = 4°" (pg — ") in Cy 

p” — p 

‘ 0 in Com 





In C, we have by (5.1) and (5.2), 
bx" = ¥ — X” — FX" 


where %, ¥" are the normal vectors for the surfaces x, x”. The variational 
condition (V;) for the surface r", together with 2D[r”, r — r”] = D[r] — D[t"] - 
Dir — r"], yields 


02) | [ fe-@— 8" — FX") dudv + k(De,le] — De, le"] — Do,l - #) 


= — | f fe-%" du do — 2Deo,,lt’, 3 


Cop” 
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We shall use (10.2) to estimate J¢,[r] — Ic,[r"]. We have 


Ie,lt] — Toft") 2 f [ @ — ¥")-fm dudo + k(De, le] — De, le") 


Cp 


> | [te dude + kDe, le - 2" 


ae / i] fer-d%" dudv — 2kDo, nr", 6x"l, 


Copp” 


by (10.2). The sum of the first two terms of the right hand member is = 0, 
by (2.d) and (2.4). Therefore, ; 


03)  Ze,le] — Ze, {z"] 2 — / / Sen 8%" du dv — 2kDe,»[x", br"). 








Cop” 
In Cy», by (10.1), 
ai 7 — 7 os cos 6 
(r")u = {—— (yy — rk) - —=— @ - 2’) 
y's y =.) 


or 


L(t") Sie — at + EOE, 
ed 
with similar results for (é6r"), . Consequently, 
De, »{6t"] S De, alt — x"] + 


max. |r 


7% ee 





wy FR PIE EL eGo" — p)De,nlt - 2D) 


n 2 
4 (= lr—x ) i” <p. 


ede 





Where the maximum is taken in the domain C;. Now select p” as follows: 
p" —p=max|r—r"|, 


Which approaches 0 as n — «. By hypothesis, Dc,.[r — x”) is uniformly 
bounded, and (10.4) results in 


(10.5) lim sup De, ,»[6r"] S lim sup De, [rt — xr”). 


It is a simple theorem, using merely the non-negative character of the inte- 
rand of the Dirichlet integral, that for any S there is a p < 1 and a subsequence 
of the n’s such that 


Sc i and De, lt —y r”] — 0 
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for this subsequence (and consider this subsequence henceforth)." As a result 
of inequality (10.5), 

(10.6) De, ,[6r"] — 0. 


And (10.6) together with the uniform boundedness of Dc,,»[r"] show that the 


terms appearing on the right hand side of (10.3) approach 0. Consequently, 
I¢,{t] 2 lim sup I¢,[r"]. 


But by lower semicontinuity, 


Ic,{r] < lim inf J¢,[r”). 
Finally, 
To,{z] = lim I¢,[z"). 
And this implies 
(10.7) Is{x] = lim J,{r”). 


To obtain the second part of the theorem, the combination of J[r] = F{r] + 

kD{x], the lower semicontinuity of F[r] and of D[r], and (10.7) give 
Ds{t] = lim Dg[r”]. 
And Lemma 4.1 yields Ds[r — r"] — 0. 

THEOREM 10.3 Under the same hypotheses as Theorem 10.2, x is an I-surface 
in every closed interior domain S. 

Proor. Let dr be any surface of class T which is identically 0 in the strip 
outside S. We shall show that the left hand side of (Vi) in Theorem 6.2 is upper 
semi continuous.” 

As a result of the second part of theorem 10.2, we have 


(10.8) [fix — ¥|dudv —> 0, 
and 
(10.9) [[ lox" - 2% | duds 0 





Proof. Let m(p) = lim. inf. Dc, ale" — x]. Let p:, p2, ++ , pg be distinct values of p 
for which m(p) 2a >0. For sufficiently large n the annular rings C, eu 7=1,2,°°°,% 


are non-overlapping, and ga S M, where M is a uniform bound for D[r* — rz]. Thus qs 
M/a and there are only a finite number of p’s for which m(p) = a, hence at most an enumer- 
able number of p’s for which m(p) # 0. The theorem is now immediate. 

12 If the points where ¥ = 0 formed a set of measure 0, the left hand side of (V:) would be 
continuous. It is the possibility that this set might not be of measure 0 that complicates 
the proof. 
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as in the proof of (4.3). Let o be the point set of S where X = 0; o” the point 
set of S outside o where X” = 0. Concerning o”, equation (10.8) gives 


/ | |X| du dv — 0, 
or 
(10.10) meas. o” — 0. 
Now, over S — a, 
(10.11) [[ too du dv —> | f fy-0% du dv 
S—¢ S—o 
This follows by writing 
[] e-ox" — fed) du do = | f fn (08" — 6%) du do 


S-—o 


+ [fe -fy)-8% dudo + [f fee — A208 au de, 


S—o—on o” 


and noting that each of these terms approach 0 by (10.9), (10.8) and (10.10) 
respectively, and the Lebesgue theorem on the passage to the limit under the 
sign of integration. 

Also, over the set o, 


Lf fee dudv S$ [[ sox du av— | f 46%) du dv 


a | seo du de 


since the argument for fz in the set o is 5X. 
Relations (10.11) and (10.12) lead to the desired result: 


| | te-08 dudw > lim sup | f tee- 8%" du dv. 


Of course, Ds[x, 6x] = lim Dg[z”, dr]. Thus we have established the upper semi- 
continuity of the left hand side of (Vi) in Theorem 6.2. 
Because each ry" is an -surface, there follows 


¢ 


(10.12) ¢ 





\ 


ee: du dv + 2kD{[z, 6x] 2 0 


for every surface 5r with values 0 on the boundary of S. This is (V1), so that r 
san J-surface in S. Q.E.D. 
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562 MAX SHIFFMAN 


In the above theorem, the reason that we do not assert that r is an J-surface 
over the whole unit circle is that the surface x may fail to be of class T on two 
counts: D[r] when taken over the whole unit circle may not exist, and r may not 
be continuous over the closed unit circle. : 

The next theorem discusses the boundary values of the limit surface of a 
sequence of J-surfaces. 

THEOREM 10.4. Let x" be a sequence of I-surfaces, bounded by the curves I", 
converging uniformly in every closed interior domain to a surface x whose Dirichlet 
integral exists. Suppose that the curves T" have uniformly bounded lengths and 
converge (in the Frechet sense) to a curve T. Then the surface x is continuous in 
the closed unit circle and has boundary values lying monotonically on the curve I. 

Proor. Select a proper representation g"(¢), 0 S ¢ S 2r, of each I” in such 
a way that g"(¢) converges uniformly to a proper representation g(y) of '. This 
is possible by virtue of the Frechet convergence of !" to T. The boundary values 
r”"(@) of x” have the form 

g"(A"(8)) 
where \"(@) is a continuous monotonic function of 6, and \"(@ + 2x) = 
"(0) + 2Qr. 

It is a classic theorem (see [10]) that a sequence of bounded monotonic func- 
tions contains a subsequence which converges. Applying this to \"(6), and 
denoting the resulting subsequence again by \”(@), we have \"(@) converging to a 
monotonic function \(@) (which may have jump discontinuities). This subse- 
quence has an interesting property which is less restrictive than equicontinuity 
and will be called weak-equicontinuity. 

A sequence of functions f"(P) defined over any metric space will be called 
weakly-equicontinuous at a point Po if for any positive ¢ there is a positive 6 
with the following property: for any closed connected set A in the 6-neighborhood 
of Po which does not include Py , an N (depending on A) can be found such that 
the oscillation of f"(P) on A is less than ¢ for all n = N. 

The modifier ‘‘weak” refers to the exclusion of the point P, from the set A. 
It is easy to prove that the sequence \"(@), converging to (0), is weakly-equi- 
continuous at every point. 

Because of the uniform convergence of g"(¢) to g(¢), the convergence of 
”(8) to (6) leads to the convergence of g"(A"(0)) tog(A(@)). Likewise, the weak- 
equicontinuity of \"(6) leads to the weak-equicontinuity of g”(d"(@)). 

Let p”" be the potential surface associated with r”, i.e., the potential surface 
with the same boundary values g"(\"(@)) as r". It is a standard theorem of 
potential theory (see [10]) that p" converges to a potential surface » whose 
boundary values are g(A(@)) at the points of continuity of q(A(@)). By (8.3) 
and (9.1), 

Be -ssiasini k/K 
<7 Abs. 


sirce the lengths 1(I") are uniformly bounded. Letting n > @, 


(10.13) D{r" — »"] Li’"y s M 
















Co = oS 





two 
not 


fa 


i 
hlet 
und 
Mn 


ich 
his 


ues 


ne- 
nd 


0 & 
ity 


led 
a) 


at 





INSTABILITY IN THE CALCULUS OF VARIATIONS 563 


(10.14) D{xr — »] S M. 


Since D[r] is finite by hypothesis of the theorem, it follows that D[p] is finite. 

The boundary values g(A(@)) of p have at most jump discontinuities. The 
finiteness of D[p] then establishes (as in [12] and footnote 13) the continuity of p 
in the closed unit circle. In particular, the boundary values of » are continuous, 
so that at any point % of the boundary 


lim g(A(@)) = lim g(A(@)). 
0 09t 0-9 9~ 


This shows that any discontinuities that g(\(@)) may have are removable dis- 
continuities. 

Because of the continuity of g(A(@)), it follows that the sequence g"(\"(@)) 
oscillates about the same value on both sides of the given point %. That is, 
in the definition of weak-equicontinuity, the oscillation of g"(A"(@)) on any 
closed (not necessarily connected) set A, which may lie on both sides of but 
does not include 4 , is less than ¢ for alln 2 N. By using the Poisson integral 
representation for the potential function p", and this property of the sequence 
q"(\"(@)), it is easy to demonstrate the weak equicontinuity of the sequence p". 

Let 6 be any point on the unit circumference, and introduce polar coordinates 
(R, ¥) with the point 4 as pole. Indicate the region of the unit circle cut off 
by a circle of radius R about 6 by Ke , and the arc of this circle of radius R by 
K;. Let ¢ be arbitrary, and let 6 be the quantity stated in the definition of 
weak-equicontinuity for the sequence p", i.e., the diameter of each p" on a closed 
set in Ks , not including @ , is less than e for all sufficiently large n. 

Let 8 be any closed set in the region K,; not including the point % , where 
»=¢*7™*'@ and M is the constant in (10.13). Because of (10.13), there is an 
are Kj where 78 < p” < 4, on which the diameter of r” — p” is less than «.” 
let 5, (depending on 8) be such that % lies outside K;,. As previously, there 
isan are K ie where 4; S pi < 6, on which the diameter of r" — p”" is less than e. 
Since r" — p" = 0 on the unit circumference, we see that the diameter of r" — p” 
on the boundary of the ring shaped region enclosed by the ares K i Kj, is < 2c. 

Now, by the weak-equicontinuity of p" and the choice of 6, the diameter of p” 
on the ring bounded by the ares K3;,K ; is less than « for all sufficiently large n. 
For these n therefore, setting r” = (r” — p”") + p", the diameter of x" on the 
boundary of the region enclosed by the ares K o Kin is less than 3e. By property 


73 of an J-surface, the diameter of r” in the region Ky K> is less than 9ce!! 


Because B is included in this region, we have proved that the diameter of r” over 
the closed set B is < 9ce for all sufficiently large n. 

Likewise, since the diameter of p” over K3;,K3 is < efor all sufficiently large n, 
the diameter of r” — p” over Bis < (9c + le. 


“In any annular ring p, S r S p2 there is an are on which the diameter of 


‘ 4rD{y] \1/2 
yis Ss casthtedaaniatee, 4 " . 
(** 1) See [12], p. 688-9 
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564 MAX SHIFFMAN 


By a passage to the limit it follows that the diameter of r over the set 9 jg 
< 9ce, while the diameter of r — p over Bis S (9¢ + l)e. Since Bis any closed 
set lying in K,s, but not including ®, the diameter of r and r — p over the 
region ‘Xs is S 9ce and (9c + 1)e respectively. This establishes the continuity 
of r over the closed unit circle, and the identity of its boundary values with those 
of p. The theorem is proved. 

Incidentally, if the finiteness of D[r] is not assumed as it is in Theorem 10.4, 
one could still prove that r behaves near the boundary exactly like the potential 
surface p. : 

Referring to the above theorem, if the limit curve is a Jordan curve only two 
situations can present themselves: the boundary values of r are either constant 
or the whole of I. In the latter situation, the convergence of x” to r is uniform 
in the closed unit circle. 

Theorems 10.1 to 10.4 will now be combined into a form pertinent for later use. 

THEoreM 10.5. Let I” be a sequence of curves of uniformly bounded length 
converging (in the Fréchet sense) to a curve T. Let xr” be an I-surface bounded by 
r”,n = 1,2, +--+ , and suppose that D[r"] < M for alln. Then a subsequence of 
the x" can be found which converges uniformly in every closed interior domain to an 
I-surface x with boundary values lying monotonically on T. 

Proor. This is a consequence of Theorems 10.1, 10.3, and 10.4. 


11. The continuity theorem 


As stated in the introduction, continuity considerations must play a vital role 
in the proof of the existence of unstable extremal surfaces. The following 
theorem is a generalization of a similar theorem due to Morse and Tompkins 
concerning the continuity of the area of potential surfaces ((20])." 

THEOREM 11.1. Let x", bownded by I”, be a sequence of I-surfaces converging 
uniformly to the I-surface x bounded by T. Suppose that L(T”") — L(T). Then 


J[r"] — J{z] 


(and A[x"] — A[r)]). 

Proor. We have already established, in Theorem 10.2, the continuity of all 
the relevant functionals when taken over any closed interior domain S. It 
remains to investigate a boundary strip, and to show that the area of the /- 
surfaces r" when taken over such a boundary strip can be made uniformly small 
by making the boundary strip sufficiently narrow. This will be done by using 
the analogous continuity theorem of Morse and Tompkins referring to potential 
surfaces. 

Let « be given. Because D[r] exists there is a p’ such that 


De,’ lz] < € 





14 The continuity theorem and the isoperimetric inequality are closely related, as shown 
in [22]. 
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By theorem 10.2, 
De,:,lt" — 1 > 0, 


1+)’ 


where p” = 5 3 ; by an easy estimation there is a p between p’ and p’’ such 





that the length of r" — ron Cc approaches 0. The length of xr” on this circle Cc; 
approaches the length of r on Phe. ; and, 


De,,{(t] < € 


Let p", » be the potential surfaces in the strip C,, with the same values as 
r, ron C, and C,. We have firstly 


Ac,,[p] Ss De,,[p] Ss De,,{t] < € 
and secondly by the theorem of Morse and Tompkins, 
Ac,,[p"] > Ac,.[P] 


since the lengths of the boundary curves are continuous. For sufficiently large n 
therefore, 
Ac,,[p"] < 2e 


and 
F¢,,[p"] < 2k’e. 


The connection between the J-surface x" and the potential surface ‘p” is con- 
tained in Lemma 8.1. That lemma yields 


Fe,,[t"] < Fe,[p"] < 2k’e, 
so that, by 2.3, 


Aca lt") < ~e 


and 
(11.1) Je,lt"] < (2 + aoa 


Alike inequality holds for J c,,(z]. 

These are the desired inequalities. They show that A[r”] and J[z"] can be 
made uniformly small when taken over a sufficiently narrow boundary strip. 
The completion of the proof is clear. By (11.1), 


(11.2) | Je,,le"] — Je,,[e]| < (48 + ee 


And Theorem 10.2 (and Lemma 4.3) applied to the circle C, gives 
| Je,[r"] = Jc,{t] | <€ 
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566 MAX SHIFFMAN 
for sufficiently large n. Combining with (11.2), 
n 4kk’ 
| J[x"] — Jir]| < (1 + 4k’ + es 


and Theorem 11.1 is proved. 


IV. ExTREMAL SURFACES BOUNDED By [ 


12. Extremal surfaces 


We are now prepared to attack the main problem: to find surfaces bounded 
by the given rectifiable Jordan curve T which are critical for Z[z]. The problem 
decomposes itself into two parts. In the first, the boundary values on the 
circumference of the (u, v) unit circle are held fixed—critical-surfaces are there- 
fore I-surfaces. In the second part, which is the concern of this section IV, 
the boundary values are varied. The variations which were used in the Plateau 
problem are suitable, and do not affect the integral F[r]. The results of these 
variations are identical to those in the Plateau problem, and we shall be able 
to conclude that E = G, F = 0 almost everywhere for a critical surface. This 
section IV is an elaboration of [22]. 

Before we proceed, we define an extremal surface. It is an I-surface for which 
E = G, F = 0 almost everywhere.” An extremal surface is extremal for the 
integral J[r] as well, since (V1) together with EH = G, F = 0 almost everywhere 
can be written 


[[ re-3% du dv = 0 


where h(¥) = f(¥) + k|X|. , 

For an extremal surface x, J[x] = J[r]. Every theorem in section III yields 
a corresponding theorem involving the J-integral of an extremal surface. The 
following are pertinent. 

THEOREM 12.1. Jf x is an extremal surface bounded by a curve of length L, then 


I [x] Ss KL’, 

where x ts a constant. 

THEOREM 12.2. Let x” be a sequence of extremal surfaces bounded by I” con- 
verging to the surface x bounded by T, and suppose that L(T!") > L(T). Then 

(a) Z[x"] — I[x]; 

(b) x is an extremal surface. 

Proors. Theorem 12.1 is an immediate consequence of Theorem 9.1. Con- 
cerning Theorem 12.2, we have 





‘» There is an interesting question related to this. Cana given surface have two different 
representations of class E, in both of which E = G, F = 0 almost everywhere, without being 
related by a linear transformation of the unit circle? Counter-examples are easily con- 
structed if the representations are not required to be of class T. 
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(12.1) J{z] = lim J[z”] = lim J[r"] 
by Theorem 11.1, and 
(12.2) Z[{z] <= lim inf [[r"). 


The inequality J{r] < J{r] and (12.1), (12.2) give 
I{z] = lim J{r"] 


and : 
I{r] = Jz]. 


The first of these equations is Theorem 12.2a), while the second of them estab- 
lishes D[r] = A[z] which can occur if and only if E = G, F = 0 almost everywhere. 
This proves Theorem 12.2b) since r is already known to be an J-surface by 
Theorem 10.3. 


13. The space 2% of admitted surfaces and the approximating spaces 


DerFINITION 13.1. The space & consists of surfaces r satisfying: 

(i) ris of class T; 

(ii) r maps the unit circumference monotonically onto I; 

(iii) x maps three specified points 4; , 4 , 63 of the unit circumference into three 
specified points P;, P2, Ps; of T (three-point condition). 
The distance | r — 9 | 1 between two surfaces of % is defined as 


(184) )e— oh = Dy 5g maximum | x(r, 6) — W(r, 6) | 
n=1 r<1—(1/2n) 
using polar coordinates (r, 6). 

For given boundary values, J[r] is minimized by an J-surface. We therefore 
introduce a subspace % of Y. 

DrFIniTIon 13.2. {& is the subspace of % consisting of the J-surfaces in Y. 
(By the comment before Theorem 10.5, the metric (13.1) is equivalent to the 
uniform metric in &.) 

By Theorems 6.1 and 5.3, the space % can be J-retracted into the subspace 3, 
so that our considerations may be limited to $. And & has the following property, 
an immediate consequence of Theorem 10.5. 

THEOREM 13.1. Sy is compact, where $y consists of those surfaces ¢ in 3 for 
which I[r] < N. 

A descriptive name for a subspace of & which enjoys the retraction property 
stated above and the compactness property of Theorem 13.1 is a ‘core’ of Y. 

To establish the existence of unstable critical points it is necessary to prove 
some attribute of the functional J[r] and the space $ analogous to ‘reducibility.. 
This is usually difficult and has been accomplished in the Plateau problem for 
specific classes of boundary curves (cf. [17], [18], [19]). This obstacle is overcome 
here by introducing certain approximating spaces. 

The approximating spaces %” wi!! be obtained by considering curves lying in 
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certain piecewise convex regions surrounding I. Decompose I into m consecy- af sl 
tive arcs a1, a2, °*-* , @m (denote the collection {a:, a2,---, am} by a), and in th 
enclose each a; in a closed convex point set H; (e.g., by forming the convex hull prot 
of «;). The piecewise convex region is the point set H = >°7%,H;. Sucha [-su 
covering of I’ by convex sets H; will be called a convex covering of T. The x"( 
maximum of the diameters of H;, 7 = 1, 2,-+--, m, is the diameter of the solu 
covering and is denoted by 6(#). iden 
: It is convenient to limit the present considerations to a special kind of recti- D 
4 fiable curve I’, a Jordan curve of type 8. It is a curve which admits of convex surf 
hia coverings of arbitrarily small diameter with the property: only consecutive H,’s T 
ay é have a non-zero intersection. In section 17 we shall sketch the procedure in the on t 
, general case. P 
DeFInitI0N 13.3. The elements of the space %” are surfaces r satisfying the 1(8) 
following conditions. 
(i) ris of class T. (18. 
(ii) The boundary of r has length S L(T). 
(iii) The unit circumference can be decomposed into m consecutive overlapping whe 
ares 8; , B2, °°: , 8m which are mapped by r into Hi, H2, --- , Hm respectively 
(the set {8:, Be, ++ , 8m} is denoted collectively by 8). 
(iiii) There are ares 6; containing 6, 42, or 6; which correspond to sets H; and 
containing P, , P; , or Ps; respectively (three point condition). 
Also, surfaces which differ by a constant are identified. The distance | r — |: Var 
is defined by (13. 
lz — |, = lim. inf. Jr —y + ch q 
: (13. 
where | - - - |; is defined in (13.1). Cor 
If x and y differ by a constant, J[r] = I[y]. The totality of all surfaces identified 
to a given surface will still be called a ‘surface’. (13 
It is clear that AX” D A. 
DEFINITION 13.4. The subset of %” consisting of those surfaces which satisfy wh 
definition 16.1¢c) for a given set 8 = {6:, Bo, --:, Bm} of arcs is denoted by 
a” (8). be | 
The significant properties of (8) are: (13 
(a) (8) is convex—if ro and 4, belong to %(8), so does x, = (1 — tm + th Th 
for0 S¢ <1. This follows from the convexity of each H; and from the con- 
vexity of the length of the boundary of x, as a function of ¢: L[r,] S$ (1 — ) Ln) + (13 
tL{x:). Set 
(b) (8) is closed—if the surface r of class T is the uniform limit of a sequence kes 
of surfaces in (8) then x lies in %"(8). This follows from the closedness of of 


each point set H; and the lower semicontinuity of length. yf" 

(c) If x and y are any two surfaces in %"(8), the boundary values of r — 9 ae 
are in absolute value < 26(7Z). . 
The properties a) and b) permit the application of the theory of convex sets 
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of surfaces developed in II, §§5, 6. Consider the problem of minimizing /[r] 
in the set 1" (8). By Theorems 6.1, 6.2, it suffices to consider for this minimum 
problem merely the J-surfaces in %"(8). Let r” be a minimizing sequence of 
[-surfaces. By Theorem 10.5, there is a limit surface x which is an J-surface in 
y"(8)—this is the solution to the minimum problem. By Theorem 5.1 the 
solution is unique (except for translations, but all translated surfaces have been 
identified). The solution is denoted by r(8). 

DeriniTION 13.5. The space 3” is the subspace of %” consisting of the 
surfaces r(8) for all possible £. 

TarorEM 13.2..° The surface x(8) and the quantity I[x(8)] depend continuously 
on the collection B = {Bi Be , eat Bul. 

Proor. Let 6” be a sequence approaching 8. Abbreviate the surface 
1(3) by x. Perform the following transformatiog of the unit circle into itself:"’ 


R = re*®*” 
{i = 6+ eu(r, 6), 
where \(r, 6), u(r, 8) have continuous and bounded first derivatives, 


{]Ar], | Aol, lor], lmol} < AM 


(13.2) (1, 6) = 0 


1 
and where | ¢€| S 4° The Jacobean of the transformation is = }e*° > 0. 


Vary r by setting 


(13.3) y.(R, >) aa r(r, 6). 
The functional F[z] is invariant under changes of parameters, 
(13.4) Fly] = F{rl. 


Concerning the Dirichlet integral, 
(13.5) Diy] = Dir] + 3 / / { (up — rr) (E’ — G’) — (rue + do) 2F’}r dr dé + €'B 


where E’ = x°, F’ = B t%, G’ = 5 rs, and B is a certain integral which can 
r 
be estimated by 


(13.6) |B| S 144D[z]-M’. 
Thus, 9, is of class & and belongs to %*. And, 
(13.7) I{y.] — I[r] if «MM — 0. 


Setting \"(r, @) = 0, it is elementary to select e"u"(r, 6), so that the image of 8 
under the transformation (13.2) is 8" and such that the first derivatives 
of e"u"(r, 6) uniformly approach 0 as n — «©. The surface y» then belongs to 
¥"(8"), and (13.7) yields 





‘6 This theorem and its proof are modelled after [19]. 
" For similar transformations and detailed calculations, see [17], p. 850. 
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(13.8) I{r(8)] = lim I[y] = lim sup I[z(6")]. 


In particular, the quantities J[r(6")] are uniformly bounded. 
On the other hand, by Theorem 10.5 a subsequence of the r(8") converges 
to a surface 3 in %“(8). Hence, 


(13.9) I{x(8)] S I[j] S lim inf I[x(6")]. 
Inequalities (13.8) and (13.9) result in 

(13.10) Z[{x(8)] = lim J[r(8")] 

and 


Z{3] = Z[x(8)]. 
But then 3 = r(@), and . 


(13.11) r(8") — x(8). 


Relations (13.10) and (13.11) are the statements of the theorem. 

Theorem 13.2 can be stated in a more revealing form. It is equivalent to the 
following two theorems. 

TuEoreEM 13.3. Sx is compact. 

TueroreM 13.4. The functional I[r] is continuous in the space 3". 

Also, by Theorem 5.3, %” can be J-retracted into $3”. ‘Phe subspace 9" 
is a core of 2%". 


i4. Unstable critical points in 3”. 


Theorem 13.4 shows that the general critical point theory of Morse applies 
to the functional J[r] in the space 3”. However, for the limited purpose of 
demonstrating the existence of unstable extremals whenever two stable extremals 
exist, it is not necessary to resort to the Morse theory. One need merely pro- 
ceed as follows. Given two surfaces x and r’ in 3”, join them by a minimizing 
closed connected set C' of surfaces in 3”, i.e., a closed connected set C on which 
the maximum i of J[r] is the smallest possible among all closed connected sets 
in 3” joining x, x’. Such a minimizing connected set C exists as a result of 
theorems 13.3 and 13.4. If7is greater than both J[r] and J[r’], it is easy to prove 
(by a Heine-Borel argument) that C must contain a surface 3 at its ‘top’, [[3] = +, 
which is ‘critical’. A surface 3, with I[3] = i, is said to be ‘critical’ if no neigh- 
borhood of it in $7 can be deformed in 37 into a set lying in $%_, for some positive 
n. Criticalness is a topologic attribute of a surface, while extremality is analytic. 
We shall show in the next section that a critical surface is extremal (but not 
necessarily the reverse). Anticipating this result, we obtain from Theorem 12.1 
that I[3] < «L* for any critical surface, where L is the length of T. 

Summarizing, we may state the following theorem. 

THEOREM 14.1. Any two surfaces 11, t2 in 3" can be joined by a minimizing 
closed connected set C of surfaces in 3". The maximum i of I{x] on C is S max. 
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Tle), Tze), xL’} ; if i > max. {J[t:], Z[z2]} then C contains an extremal surface 3 
for which I{3] = 2. 
15. Critical surfaces are extremal surfaces 


For any surface r = x(8) in 3” denote the coefficient of ¢ in the expansion of 
[ly] due to the variation (13.2), (13.3) by éJ[r]. By (13.4), (13.5), 


(15.1) lr) = sii {ue — TAr)(E’ — G’) — (ru, + Xo)2F’}r dr dé. 


Lemma 15.1. For given d, u, 51[x] depends continuously on x in 3". 

Proor. The lemma is a consequence of the continuity of J[r], and therefore 
of Diz], in 3” and Lemmas 4.1, 4.2. 

Suppose that for a surface % in 3” we had 6I[%] ~ 0 for some choice of r, H- 
By Lemma 15.1 there is a neighborhood of x in $” such that 4J[r] has the same 
sign as 6] [zo] and 


(15.2) | 6Z[x] | > 3 | SZ [xo] | 


for any surface x in this neighborhood. Let 8* be the image of 8 under the trans- 
formation (13.2), and consider the surface r(8‘) in 3”. From (13.4) and (13.5), 


I[x(8*)] S Ify) = I[r] + 51 [x] + &kB. 
— the sign of « opposite to that of 6/[x], limiting « to 0 S |e] < 
aaa bad , and using (15.2) and (13.6), we have 
me(@) = Tel — '¢! | arte. 


This inequality shows that a neighborhood of y can be J-deformed so as to 
2 
| ih) | ,: In other words, 
144kMD{[r]-4 
& is not a critical surface. We have proved the next Theorem 15.1. 
TueorEeM 15.1. A critical surface m 3" must satisfy 


decrease the J-integral by at least the amount 





WV) ff ue = 2rny(B = @) = Crue + A) 2P"}r dr a0 = 0 


for all X, » with continuous and bounded first derivatives satisfying \(1, 6) = 0 
TaEorEM 15.2. A critical surface in 3” is an extremal surface. 
Proor. It is required to show that (V2) implies Z’ = G’, F’ = 0 ra 
—" Let P(u, v), Q(u, v) be any two polynomials and determine A, u 
80 that 


(15.3) A(1, 0) = 0 
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a Tr => rP 
ai ad += —7Q. 
This is possible because one can first choose A to satisfy (15.3) and 
(15.5) Ady = —(Q + 2P + rP;) 


where A is the potential operator. It is well known that such a function ) 
exists (and in fact can be expressed in the form of an integral) and has continuous 
and bounded first derivatives (and is even analytic including the unit circum- 
ference). Then » can be determined from (15.4). For this choice of \, y, 
(V2) becomes 


(15.6) / / {P(E’ — G’) + QF’}r' dr de = 0 


for any two polynomials P, Q. 
It follows by a passage to the limit that (15.6) also holds for any two bounded 
measurable functions P, Q. 
Select 
= signum (E’ — G’) 
Q = signum F’ 


where signum f = +1, —1, or 0 according as f > 0, f < 0, or f = 0 or undefined 
respectively. Equation (15.6) becomes 


[fue -—e@|+ Piya =0 


or E’ — G’ = 0, F’ = 0 almost everywhere. Q.E.D. 
16. Passage to the limit to obtain unstable extremal surfaces in $f 


The passage to the limit will be conducted by selecting a sequence of piecewise 
convex regions H surrounding I for which 6(H) > 0. Every surface in 9” has 
a boundary curve which approaches T in the Fréchet sense as 6(H) — 0. We 
expect that 3” approaches 3 as 6(H) — 0, and this is the content of the next 
theorem. ; 

THrorEM 16.1. Sy = lim 3¥ as 6(H) > 0. 

Proor. It is clear from Theorem 10.5 that every limit surface for the sequence 
Sy is a surface in Sy, ice., 


Sy DP lim 3%. 


For an inequality in the reversed sense, let r be any surface in $y, and de- 
termine for each H a ” such that r belongs to %”(8”). Consider the surface 
r(8") in 3”. We have I[r”(8")] < I[r] S$ N, and the boundary values of 
r’(g") differ from those of x in absolute value by at most 2-6(H). Letting 
5(H) — 0, the boundary values of r“(8”) converge uniformly to the boundary 
values of r, and so r“(B") converges uniformly to an J-surface y with the same 
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poundary values as x. But then = x. Thus, r“(8") converges uniformly to 
ras (H) > 0, and $v C lim Qy. 

Marx ToEorEM 16.2. If the rectifiable Jordan curve T of type R (defined in 
$13, p. 568) bounds two extremal surfaces which are proper relative minima, then 
T hounds an unstable extremal surface. 

Proor. Let the two extremal surfaces be r’, r’. Let H be any piecewise 
convex region surrounding T. Suppose that r’ C %“(@’), r’ C wW"(B”) and 
consider x“ (8’), r“(8”’) in 3“. By Theorem 14.1, r“(6’), r“(6”) can be joined by 
, minimizing connected set C” lying in 3%m where 7” is the maximum of /[r] 
on C” and i” < max. {J[z'], I[r’], «L’}. 

Choosing a sequence of H’s for which 6(H) — 0 and for which i” approaches 
a limit 7, all the limiting surfaces of the sets C” form a connected set C in I; . 
This follows from Theorems 16.1 and 13.3. The connected set C contains r’ 
and x’. Since x’ and xy” were proper relative minima, i > max. {J[r’], Z[{r’’]}. 
Hence for all H with sufficiently small 6(H), 


i > max. {J[z’], Z[x’]} 2 max. {J[r"(8’)], Z[e"(68")]}. 


Theorem 14.1 shows that there must be an extremal surface 3” on C” for which 
I"] = 2”. 

A subsequence of the 3“’s approaches a surface 3 which is extremal by theorem 
12.2(b), and for which J[j] = i by Theorem 12.2(a). This extremal surface 3 
lies on C and is the required unstable extremal surface. Q.E.D. 


17. A sketch of the procedure for any rectifiable Jordan curve I 


We have heretofore supposed that I was a Jordan curve of type &. If this 
limitation is removed certain modifications must be made, beginning with the 
Definition 13.3 of 9%”. The surfaces admitted to A” must now include degene- 
rae surfaces composed of several pieces. Degenerate surfaces of a different 
type but with a similar motivation were introduced in [21], and we refer the 
reader to [21] for a discussion more adequate than the brief description below. 

A degenerate surface rx is defined over several unit circles, each of the various 
pieces being called a constituent of r. The unit circumference for each con- 
stituent is divided successively into ares Bi, , 8i,,°** , Bi, Where i < % < 
‘+ < i and the corresponding H;,, H:i,,--:, Hi, consecutively overlap. 
The various constituents are interrelated as follows: it is possible to join the 
unit circumferencé at single points where r has the same value, breaking the 
circumferences at these points, so that the arcs 6:1, 6:2, --- , Bm arrange them- 
selves consecutively. Finally, each constituent of r is normalized, e.g., by a 
suitable three point condition. 

A sequence of ordinary, non-degenerate, surfaces can converge to a degenerate 
surface only if some of the arcs 8; approach a point. The limit degenerate 
surface will consist of the limit over the unit circle in the usual sense plus all other 
limits over different unit circles obtained by performing suitable linear trans- 
formations on the surfaces of the sequence. 
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Continuing with the development of section 13, one has the subset %"(g) 
and the surface r(8), where 6 now includes the type of domain as well as the 
positions of the arcs 61, -+:, 8m. To prove theorem 13.2 in case the limit 
surface r is degenerate, vary each of the constituents of r as in §13 and then 
piece them together by using a device similar to one in [13], p. 79, 80. This 
would establish the continuity of J[r(8)] and with it Theorems 13.2, 13.3, 13,4. 

A degenerate surface is called extremal if each of its constituents is extremal. 
The isoperimetric inequality still applies since it applies to each of the constitu- 
ents and the total length of all the boundaries is S$ L. Theorem 15.2 is the only 
remaining fact required for the proof of Theorem 14.1. 

To establish Theorem 15.2, let xo be a degenerate surface of which one of the 
constituents Lo is not extremal. The expression (15.6), taken over the unit 
circle C’ of Lo , is ~ 0 for some choice P, Q of functions which vanish in a strip 
near the boundary of C’ and have continuous derivatives. Select d, u to satisfy 
(15.3) and (15.4). Normalize all surfaces r near zp so that one of the constituents 
of x is normalized in the same manner as ro. The expression (15.1) for I{x] 
varies continuously with r since ue — TA, = Tur + Ae = O in a boundary strip 
and J[r] is continuous in closed interior domains (theorem 10.2). The reasoning 
of §15 completes Theorem 15.2. 

Lastly, §16 can be repaired as follows. If x is degenerate, define the major 
constituent of x as that constituent whose boundary curve is the longest (if 
5(H) is small). Denote the major constituent by r’, its boundary curve by I”, 
the length of I’ by L’. Let the lengths of the boundaries of all the other con- 
stituents of r be 2, L;,---,lyx, sothatl’+ Lh +h+:::+h SL. 
If 5(H) — 0, it is clear since T is a Jordan curve that I’ — I, whence L’ = L. 
Thus all the other lengths Lz , L; , --- —> 0, and the limit of r is merely the limit 
of its major constituent in the usual sense. Also, the value of the integral J 
over all the constituents other than yr’ is < «(Li + L; + ---) S x(L —L’, 
which approaches 0 as 6(H) 0. Hence J[r] — I[r’] — 0 as 6(H) — 0, and the 
continuity Theorem 12.2 applies. The main Theorem 16.2 is established for 
any rectifiable Jordan curve I. 

Remarks. We shall first comment on the restrictions made in §2 concerning 
the integrand of our double integral problem. The first restriction is that the 
integrand does not involve x, y, z explicitly, an assumption used rather essen- 
tially in §6 where a ‘limit’ surface is obtained from a minimizing sequence. If 
this limitation is removed, the ‘limit’ surface can be obtained in some other 
manner, e.g., in the sense of weak convergence as in the existence theory of 
Morrey [5]. The corresponding modifications, beginning with the variational 
condition in Theorems 5.2 and 6.2, would be unessential. 

The other major assumption is 2.4, which asserts that the integral under 
consideration is dominantly an area integral. This drastic limitiation was used 
in a vital way in the uniqueness theorem of §5, and it is not so easily removed. 
Without this assumption, the uniqueness Theorem 5.1 may fail, causing the whole 
structure of this paper to collapse. One could still discuss J-surfaces, and many 
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of the theorems of part IIT would be valid. But it is of no avail to introduce the 
space 9“. It seems to the author that it might suffice to establish the validity 
of the Morse theory for the set 8 of surfaces with given boundary values. 

Concerning the general Morse relations of which our main Theorem 16.2 is 
a special case, it should be pointed out that it is possible to establish a slightly 
weaker form of the usual Morse theory (cf. [22]). But we shall not prove this 
result here since it indicates that the usual Morse theory is in need of revision. 
Furthermore, the following question is still unanswered: how to characterize an 
extremal surface of given type.” In the usual Morse theory, this problem is 
completely divorced from all other considerations. 

Finally, let us note that the ease of polygonal boundaries does not require any 
passage to the limit (cf. [19]). And one can establish the existence of unstable 
extremal surfaces bounded by several non-intersecting rectifiable Jordan curves 
by using the method in [21]. 
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ON THE THEORY OF INDEFINITE QUADRATIC FORMS 


By Cari Lupwia Srece. 
(Received December 20, 1943) 


1. Introduction 


Let S be a non-singular real m-rowed symmetric matrix and let 2(S) be the 
group of all real matrices Ul satisfying S[U] = ©. By the transformation ¥ > 
IX the space of all non-singular real matrices X‘”’ is mapped onto itself; if °” 
is any real symmetric matrix with the same signature as ©, then the 4m(m — 1)- 
dimensional surfaces S[¥] = YW remain invariant. We consider the m’ variable 
elements of ¥ as differentiable functions of the $m(m + 1) independent elements 
in % and of 34m(m — 1) new independent variables 1 , uw, , --- ; let & denote the 
absolute value of the jacobian of this transformation of variables. The formula 


(1) dy = | WS" | bdujdw --- 


defines a volume element on the surface S[¥] = WW which is invariant under 
0(S); on account of the factor | WS | *, this volume element does not depend 
upon YW. If p» denotes the volume of the space of the m-rowed orthogonal 
matrices ¥ obtained for S = WW = G, then 


g*!* 
oo = IT T(k/2) ° 


Let © be a given real matrix with m rows and n columns, of rank n, let 9) be 
a variable real matrix with m rows and m — n columns, and set ¥ = (G, 9). 
For all U in the subgroup 2(6, G) of 2(S) defined by the condition UG = G, 
the transformation ¥ — UX maps the X-space onto itself, and the 3#(m — n) 
(m — n — 1)-dimensional surfaces S[%¥] = 8 remain invariant, W denoting any 
real symmetric matrix of the form 


® = beg a). T = S[6), 

with the same signature as G. The matrices 9) and ©, ® are connected by the 
equations G@’SY) = O, S[Y] = R. We consider the m(m — n) variable ele- 
ments of 9) as differentiable functions of the }(m — n)(m + n + 1) independent 
elements in OQ, R and of 3(m — n)(m — n — 1) new independent variables 1 , 
,**+. If denotes again the absolute value of the jacobian of this trans- 
formation, then (1) defines a volume element on the surface ©[%] = %® which is 
invariant under 2(G, @). 

Assume now that S and © are integral, and denote by '(S) and I'(S, G) the 
subgroups of all integral 11 in 2(S) and Q(S, G). Let p(S) be the volume of a 
fundamental domain on the surface S[¥] = % with respect to the discontinuous 
subgroup I'(S) of Q(S), computed with the volume-element (1), and let p(S, ©) 
be the analogous volume for r'(S, @). These volumes are independent of B. 
577 











S lemlinedineishe ide 
35 
4 


Pye ee 
ate? ah Ls 5 - 
“ 























































578 - CARL LUDWIG SIEGEL 


Two matrices @; and Gs are called associate, relative to I'(S), if there exists 
at least one element Ul of ['(S) such that G@. = UG. Let F be an integral n- 
rowed symmetric matrix, not necessarily non-singular, and let G run over a com- 
plete set of non-associate integral solutions of S[G] = fT, of rank n; then we 
define 


(2) u(S, E) = Lol, ®)/o(S), 
the measure of the representations of f by S. For positive S and T we have 
u(S, XT) = a |S|"? |r|’ "MAG, 5), 


where A(G, &) is the number of all representations of T by S; consequently, for 
indefinite quadratic forms, the measure u(S, T) is an equivalent of the Tepre- 
sentation number. 

On the other hand, we consider the number A,(S, £) of modulo q incongruent 
integral solutions G of the congruence ©[@] = T (mod q), where q is any posi- 
tive integer. In particular, let ¢g = p'(l = 1, 2, --- ) run over all powers of a 
given prime number p and define 


a,(S, T) aie lim gf TANS: $), 





the p-adic density of the representations of & by S. 
Our principal object is the proof of 
THEOREM 1. Let r, m — r be the signature of S and let 


(3) ns?, nim-—r?, 2n+2<™m; 
then | 
(4) u(S, Z) = [[a,(S, ), 






where p runs over all primes. 

As a consequence of this theorem we shall obtain another theorem concerning 
the primitive representations of = by GS. An integral matrix §°""” is called 
primitive if it can be filled up to an m-rowed unimodular matrix; this means that 
the greatest common divisor of all n-rowed minors of § is 1. Let § run over a 
complete system of non-associate primitive solutions of S[§] = T, then we define 


(5) o(S, X) = LAS, §)/e(S). 


On the other hand, let B,(S, £) be the number of modulo g incongruent primi- 
tive solutions § of the congruence S[§] = T (mod q) and define 


(6) 6»(S, ) = lim ghot)—"B(S, Tf), 







where g = p’ runs over all powers of a given prime number p. 
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TuzoreM 2. If (3) is fulfilled, then 
v(S, X) = T1s.(S, q), 


where p runs over all primes. 
Theorem 1 is a refinement of the result of a former paper. There I proved: 
Let & be non-singular, let r, m — rand s, n — s be the signatures of S and f, 


suppose that 


(7) ss7, n—-sSim~—r, n+l<m 

and let 1, --: , Sa denote representatives of all classes in the genus of S; then 
h h 

@) D, p(Se)u(Se, Z)/ Di (Si) = IT a,(G, f). 
k=1 k=1 Pp 


It is obvious that (8) follows from (4) by a summation over the different classes 
of the genus of S, provided that the stronger condition (3) instead of (7) is satis- 
fied. Moreover, under the assumption (3), our new result (4) asserts that the 
quantity 4(©, &) is a genus invariant; this means that quadratic forms in the 
same genus have the same representation measures u(©@, T), whenever n S 1, 
ngm—r,2n +2 < m. This assertion is trivial if the genus. of S contains 
only one class. By a well known theorem of A. Meyer, the class number h is 1, 
whenever ©@[r] is an indefinite quadratic form of more than 2 variables whose 
determinant does not contain a square factor ~ 1. Our result (4) might lead 
to the hypothesis that each indefinite genus of more than 4 variables contains 
only one class. However, Witt has discovered an example of two different classes 
of positive © with the same representation numbers A(@, T), for n = 1, 2; 
namely, the two classes of the genus of positive even quadratic forms with 16 
variables and determinant 1. Therefore, the formula (4) seems to be rather a 
weak argument for the truth of the hypothesis. 

The proof of Theorem 1 is essentially different from our former proof of (8). 
We introduce the space H of all positive real symmetric matrices § satisfying 
§S" = S and the space Z of all complex n-rowed symmetric matrices 3 = 
i + i)) with positive imaginary part 9). Let @ run over all integral matrices 
with m rows and n columns, and define 


J(3) = f(8, $) = Le —240($1G))-1S1G12)_ 


Since f(3, S[U]) = f(B, H), for all in P(S), the function f(3, 5) is an invariant 
with respect to the representation  — $[U] of [(S) in H. On the other hand, 
it is possible to investigate the behavior of f(3) for all transformations 3 — 
(43 + B)(C€Z + D)* of Z under the modular group of degree n; this is accom- 
plished by the transformation formula in Theorem 3. Furthermore, we gen- 
eralize the circle method of Hardy and Littlewood; instead of the Farey dissec- 
tion, we use the properties of the fundamental domain of the modular group of 
degree n. This leads to the formula of Theorem 4, namely 


(9) lim ¢"—-*-) eg fre(SIO)) _ PrPm—rPm—2n—1 oni? I a,(S, E), 
«0 S{[G]= Pr—n Pm—r—n Pm—n—1 
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where ¢ is a positive number, © runs over all integral solutions of S[@] = F and we 
S denotes the absolute value of |S |. From Theorem 4 we obtain Theorem 1 by fol 
integration of (9) over a fundamental domain F of T'(S) in H; since F ig not 
compact and (9) does not hold uniformly in F, we need a further estimate, given 
by Theorem 5. 

For all positive T the formula (4) of Theorem 1 can be expressed in a different wi 
way involving modular forms of degree 7; this will be indicated in the last chapter, 








The conditions (3) are used in several parts of the proof of Theorem 1, and it 
seems that they cannot be improved very much without changing the whole C 
method. With a considerable number of modifications it is possible to prove i 
(4) in the particular case n = 1 S r < m = 4 not contained in (3); consequently, 
indefinite quaternary quadratic forms in the same genus have the same repre- ( 
sentation measures u(S, #), for all numbers ¢. A sketch of the proof is given in Ww 
the last chapter. tt 

We add some remarks which are not used in the main part of the paper: r 

In the notation of E. Cartan, H is a symmetric space with respect to the ck 
representation § — § [U] of Q(S). An invariant line element is defined by the th 
quadratic differential form ds’ = 40(© “dH "dH); let v(F’) denote the volume 0 
of the fundamental domain F computed in this metric; then n 


P(S) = 30r Pm?" o(F). 


al 
Consider any subgroup I'*(S) of finite index j in ['(S) with the property that al 
the mappings 5 — §[U], for all U # € in I'*(S), have no fixed point in H;eg., a 
this condition is fulfilled for every congruence subgroup of I'(S) defined by U = re 
€ (mod gq), where gq is an arbitrarily given integer >2. The volume of a funda- d 
mental domain F* of [*(S) on H has the value v(F*) = ju(F). Identifying all re 


frontier points of F* which are mapped into each other by transformations of 
the group, we obtain a Riemannian manifold. Assume that the number r(m — 
r) of dimensions of H is an even number 2u. By an application of the formula 
of Allendoerfer and Weil, the relationship t 


x = © **T(u + 4)Ko(F*) 


=a 


is proved, where x is the characteristic of F* and the scalar curvature quantity K V 
is a constant, because of the transitivity of Q(S) in H; the value (—1)*K is found r 
to be a positive rational number. It follows that p 
(10) X= (—1)"Com a SHY 9S), ( 
where C;m is a positive rational number depending only on r and m. 

In a similar way a topological interpretation of p(S, G) can be obtained. 
In particular, let G6 = § be primitive and let S[}] = T be non-singular. Com- 
pleting § to a unimodular matrix % and setting 


—lq _ ¢ 5 ie <Q mi 5e 
VF =h, awl - & = (5,9), KR -F'[O] =z 
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I'(S, , §:), and the elements U of '(S; , §,) are of the 


we have B I(S, H)B 


form 
E A nf 
u=(05 , = TOE -¥), 
with unimodular $ satisfying the conditions 
T"OQ(E — BY) =0 (mod 1), YB] = gv. 


Consequently, the group I'(S, §) is isomorphic to a subgroup of finite index 
jin TQ). The volumes p(S, #) and p() are related by the formula 


(li) e(S, §) = T” "jp®), 


where 7’ denotes the absolute value of | T|. Let g,n — qbe the signature of T; 
then £ has the signature r — g,m—n—r-+q. Ifthe product (r — q)(m — n — 
r+ q) is even, then (10) and (11) lead to a relationship between p(S, §) and the 
characteristic of a fundamental domain connected with T'(S, §). This shows 
that Theorem 1 can be interpreted as a formula concerning the characteristics 
of certain manifolds, whenever the numbers r(m — r) and (r — q)(m — 
n— r+ q) are both even. 

The fundamental domain F* is not compact if Sr] is a zero form; hence 
always for m > 4. Therefore, the application of the formula of Allendoerfer 
and Weil to the proof of (10) is not immediate. It is necessary to consider F* 
as the limit of a particular sequence of polyhedra, and the passage to the limit 
requires a detailed study of the points at infinity. This presents no serious 
difficulty, since the necessary properties of F* are provided by the theory of 
reduction, but it is somewhat laborious, and we omit it in the present paper. 


2. Algebraic lemmata 

For any complex square matrix 9? we denote the absolute value of the de- 
teminant | M| by abs M. Let S‘” be a non-singular real symmetric matrix 
with the signature r, m — r, and let 9 be a positive real symmetric matrix satis- 
fying HS"H = S. Let 2 = ¥ + iY be a complex n-rowed symmetric matrix 
whose imaginary part 9) is positive. We introduce a matrix Bi” = (py, - ++ Da) 
with indeterminate elements, set »’ = (bi --- ¥,) and define the mn-rowed com- 
plex symmetric matrix % by the formula 


(12) Ro] = o(H[(VIY — tS[B]X). 
Lema 1, ; 
| R| = | —7B|"|4B |" abs S". 
Proor. Choose the real matrix § such that S[§] = B = [pi, +--+, Pm] isa 
diagonal matrix and $[%] = €. Since SS“ = G, we obtain py = 1 (k = 


l,--. ,m); hence r of the m diagonal elements p, are 1 and m — r are —1. 
Choose the real matrix @ such that ¥{G] = OQ = [q,---, 4%] and YG] = &. 
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Define B = FW’, W = (wir) = (wi +++ Wy), wW’ = (wi «++ wi), F XG = W, 
then »v = Mw, | M’| = |F| "|G", 


H[VIY — iS[V]¥ = G(WW — iW’ PWH)G"* 
(13) 1m] = Sefo] = o WW — AWPWO) = YD (1 — imradw' 


|r| | me’ |? = IT G — mea) =|€-1Q|"|E+70|"" 


k,l 
|e] EL |GlL™ = |Gl"| Y — cel" | + e/", 


moreover | & || §|? = | B| = (—1)””, and the assertion follows. 
Lemma 2, Let —3° = % + i: , then 


Ro] = o(G [VY — iS [B]%). 
Proor. By (13), 
KM] = 2» (1 — tpe gi) ‘wir - 
Since 





eg? — 1 + py rete) 
(1 pr qu) (3 rae aq + 1 + iq ’ 


we obtain 

RM w] = 4o(W(E + PWE — 1Q)* + WE — PWE + iO)”. 

Performing the substitution W = §’BG, we have w = Mtv, whence 

Rv] = 30(V(G* + S*)BY — i)" + VWS* — S)RBY + #)”) 
= o( "[B]Yi — iS [VI%); 


q.e.d. 

We define 5: = }(S + 5), GS = #(S — SH). 

Lemma 3. Let &y , 81 , Kz be matrices with m rows and h columns and set R = 
Ro + SG: + S*GKz , then 


DilK] = HilKo + Ki], — HalK] = Galo + Me]. 


Proor. In view of SS" = G, the formulae 6,57; = 1, SxS Gs = 
G2, S:1S "G2 = 0 hold, and the assertion follows from the definition of &. 
Lemma 4. Suppose that 


(m—r) ? 
(14) S= ( a :): —-S > 0; 


then the transformation 


(15) (?) =X, S#]=B>0, wi irs)-S=H 
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naps the r(m — 7)-dimensional space Y of all real 9"? with positive BW onto the 
space H of all positive symmetric satisfying HS" = G. 
Proor. Let %”"” be real, S[%] = Wo > 0 and define H = 2W [XS] — S, 
= HS+ H), G = 1S — GH); then H, = Wy [XS], whence H:\S"G: = Gr, 
ome) = 6, OS "G2 = 0, G25’ Ge = Dp ’ 


(16) S [Grr + Hore) = Gils] + Holes), 


with indeterminate columns 1, t2. Since QW) is positive, X% has the rank r 
and §; = W,[Wo XS] has the signature r, 0; on the other hand, ©" = S[S~] 
has the signature r,m — r. It follows from (16) that 2 is non-positive; hence 
§ = $ — S2 is non-negative. But § is non-singular, because of §S"H = G; 


therefore, © > 0. In particular, for % = X = (?) , this proves that (15) maps 


YintoH. Since 
lie +, _ (B19) YR” 
HO + S16} = gfe) = (1B) BS), 


different points of Y are mapped into different points of H. 

Vice versa, let © be an arbitrary point of H, and choose a real ¥°” such that 
His] = €, SF] = [pi, «++ , Pm]; then r of the numbers 7; are 1 and m — r are 
-1. This implies that 6: = 3(© + GS) is non-negative and of rank r. Using 
(14) and completing bquares, we get 


_(G ove * 41 ({G 0VEo 
If ris a real column whose first m — r elements are 0, then S [rx] = 0, by (17); 
therefore [Sz] = 46[S™"z] + 36 "[r] > 0, except for r = 0. This proves 


that the matrix $4” in 
4 * * 
HilS ] - * ) 
is non-singular. Set So’ = WW, then W > 0 and 
oe a ee OT nen ee _ (2 
sie1= (96 )[*g]- et a- eee (2): 

with real 9°"-""”, Furthermore, 6:57: = ©: implies 

| (S[X] — W)[W"*'] = 0, 
whence @[¥] = Y. Because of S = 26, — S, the equations (15) are fulfilled. 
This proves that every point of H is represented by (15). 

3. Modular substitutions 


All statements in this chapter are known, except Lemma 8; proofs are con- 
tained in my papers: Ueber die analytische Theorie der quadratischen Formen, 
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Ann. of Math. (2) 36, pp. 527-606 (1935); Hinfiihrung in die Theorie der Mody. 
funktionen n-ten Grades, Math. Ann. 116, pp. 617-657 (1939). 

Let ® be a rational n-rowed symmetric matrix. There exists an n-rowed 
matrix © such that the matrix (€, D), with D = CM, is primitive; then HR = 
€"D, and G, D are integral, | €| ¥ 0, CD’ = DC’. The matrix € is called 
denominator of , it is determined up to an arbitrary unimodular factor 1) 
on the left side; we may choose Ul such that |U€| > 0. On the other hand, if 
two n-rowed matrices ©, D are given with | €| ¥ 0, CD’ = DC’ and primitive 
(G, D), then € is denominator of the symmetric matrix R = €'D. We define 
abs € = |]. 

More generally, consider any two n-rowed matrices ©, D with CD’ = DG’ 
and primitive (€, D); they constitute a coprime symmetric n-pair. We say 
that two such pairs €, D and ©, , D, belong to the same class, whenever 6D} = 
DG; ; this occurs, if and only if (€;, D,) = U(C, D) with suitably chosen uni- 
modular U. Plainly, the expression abs (€3 + D) depends only on the class 
of the pair ©, D, for any given complex matrix 3°”. 

In each class of coprime symmetric n-pairs ©, D, the rank of € is fixed; if 
this rank is h, then the class is called an h-class. There exists only one 0-class, 
the class of 0, €. On the other hand, for every n-class, the matrix €'D = R 
is fixed; vice versa, each rational symmetric §‘” determines a single n-class. 

We say that two matrices § and §: are left-equivalent, whenever §, = §% 
with unimodular %. Once for all we choose a complete set F, of non-equivalent 
primitive matrices §"” (h = 1,---,m); in particular, F, = ©. For each 
§‘"” with given h < n, we determine a fixed complement, i.e., a primitive matrix 
oe" such that (§, §*) = U is unimodular and |U| = 1. Let U; denote 
the set of these U, and define U, = €. Furthermore, we choose a fixed denomina- 
tor & with | © | > 0 for each rational h-rowed symmetric matrix Qo and put 
Do = GoRo ; let Ci, be the set of all pairs © , Do. 

Lemma 5. Let U run over Uj and Gy, Do over C;, ; then the pairs of n-rowed 


matrices 
a Go 0 ’ vie Do 0 —1 
é=(¢ 0) W >-(7 gu 
represent tn one and only one way all h-classes of coprime symmetric n-pairs. 
Tf U = (§, F*) and G'D) = Ro, then 
| €3 + D| = | Rol | ZF] + Rol, 


for any complex symmetric 3. 

Let 3 be a variable complex n-rowed symmetric matrix with positive imaginary 
part. A modular substitution 3 — (%3 + B,)(G.3 + D,)~ of degree n is 
defined by the conditions 


(18) %13:=3%, GO=DC, %Di— BC; =, 


with integral n-rowed matrices %, , 8, , © ,,. Because of the second and third 
of these conditions, the matrices €,, D; form a coprime symmetric n-pait. 
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Vice versa, for any coprime symmetric n-pair ©, , D, , there exist two integral 
matrices 2%, , B, satisfying the first and third of the conditions (18); this means 
that ©, and D; are matrix coefficients in a suitably chosen modular substitution 
of degree ”. 

The modular substitutions constitute a group M; the inverse of 3 — 
(43 + ¥; (G3 * D1)" is 3 > (D138 — Bi)(M% — C3)", whence AiG, = 
CH, BD = DiB,, AD, — CB, = E. The integral siodeler substitutions 
are defined by the condition ©; = 0; they have the form 3 — 3[¥%] + & with 
arbitrary unimodular ¥” and integral symmetric tT”, and they constitute a 
subgroup Mo of M. Two modular substitutions with the matrix coefficients 
%, 8, G, D: and WM, Be, GC, Dz lie then and only then in the same right 
coset of My relative to M, if the two pairs ©, , D, and ©; , D. belong to the same 
class. It follows that each class of coprime symmetric n-pairs €, D- determines 
one and only one right coset, and we have 

Lemma 6. Jf %, Bi, Gi, D1 are the coefficients of a given modular substitution 
of degree n, then the transformation 


(6D) > 6 D (FS) 


maps the set of all classes of coprime symmetric n-pairs ©, D onto itself. 

For each pair ©), Do in the set C,, we choose two fixed h-rowed matrices 
% , Bo such that Wo, Bo, Co, Do are the coefficients of a modular substitution 
of degree h. Let U lie in the set U, ; then the matrices 


Ao0 Bo0\ 4-1 G0\ ,,, a - 
y = , => = = 
x (iia) w B (xo) 0, € Sort D be u 
are the coefficients of a modular substitution of degree n. This modular sub- 
stitution shall be called reduced of type h; it is uniquely determined by § and 
% = G'Do. The identical substitution is called reduced of type 0. As a 
consequence of Lemma 5 we have 


Lemma 7. Every modular substitution 3 — 3** is the product of an integral 
modular substitution 2** = 3*[(B] + & and a reduced modular substitution 


3* = (AZ + B)(CZB + D)™, in one and only one way. 


We put 
ae), 
* 
4 - (33 
with h-rowed Bo. 
Lemma 8. Let the modular substitution 3* = (AZ + B)(C3Z3 + D)™ be re- 


duced of type h; then 


3iu) -(- es ‘Do )- (Bo — MoCo) IG+, Bal. 
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Proor. We have 


(19) (% — g*e)u = (* 7 fon) (3*D — BU = or ~ Sa) 


—2unG € Bur Dy 3 
’ #(C\—1 __ & 0 (Mo rag Bo Go) 0 
wer - B07" = (se ge)(% Bg) 
(3D — BU — @ — B*O fine: - he eye % aoe? 


Since %Go'Dp — Bo = (WD. — BoGo)Go* = Gi and ZB = (y - 
B*C)(2*D — B), we obtain 


ain - (“5 ™5)- (greg fo eee) 


= (WoGo™ — Bo) [Go *, Bal; 


q.e.d. 
4. Arithmetic lemmata 
Let c:, +++, Cn be positive integers, cx | cx41 (k = 1, ---,m — 1) and define 
the n-rowed diagonal matrix R = [c1,---,¢n]. Let U be the group of all n- 


rowed unimodular matrices Ul, and let K be the subgroup of all 11 with integral 
KUK™. 
Lemma 9. The index of K in U fulfills the inequality 


[U:K]s Ta-e'y* er, 
P\cn k=l 
where p runs over all different prime factors of Cp . 

Proor. Let q be any positive multiple of c, , and let Q be the invariant sub- 
group of U consisting of all U = € (mod q). Since Q is also a subgroup of K, 
we have [U:K] = [U/Q:K/Q]. The factor group U/Q is isomorphic to the 
group of all integral n-rowed matrices ¥ modulo gq with | @| = + 1 (mod q). 
If q1, g2 are coprime positive integers, then the ring of residue classes modulo 
M92 is the direct sum of the rings of residue classes modulo q and q:. Conse- 
quently, it suffices to prove the inequality 


[UK] sa — py TT 
k=l 


where q is a power of the prime number p and a multiple of ¢, , the group U* 
consists of all integral n-rowed matrices 8 modulo q with | B| = +1 (mod q) 
and K* is the subgroup of all % with integral RVR. 

Furthermore, let V, be the group of integral B°” modulo g with (| B |, g) =!: 
and let K,, be the subgroup of all ¥ in V,, with integral RVR; plainly, [V.:U*! = 
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the assertion (20) follows. 
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\K, :K*], whence [Vn :K,] = (U*:K*]. If [V,] and [K,] denote the orders of 
y, and K,, then it suffices to prove that 


(20) [K,] 2 {VJ — poy II on-tett. 
It is well known that 
(21) [V.] = 9” I] G — p*). 

ki 


In the special case c, = c, , we have R = c,€; then K, = V,,, and (20) is true, 
because of >, (n + 1 — 2k) = 0; this holds in particular forn = 1. We apply 
k=1 


induction with respect to n, and we may suppose that c, <c,. Define h by the 
condition ¢, < Cag1 = Cn, thenl Shin-—1. We put 


Y= (v2) - (eo). 


with h-rowed B,. The matrices ¥ and RBVR™ are both integral, if and only if 
», and cyve:c) are integers for k, 1 = 1, --- , n; then Bs and Q, are arbitrary 
integral matrices, whereas %, and &, are integral matrices subjected to the condi- 
tions ¢y'c: | ver (k Sh, k <1). Since p | cy’: for k < h < 1, we infer that B = 0 
(mod p), whence | @| = | Bi || Bs] (mod p). Consequently, we get the ele- 
ments ¥ of K, in the following way: ¥, is any element of V,_, ; Bs is an arbitrary 
integral matrix modulo g; Be is any matrix modulo gq satisfying the conditions 
Gey | ver (k Sh <1); Bis any element of K,. It follows that 


[K,] ag” (Vn-al[Kal, 
where a is the number of matrices ¥: , namely 
a=" TI (er). 
k<hel 
Applying (20) with h instead of n and (21) with h, n — h instead of n, we obtain 
h h n—h 
KJ2g"Q—-p ya TT @e) Ta-e) Ia - 2%. 
kml ksh<l k=l k=l 


Since 


h n—h 
@Wa-p*»>lv.l Wa-re)2a-p'), 
k=l k=1 


h h n 
II P Baie II ( Cy cr’) ‘a ge» II an is II ge, 
k=1 ksh<l k= k= 
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Lemma 10. Let A(ci,-*+, Cn) denote the number of modulo 1 incongruent 
rational n-rowed symmetric matrices whose denominators have the given elementary 
divisors ¢,, +++ , Cn; then 


A(t, ++. a) Ss Ta-p TT d. 


P\en 
Proor. Let € be any integral n-rowed matrix with the elementary divisors 
(1, °**,¢,. Choose two unimodular matrices Uy and U such that Up’ Gu" = 


RK = [a,---, cn]. Let A(€) denote the number of modulo 1 incongruent 
symmetric ® with integral CR, and set RU] = Ri = (res); then CR’ = 
WURR: , whence A(C) = A(K). The matrix KR, is integral, if and only if 


cere, is an integer for k,l = 1,---,m. Since re: = rx and (| c| +--+! ¢,, we 
infer that 
(22) A(R) = [] @**. 

k=1 


Plainly, the number of modulo 1 incongruent symmetric # with the same 
denominator € is at most A(€). On the other hand, the matrices € = Up! 
and G* = U;RU*, with unimodular Up and 1*, are then and only then denomi- 
nators of the same &, if €*€™ is unimodular; this means that RU*U'R” is 
integral, *1 belongs to the subgroup K of the unimodular group U, and 
U, U* lie in the same right coset of K in U. Consequently, 


A(a, ae Cn) s [U:K]A(&), 


and the assertion follows from (22) and Lemma 9. 
Lemma 11. Let R°” run over a complete system of modulo 1 incongruent rational 
symmetric matrices; then the Dirichlet series 


W(s)= DY [RI] 
R (mod 1) 
converges fors > 1. Ifu > Oands > 1, then 
oF mint Em <o(e+ 2) 
[R] <u [R] =u 
where a depends only on n. 


Proor. If A(s), u(s) are two Dirichlet series with non-negative coefficients 
l., m, satisfying I, < m:, (k = 1, 2, -- » then we write A(s) < p(s). 





In view of the definition of A(cq , --- , Cn), we have 
¥(s) = a A(cy Sate Cn) (C1 sey Oe 4 
C€1}ce2 
where ¢; , :-+ , c, run over all systems of positive integers fulfilling the condition 
(:|¢|--+|¢e,. Using Lemma 10 and letting c,,---,¢, run independently 


over all positive integers, we get 


v< © Ta-eyhe 


- II (1 +(1— p’y” > ») IT r(s +n — 4). 
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Put2" +n —3=»%, Hs + 1) = r(s), (1 -p')"—1=p''d, ;then0 < b, < 
9" -2=v—n-+1, forall p 2 2, and 


1$(1—p "Dep" = (+ bop) — py 


<= pry = py, 
whence 
(23) ¥(s) < y(s)¢(s). 
This proves the first assertion of the lemma. 


k 
Let a; , d; be the coefficients of the Dirichlet series ¥(s), y(s) and set >. a, = a1, 
l=1 
vil) = #(2) = a. By (28), 


k k r) 
as alt] seb art < kd ar = ak (k = 1,2,---); 
i=1 =1 =i 
hence 
(24) > [RI = La < au, 
[RI <u l<u 


for all positive u. Moreover, for s > 1, 
> iR|"* = 2 a,k* = p> (ox ~ on-)k * s pr on(k” - (k + 1)) 


(Rl 2u ku 


k+1 k+1 ) as 
(25) =s >, on | a* dx < as >> i x‘*dxs as [ x ‘dz= u*, 
kau 4k keu 4k u s-—l 





The second assertion of the lemma follows from (24) and (25). 

Let 8°” be a positive real symmetric matrix, reduced in the sense of Min- 
kowski; let pi, +++ , py be the diagonal elements of $; then px S Pixs (k = 1, 
‘**,g — 1) and 


(26) II m < b|8}, 
k=1 


where by depends only on g, by a well known theorem of Hermite and Minkowski. 
We define the diagonal matrix Po = [p:, «++ , Pol- 

Lemma 12. There exists a positive number b = b(g) depending only on g such 
that B > bBo. 

Proor. Set th = [pi perry pl; then all elements of B[Bo"] have the absolute 
value < 1, and | B[Bo*] | > bo’, by (26). Let 1, ---, Ay be the roots of the 
equation | AB — Bl = 0, with 1 S % (k = 2,---,g); since |APo — P| = 
| Bo || AE — B[Po4]|, these roots are bounded positive numbers, the bound 
depending only on g, and their product is > bs". It follows that A: has a positive 
lower bound. On the other hand, the smallest root ; is the least upper bound 
of all real \ satisfying $ > AB. This proves the assertion. 

Let also Q” be positive real symmetric and reduced, with the diagonal ele- 
ments q,,-++,@,, and set Qo = [q,--- , gl. 
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Lemma 13. Let 2°” be a real matrix, then 
o(P[WIQ) = bo (PolW]Q0) 2 bigio(PolW]) => bipime([W)), 


where b; = b(g)b(h). 
Proor. Choose a real matrix f such that Q = %’. By Lemma 12, 
o(P[W]Q) = o( P[WL]) = b(g)o(Po[W")) 


=.b(g)o(PlW]Q) > b(g)b(h)o(PIWIO,); 


this proves the left part of the assertion. The rest follows from the inequalities 
“Cen (k =1,-:: »h), De =” (k =1,--: » 9). 

Lemma 14. Let p; be the first diagonal element of the reduced positive symmetric 
matriz 8; then o(B*) < epi’, where c depends only on g. 

Proor. Since p, 2 pi (k = 1, --- , g), we have Po > AG, for all real \ < p,; 
consequently, by Lemma 12, $ > AE for \ < bp,. This proves that the char- 


g 
acteristic roots m1, -** , Hy of Bare = bp:. Since o(B*) = >) us’, the asser- 
k=1 


tion follows, with c = gb’. 

If B{” is positive real symmetric, but not necessarily reduced, then we denote 
by m.($:1) (& = 1,---,g) the diagonal elements p, of a feduced equivalent 
matrix $ = §$,{ll] with suitably chosen unimodular U. The value m,(%;) can 
be defined independently as the minimum of the quadratic form §,{r] in the set 
of all integral r + 0. 

Lemma 15. Let 9)” be positive, 1 < h < n and let §°"™ run over a complete 


set of non-equivalent primitive matrices; then the Dirichlet series 
(27) w(s) = ey IDS) 


n 


= 
a 


converges for s > 5 


If m(Q) = yand s > =, then w(s) < dy, where d depends 


only on n and s. 

Proor. If 1°” is any given unimodular matrix, then also U§ runs over a 
complete set of non-equivalent primitive matrices. On the other hand, we have 
| MEV] | = | YF] |, for any unimodular B’. Consequently, we may suppose 
that the positive symmetric matrices 9) and 9)[%] in the general term of the series 
(27) are both reduced, in the sense of Minkowski. Let f,, --- , fa be the columns 


of §, then Y[f:] (k = 1, --- , h) are the diagonal elements of 9[§]. By (26) and 
Lemma 12, 


(28) | DIS] | > bo" I] Dif] > bo" (by)" IT [fel 
Let f‘” run over all integral columns 0 and define 


Z,(8) — »» (fl; 


it is well known that this Dirichlet series converges for s > 4 By (27) and (28), 
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ve obtain the inequality 


w(s) < ba(by) “Zn(s), 


for 8 > _ and the assertion follows readily. 


5. The transformation formula 
We introduce the notation 
n(M) i aaa’ 


for any complex square matrix I. Let S be an integral m-rowed symmetric 
matrix, with the signature r, m — r and abs © = S, let 5 be a positive real 
symmetric matrix satisfying $S"S = Sand let 8 = ¥ + iY be a complex 
n-rowed symmetric matrix with positive imaginary part 9). We define 


(29) (8) = 2 niSlG]Y + S{G]x), 


the summation extended over all integral matrices © with m rows and n columns. 
Obviously, f(3) remains invariant if 5 is replaced by §[U], for any element 11 
of '(S), the group of units of S. On the other hand, f(3) is invariant under the 
integral modular substitutions 3 — 3[%] + & with unimodular B and integral 
symmetric 

We consider a given reduced modular substitution 3 — (A3 + B)(C3Z + D)* 
of type h; suppose that 


— (% Oyo, _ (Bo 0\,.-1 _ (G 0\,,, _ ft is 
1=(% ale = (* 0) =(¢ Ot D=(4 gyi 


[et G, be an integral matrix with m rows and h columns and define 
\(G) = g-thm ertthr—im) s?| Co yang 
Ke - LY FS 1G IMB. — SGo — 4S *G, MoJo" Do), 
) 


Go(mod Co 
where @;””” runs over all residue classes relative to the left ideal (Go). 

The following theorem describes the behavior of f(3) for any reduced modular 
substitution; it could easily be extended to the case of an arbitrary modular 
substitution, in view of Lemma 7; but we do not need this generalization. 

TaroreM 3. Let 3* = ¥* + i9* = (AZ + B)(CZ + D) be a reduced mod- 
war substitution of type h; then 


(8) = |€3 + Dl" | 63 + 0/0" ,* \(@1)n(tH[ES Gi, Ge] Y* 
+ SSG: , G.]X*), 


where @{"” and @§"'"—™ run over all integral matrices. 
Proor. Set Bill] = 3r, 
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with h-rowed 3», and 


(32) Bo — ACs = Bs, 
then 
wil 
(33) , & = (~% > 9) — BGs", Bal 


by Lemma 8. Let oi”, @"""" run over all integral matrices and let @{"" 
run over the same range as in (30); then © = (Gp + Gi Go , Ge) runs exactly over 
all integral matrices with m rows and n columns. By (33), 


BalG’] = — GC'DolGo + CG] + BGs] — Be (Gi + CoG + 3nGi), 


Introduce $1 = 3(S + 9), & = 1S — GH), VB = GET + GB. Since 
f(3) = f(BlU)) and 4(—S[G. + G1 Gq] Gr'Do] = 2(—S[Go] Go"Do), we obtain 


$(B) = f(B:) = > n(GlG] 32 + HlG13e) 
(34) = he n(GlGelZi + GSlG13, — S[Go]Co? Do) 


2, (—GilGi + B1Bs" — GAGs + B13; 
By Lemma 3, we have 
(35) H(Gi + Bl = S{1Gi+ Bl],  HlGi + VB] = HG, + BI, 
where 
(36) BW = GGo* + S*GH:G.3n + S*G.GBor . 


Let % be a complex symmetric matrix with positive real part, let r be a 
complex column, and let v run over all integral columns; then, by the well 
known formula from the theory of theta functions, 


E a0Ble +) = [2817 Da(7 9) + ve). 


We apply this formula to the inner sum in (34), using Lemmata 1, 2 and (35); 
then $8 is the matrix ® defined in (12), with — 33’ instead of 3, and 
r’ = (1 --~ Wy), where 1, --*, 1, are the columns of W@W. Since H° = 
S[S"], we obtain 


py n(—SilG: + VlZs' — SlG, + B37) 
(37) a lt go ast | aS tom 
2 nGlFS™* GilBs + Gl¥S* Gils + GB). 
By (31), 
(38)  (D:[G2]31 + HilFS "GiB + GiS7H,G.301) = n(Gl}S"G , G13"), 
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and the assertion follows from (43), (44), (45). 
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39) n(G1G1B: + GlFS7OB. + GiS*H:G,3n) = n(G1FSG, , 6,13"); 
by (18), 
n(@OGoCo" — LS “[Gi]MoCo* — S[Go]Co'Do) 
= 22S [G1%B. — SG. — 4S °G,%]Co'D). 
We infer from (30), (32), (34), (86), (37), (38), (39), (40) that 
J) = EP | Go [P| Bat [P| Bs" 
- 2, MOvniGUS"G:, GY" + SSG: G.le. 


(40) 


Sinee 3 = (D’3* — B’)(M’ — C'Z*)", we have (CZ + D)(M' — C'3*) = 
C(D’R* — B’) + DW — C'ZB*) = G, by (18); moreover, by (19), | A — B*C | = 
| % — 3oGo| because of |U| = 1; hence |€3 + D| = | A — Z*C|~ = 
1% — BoGo |” = | — BsGo|™, 


Pa cts 6, fs i2;' ee —i3;' Rees om | C3 4. D ‘id ¢3 + D ot? 
and the assertion follows from (41). 
6. Estimation of f(3) 
Lemma 16, | 
abs \(@;) < 1. 


Proor. Set —36°@,% = R, G'Do = Ro, and denote by G the sum on the 
right-hand side of (30); then 


(42) abs \(@,) = 2°" S~"?| © |-”"”? abs G, 
abs@ = >> — 4(S[Go + GS + KRo — SG + MMR) 
Go, 3 (mod 6p) 


(43) bes 
= > n(S[GolMRo) > (26, SGs No). 


Suppose that the matrix 26G,G" is integral for exactly a residue classes of So 
modulo & , and let 8 denote the number of all residue classes. The inner sum 
on the right-hand side in (43) is 8, whenever 26@o%o is integral, and 0 otherwise; 
however, 26@ Mo is integral if and only if 2SG,Go" is integral. It follows that 


(44) abs G’ < af. 


In order to compute a and 8, we may assume © and © to be diagonal matrices, 
S=[s1, +++, &m)and © = [er,---, ca]. ‘Wesee immediately that 


(45) B= (q---¢)" = |Go|", a= IT (2s,, 1) S II (2 abs s,)" = 2""S", 
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We denote by ai, --- , 33 positive numbers depending only on S, m,n. For 
any rational symmetric RK” = © 'D we define 


(46) y(R) = aim eMne—m sai —™ DT n(— SIGIR), 
@(mod €) 


where ( runs over a complete system of residues modulo ©, and 
(47) (3;R) =y~M/ ZR? Z+ Rl”. 


Using the definition (30) of \(@,), we have y(R) = |R|~”” AO). 
Lemma 17, Let 3* = ¥* + 1Y* = (AZ + B)(CZB + D)“ be a reduced modular 
substitution of type h and set m(Y*) = y, m(D) = he (& = 1, +++, m); then 


abs f(3) < abs (63 + D)-™" II (1+ aay") (hn) 


abs (f(3) — o(8; €'D)) < abs (C3 + D)"7*(1 + an(hry) yer 
(h =n). 
Proor. By Theorem 3, Lemma 16 and (47), we have 


(48) abs (8) S abs (63 + D)™" Dal GO) asm, 
where @”” runs over all integral matrices, and 
abs (f(3) — o(8; €*D)) ¢ abs (63 + D)™* Y a (4 1619") 
G0 
(h =n), 


If Uj” and U3” are unimodular, then also U,@U2 runs over all integral matrices 
or all integral matrices +0, respectively. Therefore, in order to estimate the 
sums on the right-hand sides in (48) and (49), we may suppose that 5 and 9)* 
are reduced, in the sense of Minkowski. Then it follows from Lemma 13 that 


o(D[G]Y*) = ayo(SlG]) = aduyo({G)), 
with So = [hi , +--+ , Am]; hence 
(50) n( 491019") < omy (* o0lp*), 
for all integral G ¥ 0, and 
a i a 
¥ 9( 5 91619") < Da(% 101") 


m + wd 


k=1 =—oo oo =——OO 
where © runs over all integral matrices. Since _ 


+00 n 
(= << Ci+ ai(hey)~””, 
the assertions follow from (48), (49), (50), (51). 


(49) 


(51) 
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7. Estimation of ¢(3) 


Let #°” run over all rational symmetric matrices and define 


(2) 8) = DBM = VAM Z+ RH Z+ RO, 


the expressions (3; ®) and ~(R) being given in (46) and (47). In virtue of a 
theorem of H. Braun, the Eisenstein series (52) is absolutely convergent for 
2 + 2 < m; henceforth we shall assume that this inequality is fulfilled. In 
order to study the behavior of ¢(3), we prove first the following 

Lemma 18. Let R be real symmetric, then 


log abs (3 + &) < log abs 3 + $0(Y™)o*(®’). 
Proor. Choose the real matrix %‘” such that 9[%] = € and X{F] = OQ = 


ln, -*+, Qn, and set Q(E + O°)" = ®B, then 3 = (Q + 1€)[F'], 4B" + 
3") = WF]. If d3 is real, then we get 


es dlog abs 3 = 3(d log | 3 | + d log | 3 }) 
= $o(3 “d3 + 3°'d3) = o(WlF']d3). 
On the other hand, for real symmetric T°” and B, we have the inequality 


abs o(ZB) < o'(Z*)o*(B’). Since the diagonal elements g.(1 + gi) (kK = 1, 
-++, n) of the real diagonal matrix YW lie between — 4 and 3, we obtain 


y4) 8 CIB dB) = o} (WR FWH F)o'(d3®) < 40°(Y*)o'(d3") 
< 40(9~*)o'(d3’). 


The matrices 3 and 3 + & have the same imaginary part 9), and the assertion 
follows from the mean value theorem of differential calculus, by (53) and (54). 

Lemma 19. Let 3* = ¥* + i9* = (AZ + B)(CZB + D)" be a reduced modular 
substitution of type h, and set m,(Q)*) = y; then 


abs (3) < as abs (C3 + De" (h <n), 
abs (o(3) — (3; ©'D)) < asabs (3+ De" y= (h = 0). 
Proor. Define A = abs (y(3) — ¢(8; €'D)), for h = n, and A = abs ¢(8), 


forh <n. By Lemma 16 and (46) the inequality abs 7(®) < [9|~”” holds; 
by (52), we infer that 


(55) , As D& abs (Gi 3+)”, 

Gy, Dy 
where the pair ©, , D; runs over all classes of coprime symmetric n-pairs, the 
class of ©, D excepted. Performing the inverse substitution 3 = (D’3* — B’) 
({’ — ©’3*)* and using the formula (Y’ — ©’3*)' = €3Z + DB, we get 
(56) G3+ Di = (GZB* + D.)(M’ — C'B*)* = (GB*'+ D:)(CZ + D), 
with 


Sy — 
(Go, De) = (Gi, D,) i i ) 
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Because of Lemma 6, the pair G2 , D2 runs over all classes with exception of the 
0-class. We define 


(57) Ph = 2, [Sol -"" abs (B48) + Hoy ™ — (h = 1, ---,m), 
0, 

where St) runs over all rational h-rowed symmetric matrices and §"” over a 

complete set of non-equivalent primitive matrices. By Lemma 5, (55), (56), 

(57), we have 


(58) A < abs (©3 + D)”” : F, . 


In the sum (57) we may replace § by §%, with arbitrary unimodular B ; thus 
we may suppose that the positive symmetric matrix 9)*[¥] is reduced, in the 
sense of Minkowski. Since 9)*{f] = m(Q*) = y, for any integral f” + 0, it 
follows from Lemma 14 that 


(59) o(D*18). < any™. 


Let =” be integral symmetric, and consider all real h-rowed symmetric ma- 
trices X, such that the elements of X, — & lie between 0 and 1, the value 1 ex- 
cluded; they form a cube C (&) of 4h(h + 1) dimensions. Let dv, be the Eu- 
clidean volume element in the space FR; of all real %, , the coordinates being the 
$h(h + 1) independent elements of %,. For each 2 in C (&) we obtain, by 
Lemma 18 and (59), 


(60) abs (341+ Sy" < MY" J abs (BB) +.) de 


Put % = R + T, where R” is a given rational symmetric matrix in the unit 
cube C (0), and sum (60) over all integral T; then 


(61) > _ abs (3*1%] + Mo)” < e™” “I(G), 
Ro=R(mod 1) 

where 

(62) JS) = [abs (348) + 2)" doy 


The right-hand member in (61) is independent of ®; moreover, [Rol = | R| for 
Ro = MR (mod 1). We multiply (61) by [9R|~”” and sum over all rational R 
-in C (0); then, in view of (57), 
(63) hg! 2 eee 

5 


R (mod 1) 


Since 5 >n+12h + 1, the first sum in (63) converges, by Lemma 11. 


We determine a real matrix satisfying 9)*[%] = [S] and apply in the in- 
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tegral (62) the linear transformation X%, — %,{] — X*{%], with the jacobian 
ie)? = | 9°11 |*°"; we obtain 


(64) J(%) = | Y*(F) | vshauriead 
where . 
(65) n= | |€ + X|-"" du, (h = 1, ++, n). 


Because of m ~h —12m—n— 1 > Xn, it follows from Lemma 15 and (64) 
that 


(66) 2 J(®) < any" I, . 


Furthermore, (A —-m+1)s1- a <0 (h = 1, -+-,n), whence 


2 
aio 8 4 = - cy 
(67) Sy yn “ < tue” ‘y' © < aye. 


In view of (58), (63), (66), (67), the assertions of the lemma will follow if we prove 
the convergence of the integral J; . 

We substitute %, = WO], W = [wi, ---, wil, wi ZS we 2 --- JS w, with 
orthogonal OD. Then dO’ is a skew-symmetric matrix I and d¥,[O’] = dW + 
WM — MW. Let wu, w,--- be parameters in the space of the orthogonal 
matrices O”, and let @ denote the absolute value of the determinant of the 
sh(kh — 1) independent elements of Xt, considered as linear functions of du , 
du, +++ ; then we have 


(68) du, = IT (uw, — wr) dw; +++ ding durdue --- . 
< 


If g(%,) is any integrable function of the elements of %,, with the property 
g(%,) = g(W), then 


(69) | g(Xn) du, = as | (8) II (w, — Ww) dw, --: dws, 
Rh k<l 


by (68); the integration is carried over all real w,,--- , w, satisfying w, = 
Ww 2 +--+ 2 w,. It is easily proved that 
h g? 


a5 = pr = Il T(k/2) ; 
however, we do not need the exact value of the finite number a. Applying 


h 
(69) with g(%,) = |€ + ¥|~-"* = [] (1 + wi) and using the inequality 
k=1 
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we obtain the formula 


oo h 13 
(71) Jn S as ( [ (1 + w?)i*-P-™ aw) = as, 


the integral being convergent, because of 5 >n2Zh. 


8. Approximation to f(3) by ¢(3) 


Let Z be the space of all complex symmetric 3°” = X¥ + 79) with positive suc 
imaginary part 9). It is known that in Z a fundamental domain F relative to 
the modular group M of degree n is given by the following conditions: The in- (73 
equality abs (G,3 + D,) 2 1 holds for all coprime symmetric n-pairs €, , 9, ; 
the matrix 9) is reduced, in the sense of Minkowski; all elements of ¥ lie between 
— and 4. Moreover, it is known that the first diagonal element y of 9) satisfies 
the inequality y = az = 43+/3, everywhere in F. Let @ be the union of all of. 
images of F under the subgroup Mp consisting of the integral modular substitu- 
tions 3* = ¥* + i9* = 32[B] + I, with unimodular VB” and integral symmetric me 
x. Since 9* = Y[B], we have the following a 
Lemma 20. Let 3* = X* + 79)* be a point of G, then m, (Y*) = ar. = 
This lemma is the necessary tool for the generalization of the Farey dissection % 
of the interval 0 S x < 1. 
Let K,, Kz, --+- be the classes of coprime symmetric n-pairs and let 3* = 





(AZ + B)(CZB + D)” be the reduced modular substitution, where the pair €, D (7% 
represents a given class K,(q = 1, 2,---). Let G, be the image of G under the 
inverse mapping 3 = (D’3* — B’)(A’ — C’3*)*; by Lemma. 7, the domains G, wh 
do not overlap and cover the whole space Z. de 
We choose a positive number ¢ < a7 and consider the n(n + 1)-dimensional (74 
cube E* defined by 3 = ¥ + ie6, X¥ = (m),0 Sam <1 (1 Sk S17), 
Put wh 
ENG, =D, De~ OVRU Ung) — BiG 1 2,---), 7 
and let E, be the projection of E* on 9) = 0, ie., the set consisting of the real (7 
parts X of the points ¥ + i¢€ in £7. In view of the known properties of the 
fundamental domain F, the sets E, are empty for all sufficiently large g, and each le 
E, has a Euclidean volume in the space R,, of all real symmetric x. If Ede- m| 


notes the unit cubeO S a, << 1(1SkSIlsn)inR,,thenE =2£,+h+°"'- dey 
If K, is the 0-class, then G, = G and E, is empty, by Lemma 18 and the condi- 
tion € < a7. Suppose that K, is an h-class, with 1 < h < n;if 


_ (&0)\,, Do 0\ 4-1 
6 = (70) u, >= (*g)u (€ 


ager K,, with U = (%, §*) and Gy'D) = Ro, then we write E, = E*(§, Io). | 
Let R = (7x1) be a given rational symmetric matrix in the unit cube 0 $ ": 
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<1(i<k Sls A), let Ro run over all matrices in the residue class of R modulo 
| and define 
AS, R= DO 


Ro=R (mod 1) 


E*(§, Ro). 


For any given point X in H*(%, Ro), we determine the integral n-rowed symmetric 


matrix 
9, — I * 


tive such that all elements of the last n — h rows in 


e to RO 

7 (72) Xo = XU) + (ae) + f= 

om lie in the interval O S x < 1. This matrix T depends on X, U, MR ; however, 
“a since gand EZ, are bounded, TF belongs to a finite set. Let L(%, R) be the image 


‘all of Eo(%, NR) under the transformation (72). The substitution ¥ — X[U] + S °) 


a 
. maps the set of all residue classes of ¥ modulo 1 onto itself; consequently, #o(¥, R) 
is mapped onto #(¥, R). On the other hand, if R,, is the part of the whole 
space F,, defined by the conditions 0 S a%.<1(h<k Sin), then E(%, ®) is 
i contained in Ry, . 
Put abs (f(3) — o(8)) = 6(8). Our next aim is the estimation of the integral 
S i yw [ 5(3) dn , 
he 
G, where 3 = ¥+7¢€€. Let A(%, R) be the integral extended over Ey(F, KR), and 
define 
nal HM (74) An = 2, ACS, ®) (h = 1, +++, n), 
n), FR 
where ®” runs over all rational symmetric matrices in the unit cube and go 
runs over a complete set.of non-equivalent primitive matrices. Plainly, 
ral (75) A= \ An . 
he RE 


ch let 5 be the positive symmetric matrix in the definition of f(3), and suppose that 
le- m() > ho , with given positive ho. We denote by a, --- , as positive numbers 
, depending only on ho, m, S. 
li- Lemma 21, 

atu’ (h = 1, +++, 7m). 


Proor. Let ¥ bea point of E*(%, Ro), 3 = ¥ +i eG, and let 3* = (AZ + B) 
(€3 + D)~ be the reduced modular substitution with 


D= es) Gee U= (§, &*), Co'Do = Mo ; 
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we obtain the formula 


0 h 
(71) Jin S Ms ({ (1+ af i -0-98 aw) = de, 


wade ar 


the integral being convergent, because of 5 = 


8. Approximation to f(3) by ¢(3) 


Let Z be the space of all complex symmetric Ye = X + 7 with positive 
imaginary part 9). It is known that in Z a fundamental domain F relative to 
the modular group M of degree n is given by the following conditions: The in- 
equality abs (€,3 + D1) 2 1 holds for all coprime symmetric n-pairs ©, , D, ; 
the matrix 9) is reduced, in the sense of Minkowski; all elements of ¥ lie between 
—and4. Moreover, it is known that the first diagonal element y of 9) satisfies 
the inequality y = a = 34/3, everywhere in F. Let @ be the union of all 
images of F under the subgroup Mp consisting of the integral modular substitu- 
tions 3* = X* + 19* = 2[B] + fF, with unimodular BV’ and integral symmetric 
x Since Y* = Y[B], we have the following 

Lemma 20. Let 3* = X* + 79)* be a point of G, then m (Y*) = av. 

This lemma is the necessary tool for the generalization of the Farey dissection 
of the interval 0 < x < 1. 

Let K,, Ke, -+- be the classes of coprime symmetric n-pairs and let 3* = 
(AZ + B)(CZ + D)™ be the reduced modular substitution, where the pair 6, D 
represents a given class K,(q = 1, 2,--- ). Let G, be the image of G under the 
inverse mapping 3 = (D’3* — B’)(A’ — C’3*)*; by Lemma 7, the domains G, 
do not overlap and cover the whole space Z. 

We choose a positive number ¢ < ay; and consider the n(n + 1)-dimensional 
cube E* defined by 3 = ¥ + 7i¢6, X¥ = (m:),0 Sa <1 (1 Sk S172), 
Put 


E* 1G, = D,, D, — (Di UU D,U---U D1) = Ex(q = 1,2, °°), 


and let E, be the projection of E on 9) = 0, ie., the set consisting of the real 
parts X of the points ¥ + ie€ in E;. In view of the known properties of the 
fundamental domain F, the sets E, are empty for all sufficiently large g, and each 
E, has a Euclidean volume in the space R, of all real symmetric ¥. If E de- 
notes the unit cube 0 < a, <1(1SkSIl<sn)inR,,thenE =2£,+h:+°"'- 

If K, is the 0-class, then G, = G and E, is empty, by Lemma 18 and the condi- 
tion « < a;. Suppose that K, is an h-class, with 1 < h < n; if 


_ (&0\,,, _ (D00\ .-1 
6 = ($0) uy, D -(7 g)u 
represent K, , with U = (§, §*) and Gy’Dy) = Ro, then we write E, = EB*(§, Ki). 
Let R” = (71) be a given rational symmetric matrix in the unit cube 0 $ ": 
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cla sksl sh), let Mo run over all matrices in the residue class of ® modulo 
1 and define 
E(§,R) = Dd, EF, Ro). 


Ro=R(mod 1) 


For any given point X in #*(§, Ro), we determine the integral n-rowed symmetric 


such that all elements of the last n — h rows in 


(72) % = xu) + ee +% 


matrix 


00 


lie in the interval O S x < 1. This matrix T depends on %, U, Ro ; however, 
since gand E, are bounded, T belongs to a finite set. Let E(§%, R) be the image 
of Eo(%, R) under the transformation (72). The substitution ¥ — X[U] + (? °) 
maps the set of all residue classes of ¥ modulo 1 onto itself; consequently, #o(§, R) 
is mapped onto £(§, R). On the other hand, if R,, is the part of the whole 
space R,, defined by the conditions 0 S %,§<1(h <k S11 n), then E(%, R) is 
contained in Ry, . 

Put abs (f(3) — o(8)) = 6(8). Our next aim is the estimation of the integral 


(73) A’ = / 5(3) dv, , 


where 3 = ¥+7%e¢€€. Let A(%, R) be the integral extended over Hy(F, R), and 
define 


(74) A, = , A(§, MR) (h = 1, “ee n), 
FR 


i h ; ‘ _ ‘ ‘ A) 
where R” runs over all rational symmetric matrices in the unit cube and §“ 
runs over a complete set.of non-equivalent primitive matrices. Plainly, 


(75) A= } Ai. 
h=1 
let 5 be the positive symmetric matrix in the definition of f(3), and suppose that 
m() > he , with given positive ho. We denote by a, --- , as positive numbers 
depending only on ho, m, S. 
Lemma 21, 
An < am * pptelataie (h ™” 1, Nhe n). 


Proor. Let X bea point of E*(%, Ro), 3 = ¥+ ie, and let 3* = (AZ + ¥) 
(63 + D)~ be the reduced modular substitution with 


= G0 , Do O — a wall Ne : . 
. (ir) us >= (Pet U = (%, §*), Cy Do = Ro ; 








2 nee a. 
2 (tiene 
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then 3* lies in G. By Lemmata 5, 17, 19, 20, for 
(76) 5(3) < a2 | Ro|~”” abs (31) + Mo)”. q 


We integrate (76) over E*(§, Ro), sum over all Ro = MR (mod 1) and apply the 
linear transformation (72), with the jacobian 1. Denoting by %, the matrix of 
the elements in the first h rows and columns of X, we obtain X, = X[] + x,; 
hence 


the 
int 
of 
(8) do, < on [98]-"" [ samy 88 a + Gel, 


(7) a(,%) = | 
E 
On the other hand, E(%, ®) is contained in R,, , the product of R;, and the in- De 
tervals 0 S mr <1 (h <k S17). It follows from (62), (64), (71) that 
A(B, R) < ay MO ™ [HR]? | [GI] PO. 


Summing over § and R, we obtain the assertion, by Lemmata 11, 15 and (74). He 
LEMMA 22. 


0 (BR 








(RP ge git nd He 


on 


Proor. Instead of (76), we infer from Lemmata 17, 19, 20 the stronger in- 
equality 


5(3) < as|%|~”” abs (3 + Ro)? yy ™, an 
with y = m(¥)*), for any point ¥ of H*(€, Ro) and n-rowed Mo. Since 


Y* = 5(13 + BEB + D - BC + D) "Bw +B) m 
4 

= O63 + DV] = HGB+ KC Hy 

we have 


hg 


OT = NB + MMC] = (Q 1X + Rol + YIC'), 
y* = (MX + Rl + VIC) 


Because of 2 = ¢&, the value y = m,(Q)*) is the minimum of the quadratic form wh 
e((X + Ro)? + PE) [Cr] for all integral r”” ~ 0; the matrix € is denominator 
of Ro ‘ 
Instead of (77), we obtain now the stronger inequality 
(7! 

(78) A(€,R) = / 5(3) don < as|R|~”” / y™ abs (¥ + &@)™ dos 

Eo(@R) Rn th 
where y denotes the minimum of ¢(¥’ + ¢&)“{C"z] in the set of all integral po 
rr’ # 0. We apply the transformation ¥ = ¢ YB[O] with orthogonal O and un 
W = [wi,-::, wil, w = we = ++: = w,; then 


e(% + &E) fy] = (WB + © [Oy] = (wi + 1) [Oy] = (wi + Vl, 





the 
C of 


Ro; 
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for realy’. Since |R|C™ is integral, we have [€'r] = ||, for all integral 
+40. Consequently, y 2 (wi + 1)~* €* [RI]. 
Define 


aye *(R| = 8, = av max (1, (wi + 1") = w; 


then y 2 Yo, in view of Lemma 20. Replacing y by y in (78), we obtain an 


integrand depending only on mw, ---, w, ; thus we can apply (69). Because 
of (70), “A 
A(G, R) < as | =e. pete | yy (1 + wi) io-D-i= dw, 


Denote the integral by J. If S 1, then y = a, and J = ag. Ifd> 1, then 


2 0 
J < a [ ot dw 4. ana [ wp tin-3 dw < an 0", 
v 1 ‘ 
Hence in both cases ihe 
J < ay min (1, 2” |Ri"™). 
Summing over all rational symmetric KR” in the unit cube, we get 


dn = LAG, R) < acreage >} gi-+ b a™. 


|Ri<en} [R]Se—3 

3 —~ 2 > 1. 
h n—1 n 

flshsn- 1, then 5(h + 1 —m) 2—3- (n—m) > gr t+1—m) + 


and the assertion follows from Lemma 11, with u = ¢? and s = 


:- > . We estimate A, forh = 1, --- 
by Lemma 22. By (73), (75), we obtain the important 

Lemma 23. Let 3 = ¥ +e, withO < € < ai, and suppose that m(H) > 
ho > 0, then 


,n — 1 by Lemma 21 and forh = n 


| abs (f(3) — o(8)) din < age tm tie tary 
E 
where as depends only on ho, m, S. 


9. Integration over X 
let T” be integral symmetric and define 


(79) ; Te = YS etresten, 


S(Gj=T 


the summation is extended over all integral solutions © of S[G] = T and ¢ is a 
positive number. Multiplying (29) by »(— TX) and integrating over X¥ in the 
unit cube EZ, we obtain 


(80) T(4e) = | H(3)n(-T%) do, 


SL RN Rp ne 
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with 8 = X+ie€. Set 5(n + 1 — m) = j, and apply Lemma 23; since n + | 


< 2m, we infer that 
(81) T(4e) = | oB)a(—T¥) do, + o(€); 


the sign o refers to the passage to the limit « — 0 and it holds uniformly in § for 
m() > ho , where ho is any given positive number. 
In view of the definition (52) of ¢(8), we have 


|, e@n(-3%) do, = v1 ul) 
(82) 
[13178 BIA a(—2 do,, 


where ®t runs over all rational n-rowed symmetric matrices modulo 1; the inter- 
change of integration and summation was allowed, the proof of Lemma 19 show- 
ing the uniform convergence of the series ¢(3) in E. Also, 


[ 131771312 af -22 ae, 


(83) 
= ¢f eninto [ | — iE]? | E + ik [PH (eT) cr, 
The integral on the right-hand side is absolutely convergent, by (65), (71), and 
the absolute value of the integrand does not depend on ¢; thus the integral con- 
verges uniformly with respect to e, and we may interchange the integration and 
the passage to the limit « — 0.* Define 


Lins [ |G — |" |€ + |" a, (a + B>N), 
then it follows from (81), (82), (83) that 
(84)? T(4e) = eM" J, (5, m=) DX. v(R)n(ER) + o(1), 
2 2 ® (mod 1) 
uniformly in § for m() > ho > 0. 
Lemma 24. Let a, B be real and a + B > n, then 


=) 
‘Lene 


C-DG-9) 


Proor. Let \ and yu be complex constants with positive real parts. It is 
well known that 
+0 


(A — ix)“*(u + ix) dx 


n—1 r(« + B at 
(85) Tila, B) = 2 (gq) TT 
k=1 





(86) 





om Des 1-a-p '(a + 6 — 1) a > 1). 
—_ weer 








n+ 


1 § for 


inter- 
show- 


) dv, . 


), and 
| con- 
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> n), 
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as 


This proves the lemma in case n = 1. Suppose that » > 1 and apply induction. 


Setting 
_ {lta iy’ 
e+an("t a} 


with €& = gE", we have 
JE+cX| =|GQt%l| A+ it G+ ie) “w). 


We use (86) with » = 1 + (G, + 2%) “‘[r] and \ = 1 + (G, — i%:) “[x]; because 
ofh+u = 2+ 2G, + Xi) Tex], we get 


_ gr-e-s_ T(a +6 — 1) _ yj ~~ 1-8 
J,(a, 8) = 2? 7 T(a)I(6) ida |G, — 2%, |" | G. + 7%, | 


(f+ G+ xe tae) ) dos, 


where {dr} denotes the (n — 1)-dimensional Euclidean volume element in the 
vane Also, if B°” is positive symmetric, 


ma ) 
[a+ Bed" tae} = fon)" $f 2m 4 ae 


lw n— 
r( Jo 
n+ T) 
4(n—1) r(«- iia 2 {p|7 
T(a+ 6-1) j 
me ——; choose 3 = (G: + Xi)’, then (87) leads to the re- 





(87) 


provided a + B > 3 


cursion formula 
1 
r (« + ss . 
= —a—B _$(n+1) yar — 4, aT 4), 
J(a, 8) = PF x Tar) ila — 3,8 

Applying (85) with a — 4, 8 — 4, n — 1 instead of a, 8B, n, we obtain the assertion: 

let ¢ = 41, Ge, ++ run over a sequence Q of positive integers such that ¢ | q& 
for any positive integer ¢ and all sufficiently large k; e.g., the sequence qi = kt has 
the required property. Let a,(S, E) be the p-adic density defined in the intro- 
duction and set 








(SG, T) = I] ap(S, ), 


the product ceili over all primes p. 
Lemma 25. Let q run over a sequence Q, then 


ginim—n+1) gn/2 oxitn(hm—r) a y(R)n(TR) 
% (mod 1) 


(88) silt taut os Fe 
= lim g""”—" 4.(S, Z) =, 5), 


qe 


and the limit exists uniformly with respect to Z. 
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Proor. We say that a symmetric matrix W is semi-integral, whenever 27) 
is integral with even diagonal elements. Plainly, if ® is any rational symmetric 
matrix, then gR = W is semi-integral for all sufficiently large g in the sequence Q. 
Denote the left-hand member in (88) by B, and use the definition of y(®) in (46). 
By Lemmata 11 and 16, the sum is absolutely convergent, and uniformly with 
respect to T, whence 
(39) 2"B=lim J) abs" DV ag (T — SG), 

qc %W(modq) @(mod €) 
uniformly in T, where € is denominator of q 8 and %” runs over a complete 
set of semi-integral symmetric matrices modulo g. Since the number of integral 
residue classes @°”"” modulo € is abs €”, it follows that the general term of the 
outer sum in (89) is not changed, if we replace © by any integral non-singular 

( such that the value of o(S[G]¥8) modulo g depends only on the residue class 
of @ modulo ©, , for fixed Y. In particular, we may choose ©; = gG; then ¢, 
is independent of Y&, and the two summations in (89) can be interchanged. 

For any integral symmetric mm”, we have 

2: nq MW) = 0, 

® (mod g) 
except when all elements of Mt are divisible by q; in the latter case the sum is 
equal to the number of semi-integral {8 modulo g, namely 2°°°""q""*?. Con- 
sequently, 
B = lim ¢”"""”-™ AG, &), 

qe 
uniformly in T, where A,(S, ET) is the number of modulo qg incongruent integral 
solutions G of S[G] = T (mod q). This proves the left part of the assertion. 

On the other hand let the sequence p; = 2, po, p3, -- + consist of all different 
prime numbers p, and let g = qig2 --:, qx = pr* (k = 1, 2, ---) with non-negative 
integral b,. Of course, b, = 0 for all sufficiently large k; suppose that this is 
true for all k > », the positive integer vy depending on g. Let Wi” (k =2,-°:, 
v) run over all integral residue classes modulo gq, and let yi” run over all semi- 
integral residue classes modulo q, then W = g(qi'W + --: + gq B,) runs 
exactly over all semi-integral residue classes modulo g. Also, if Gy""'(k = 1, 

- , v) runs over all integral residue classes modulo q: , then G@ = q(qi' Gi + **: 
+ g;'Gyv) does the same modulo g. Since 


nq(Z — S{G))®) = II n@z(E — Slax qGul) BW) 


and the matrices G; , gz ¢g@; run at the same time over all integral residue classes 
modulo q , it follows that the sum in (89) is equal to the product of the » sums 


s& = 2 i” ‘ a age (X — S[G;]) We) 


iz (mod qx 
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” 


and that the terms of the outer sum in (89) are obtained by multiplication of the 
outer terms in the sums 8, --- , 8. In view of the absolute seeerepan of the 


sum in (88), we infer that lim 8, exists for each k = 1, 2, --- , and that 
| ed 
2") B = |] lim &. 
k=1 bp 
Also, 


a= gina) git" t9—™ AS, f), 8: = gitt)—m 4 A, (S, t) (k = 2, eee ); 
consequently the densities a,(S, T) exist and 
B = [J a,(S, ET) = XG, &). 
Pp 


This proves the right part of the assertion. 
By (84) and Lemmata 24, 25, we obtain 


; r(™ —n—k—- +) 
(00) eT) = xt 5"? (6, 5) TT CE a + o(1). 


k=0 r—k m—r—k 
r( 2 )r( 2 ) 
Set 


l 
(91) = [[«r*’r r (5) (l = 1,2,---), 


k=1 











m = land p; = Oforl < 0, then (79) and (90) imply 
THEOREM 4. Jf 2n + 2 < m, then 


im —in(m—n—D) eg tree(S18)) *s Pr Pm—r Pm—2n—1 gar II a,(S, t), 
e—0 S[(Gj=t Pr—n Pm—r—n Pm—n—1 
uniformly for m() > ho > 0. 
For the later proof of Theorem 1, we need the following estimate of 7'(e) which 
holds uniformly in the whole -space. 
THEorEM 5. Suppose that 2n + 2 < mand0 < « < 1, then 


m . 
einin-o-D) > e tree(G1O)) < Oy Il (1 de hy), 
S(G)== k=1 


where hy = my(D) (k = 1, --- , m) and ay; depends only on m and 8S. 
Proor. We have to repeat the argument leading to Lemma 21. Suppose 
that 0 < € < ay and put 


(92) [ abs f(3) dr, = 2 at, 


with 3 = ¥ + ie, where A; is the integral extended over the union of all do- 
mains Ey(%, R) with h-rowed R. Instead of (76), we use the inequality 


(93) abs f(3) < au|Ro|~”” abs (BIG) + Ro)” Ul (1 + he”) 





ee ee 
~ {SS PO 
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following from Lemmata 5, 17, 20, for all points ¥ in £*(§, Mo). If we replace 
the factor a, on the right-hand side in (76) by ax I] (1 + he””), then we get 


the right-hand side in (93); we remark that the latter factor does not depend on 
3. Otherwise, the proof remains the same, and we infer that 


(94) Ae <a Ta +e. 
k=1 
On the other hand, h(h + 1 — m) 2 n(n + 1 — m), forh = 1, --- ,n, and 
(95) T(4e) < | abs (3) do, 
E 


by (80). Because of a1; = 34/3 > 4, the assertion follows from (79), (92), (94), 
(95), if we replace e by ~ 


10. Integration over 5 


If X = (a,:) is a real matrix with independently variable elements, we define 
{d¥} = [] dx; analogously, for symmetric X, we define {dX} = I dey. 
k,l ksl 


For any complex square matrix designated by a capital Gothic letter, we denote 
the absolute value of the determinant by the corresponding capital Roman letter; 
eg., abs T = T. 

Let 8 be a non-singular real symmetric matrix of signature a, u — a, and 
let §“” be a real matrix such that B[§] = T has the signature a, vy — a. If 
x“ is a variable real matrix, then the formula 
tr a 
OQ’ KR 
with O = F’VxX, R = VX], defines a mapping of the ¥-space into the Q, ‘i-space. 
Suppose that YW is non-singular, then » + \ S uy, and the signature of W is a, 
y+rA— a. 

Lemma 26. Let D be any domain in the Q, R-space such that W has the signa- 
ture a, »v + \ — a, let Do be the domain in the ¥-space which is mapped into D, and 
define T = 1 for v = 0; then 


Bis, X= w = ( 


(96) [g(a tax} = (wry [ g(x) (TW) (aj {aR 
Po Pu—v—r . 
for any integrable function g(%&) of the elements of B. 
Proor. In view of the mean value theorem, it suffices to prove the assertion 
for g(%) = 1. We consider first the particular case \ = 1, v = 0; then a = 0, 
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_ Qis a positive symmetric matrix $” and W = 9M is a negative number r = 
-p. The volume of the ellipsoid B[r] < p is 


q'? 
s(p) = ry CE |B |p”; 
r(5 +1) 
moreover, 7””?/T (4) = py/py-1, by (91); hence 
* ds(p) p mbt eee 
d -/ ne d = 4 [ su d a 
(97) a {dr} > oie | 8 | p” dp 


This proves (96) for X = 1, » = 0. 

Suppose next that \ = 1, v > 0; then Q = q is a column of » elements and 
= risagaina number. We choose a real matrix §}""” such that (%, 1) = 
M is non-singular and set 


® m@o=(%E), som = (5 o) =, 


RN —-O (OQ) = —-P, xr—T ql = —p; 


then 

_(= 0 \fE ra, _ (= 0 ms 
es Po oad Me bg | at 
(100) Tg=mn+TF Die, Pole] = p. 


Since B and T have the signatures a, u — a and a, vy — a, it follows that Py and 
p are positive. Instead of r, we introduce the variables q, 2 into the left-hand 
integrand in (96); by (98), (99), (100), we have 


{dt} = M{dy;} {dy}, {dm} = T {dq}, VM* = TPo, 


whence 
{dt} = (VTPo')*{daq} {dye}. 


We perform the integration over \2, for fixed q and variable r. Since Bolts] = 
p=T fq] — risa positive number, we may apply (97), with $o , u — v instead 
of $, u. By (99), we have p = WT7™’, and the assertion (96) follows readily, 
for’ = 1 and arbitrary » < uy. 

In the remaining case ) > 1, we apply induction with respect to 4. We 
split ¥ = (%, x) and set 


(§, Xo) = Fo, ViUFo] = Wo = (5: “3 Bldo, # = (* ‘) 
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following from Lemmata 5, 17, 20, for all points X in E*(§, Ro). If we replace 
the factor a, on the right-hand side in (76) by au I] (1 + he”), then we get 


the right-hand side in (93); we remark that the latter factor does not depend on 
3. Otherwise, the proof remains the same, and we infer that 


(94) An <aye"O™ TT + ae”). 

k=1 
On the other hand, h(h + 1 — m) 2 n(n + 1 — m), forh = 1, --- ,n, and 
(95) T(4e) < [abs f(3) don 


by (80). Because of a1; = 34/3 > }, the assertion follows from (79), (92), (94), 
(95), if we replace « by e 


10. Integration over 5 


If ¥ = (a,.) is a real matrix with independently variable elements, we define 


{dX} = I] dex: ; analogously, for symmetric ¥, we define {d¥} = [] dz. 
kil kel 


For any complex square matrix designated by a capital Gothic letter, we denote 
the absolute value of the determinant by the corresponding capital Roman letter; 
eg., abs T = T. 

Let 8” be a non-singular real symmetric matrix of signature a, « — a, and 
let §“” be a real matrix such that B[%] = T has the signature a, vy — a. If 
x“ is a variable real matrix, then the formula 


TQ 
BF, X] = B= (é 2 


with Q = %/VxX, R = BX], defines a mapping of the X¥-space into the Q, ‘i-space. 
Suppose that YW is non-singular, then vy + \ S uy, and the signature of BW is a, 
yv+rA-— a. 

Lemma 26. Let D be any domain in the 2, R-space such that W has the signa- 
ture a, vy + \ — a, let Dy be the domain in the ¥-space which is mapped into D, and 
define T = 1 for v = 0; then 


(96) oe) tax) = = (vy | g(@ByrW-y* (aj fa}, 


Pu—v—r 


for any integrable function g(%8) of the elements of B. 
Proor. In view of the mean value theorem, it suffices to prove the assertion 
for g(%) = 1. We consider first the particular case \ = 1, v = 0; then a = 0, 
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_ ¥ is a positive symmetric matrix $” and W = R is a negative number r = 
-p. The volume of the ellipsoid $[r] < p is 
p/2 
s(p) = —~— |8| 1p"; 
G+) 


moreover, #”?/T (4) = py/ py, by (91); hence 


Se a) | See ~ foto 
(97) ince (20) = [GP ap = * 19 [? dp. 


This proves (96) for A = 1, v = O. 

Suppose next that X = 1, » > 0; then Q = q is a column of v elements and 
jt = ris again a number. We choose a real matrix §{""~” such that (§, #1) = 
M is non-singular and set 


=" rie Ee ‘) pig he Se?) 
@ wen=(% *), sm=(5 R)-m, 


Ro — T [Qe = —Po, r—TZ [ql = —p; 


then 

_ (= 0 \fE TO _ (= 0\fErs 
m a ome} 8-65) ) 
(100) Tq=n+T'Qiy, Poly] = p. 


Since ¥ and T have the signatures a, » — a and a, v — a, it follows that Pp and 
pare positive. Instead of r, we introduce the variables q, Y2 into the left-hand 
integrand in (96); by (98), (99), (100), we have 


{dt} = M{dm} {dm}, {dm} = T {dq}, VM’ = TPo, 


whence 
{de} = (VTP o')*{dq} {dye}. 


We perform the integration over 2 , for fixed q and variable r. Since Poltjs] = 
p = T'[q] — ris a positive number, we may apply (97), with Bo, u — v instead 
of 8, u. By (99), we have p = WT", and the assertion (96) follows readily, 
for’ = 1 and arbitrary » < uy. 

In the remaining case \ > 1, we apply induction with respect to 4. We 


split ¥ = (X, r) and set 
Go-m, ata-m-(5%),  we,a-(°), 
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Use (96) with \ = 1 and jo, r instead of §, ¥; then ( 
aor) f tax) = = | (rw [ ow" faq} ldr}) fa. : 
—v—r ¢ 
Using (96) once more with \ — 1, §, Xo, Wo instead of A, F, X%, W, we obtain 
(102) f (88s) fae) = PE (VTP | BN CTW)! fae} fae) 
b—v— 

Since W = Wo(8o'[q} — r), the outer right-hand integrand in (101) is a function 
g(Wo), and the assertion (96) follows from (101), (102), for arbitrary \. The ] 
lemma is now completely proved. 

In the specical case 8 = —G€, v = 0, A = yw, g(W) = 1, the formula (96) \ 
becomes 





[tax =o. | wae}, 


with [%] = %®; this proves that p, is the volume of the space of the u-rowed 
orthogonal matrices, computed with the volume element (1). 

Both sides in the assertion of Theorem 1 are class-invariants, i.e., invariants 
with respect to the transformation © — ©[U] for unimodular WU; therefore it 
suffices to prove Theorem 1 for S[U] instead of S, with suitably chosen U. 

Lemma 27. Let © have the signature r, m — 1; then there exists a primitive 
x" such that —S[F] > 0. 

Proor. Choose the real &°” such that S[®] = [p:,--:, pm], pe = —1 





(kK=1,---,m—r)p=1(k=m—r+1,---, m), and let § denote the 
matrix of the first m — r columns in &; then —S[Fo] = E°” > 0. Conse- 
quently, there exists also a rational ¥{""”""” with —S[§i] > 0. Determine a 


non-singular rational Q‘”~” such that ¥:Q = § is primitive; then § has the 
required property. 

Since any primitive matrix can be completed to a unimodular matrix, it 
follows from Lemma 27 that the condition (14) of Lemma 4 may be satisfied 
within the class of S. Henceforth we shall suppose that © already fulfills (14). 
By Lemma 4, we have then the parametric representation (15) of the space H 
of all positive symmetric § satisfying 5S" = S, namely 


(103) $= 2 xS)-S, S¥=B>0, X= (2), 


with variable real 9°”. 
(104) dvy = SS? Ww” {ay}. 


Let %5” and ¥:"""” be variable real matrices and define 


We introduce the volume element 


(105) % = (%%,%), SR =W= ey md W, = SlXXo] = Wi. 
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Choose a domain D in the %&,-space such that W&) > 0 and that W, has the 
signature r, m — r; also, let Ho be a domain in H. In view of (103), (105), the 
{space is mapped into the 5, W,-space; let Do be the domain of all X, such that 
6 lies in Hy and W, in D. 

LemMA 28. 


ig {dX} = proms” f: doy | Wi {dW}. 


Proor. Suppose first that ¥ and X are given; then also QW, is fixed. Let 
D(®) be the corresponding cross-section of D, and let Do(®o) be the set of Xz 
mapped into D(%®o). Since Wp has the signature r, 0, we may apply Lemma 26 
with u = m,v =r,’ = m — rand X%, S, Wo, Bs instead of ¥, BV, T, W; hence 


(106) [  fdie} = pmr(SWo)—” | (WoW)! {AD} (aM) = JB), 
Do(Bo) D(Bq) 


say. For variable %, % , we have 
(107) {d¥:} = Xo" {dD} {d%}, Xo = (WoW), 


by (105). Using Lemma 26 once more, with » = r, v = 0,A = rand X%, B, 
®,, Xa “f(Wo) instead of X, B, W, g(W), we obtain 


(0s) f(@Bo) XF"tako} = pW" | IB) WH” [aWo}, 


both integrations extended over the whole space. Integrating (106) over %; 
and using (106), (107), (108), we get the desired result. 

Let 2(S) be the group of all real U with S[U] = S. The transformation 
 — §[U] maps H onto itself, for all U1 in 2(S); because of {d(UX)} = {dk}, 
we infer from Lemma 28 that the volume element dv, is invariant under this 
mapping. It can be proved that dvy is the volume element for the invariant 
metric defined by ds” = 4¢(S ‘dH dH); however, we do not need this relation, 
and we omit the proof. 

On the other hand, the definition of the volume element dv in (1) implies the 
formula 


[ {dX} = S' [ Wr} v(Do , Br) {dBWs}, 


where v(Dy , %), for any fixed W, , is the volume of the cross-section S[%,] = Wi 
of Dp , computed with the volume element (1). It follows from Lemma 28 that 


(109) v(Do P W,) = Slama dvy ° 


Ho 


Consider now the group I'(S) of all units of S, i-e., the subgroup of all integral 
in O(S). Plainly, 1 and —U lead to the same mapping  — SH[U] on H. 
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Identifying 11 and —U, we obtain a factor group I*(S) of T(S). We have 
to use some known properties of '*(@); the proofs are contained in my paper: 
Einheiten quadratischer Formen, Abh. Math. Sem. Hansischen Univ. 13, pp. 
209-239 (1940). 

The group I'*(G) is discontinuous on H and possesses there a fundamental 
domain Hy of finite volume vz(G), measured with the volume element (104); 
the trivial case of a decomposable binary quadratic form being excepted. The 
image Fy of Ho on the cross-section S[%:] = YW: of Do , for fixed WW , admits the 
mapping %, — —%, onto itself; consequently, Fy is the double of a fundamental 
domain for the representation %; — UX, of T(S). In view of the definition of 
p(S) in the introduction, (109) leads to the formula 


(110) oS) = dorpm—rS** vn(S). 
Lemma 29. Let m() = hy (k = 1,--- , m) and suppose that 2n + 2 < m; 
then 


/ Il (1 + hic") dow < an. 
Ho k=l 


Proor. Obviously, [(S) and H are not changed if S is replaced by —&; 
therefore we may suppose that r < m — r. 

Let / be an integer in the interval 0 < 1 S r, and let g: , --- , g: denote arbitrary 
positive integers. Let H(l; g:, --- , gz) be the set of all S in the fundamental 
domain H, satisfying the following conditions: 


—m <loghS1-g, —o < log gt S 1-0 (kK =1,---,l-D)), 
+1 


hihnai <1, hi hm~- 2 1 l<k<m-l)); 


in case 1 = 0, these conditions mean hyhm_. = 1 (kK = 1,---,m— 1). Plainly, 


U - >a 
(111) II te =e es 


on the other hand, it is known that 

(112) hy > dey (k =1+1,-->,m), 
that the sets H(l; 9, --- , gi), for gi, ++: ,g: = 1, 2,--- andl = 0,-:-,7, 
cover Hy completely, and that their volumes satisfy the inequality 


t 
—4 > k(m—k—1) 9; 


(113) / doz <amé *1 
H(Uigis-+ 92) 
It follows from (111), (112), (113) that 


I 
™m™ r --} (m—n—k--1) 

(i) fT +0") dow < a 

0 


l=0 O14 * 91 
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where the inner sum means 1 for! = 0 and g, , --- , g, run independently over all 
positive integers. Since 2n + 2 < mandr S m — 1, we have 
n—-n-k-12m—n—-1-1Em—n—-r—-1l>m—-F-F =0; 
hence the sum in (114) converges, and the assertion is proved. 

We multiply the formula of Theorem 4 by dv, and integrate over the funda- 
mental domain Hy). In view of Theorem 5 and Lemma 29, the integration over 5 
and the passage to the limit « — 0 may be interchanged. By (110), we obtain 

Lemma 30. Let 2n + 2 < m, then 


ime / ge iFOIOD gy, 
S{G]==I “Ho 


40) 





= —_SPetet gto (6) TT a4(6, 2). 
Pr—n Pm—r—n Pm—n—1 Pp 

If T = 0, then G = 0 is a solution of S[G] = FT. Obviously, Lemma 30 
remains true if we cancel this term; henceforth we shall suppose that © ¥ 0. 

Consider now the subgroup T'(S, G) of T(S) consisting of all U in T'(S) 
satisfying UG = G. Since —€ does not belong to T'(S, G), we may choose a 
sequence ll, , Us, --- of elements in I'(S) such that ik, —U (k = 1, 2, ---) 
represent the left cosets of ['(S, G) relative to (GS). Let H(G) denote the union 
of all images of Hy under the transformations § — [UU] (& = 1, 2, ---); plainly, 
H(@) is a fundamental domain for ['(S, G) in H. On the other hand, the set of 
all +U,.G (k = 1, 2, ---) consists of the solutions ¥ of S[¥] = T which are asso- 
ciate with the given solution G, relative to T(@). Hence 


(115) yD e tee(O1G1)) dvy = 2 
Gi “Ho 


e {ree GIG) dug ‘ 
H(@®) 


where @; runs over all matrices associate with ©. 

let ¢ be the rank of =”. For the proof of Theorem 1 we may suppose that 
t = ies i) with non-singular &$”.. 
solution G of S[G] = &; plainly ¢ < A S n. 

Lemma 31. There exist an integral ©" of rank h and a primitive 
such that 


Suppose that h/ is the rank of a given 


iin i 


enon #-(6'9) 


Proor. Any integral @"” of rank h can be expressed in the form G = Cf, 
With integral €"”” of rank h and primitive $""”, and § is determined up to a 
unimodular factor %” on the left side. Let s be the rank of S[G€]; since €, F 


may be replaced by €¥~, BP, we may suppose that also S[G] = ( ) with 


0 0/7’ 


non-singular T{. Set B = (3 y , where $3, has s rows and ¢ columns; 
1 
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then T,[B: , Bis] = T. The matrix (P;, Bw) has the rank s S$ n and n columns; 
hence s = ¢. Furthermore, &,[$:] = To and P$iTi Bu = 0, whence By = 0, 
It follows that }; and B = bi Ae are unimodular. Replacing 6, 8 by 
CY", BVP, we obtain the assertion. 

Obviously, '(S, G@) = I'(S, €), and we may choose H(€) = A(G). Let 
p(S, €) be the volume of a fundamental domain of I'(S, €) computed with the 
volume element (1), according to the definition in the introduction. 

Lemma 32. Suppose thatn S r,n S m — r, 2n + 2 < m, then 


ihim—h—0 / ei tOIOD gy = 
H@) 


zs Fm—2h+t—1 orn (¥’] tom 5S, G) eo 77(BtheTo) | 32 "eine 
Pr—h Pm—r—h Pm—h—1 B>0,3+¢«To>0 


|B + Bol” {a3}, 


where the integration is extended over all real symmetric 3 satisfying 3 > 0 and 
3+ edp > 0. 

Proor. Let %;"""” be variable in a domain Do, and let D be the image of 
Dy in the OQ, R-space determined by S[C, %] = Wi = ‘% ah with S, = 
S[C] = (. 0): Denote by V(Dy , %:) the volume of the cross-section of Dy , 
for fixed ¥8; , computed with the volume element (1); then 


(116) [ tds) = 8 | WV Ds, B) {dO} {aN}. 


Since h S n S m — 1, we may split %; = (XX, %), ¥ = (2) , Where %; has 


m —h—rcolumns. Set again S[X] = W, 2W [X'S] — S = §, and define 
Dy in the following way: D is a given domain in the space of the matrices OQ, K 
such that W, = (S oi has the signature r, m — r, and Dy consists of all points 
%, mapped into D and subjected to the condition that © lies in H(€). 

For all elements Ul of T'(G, €) and any given ¥, , the transformation %, — Ux 
maps the surface S[€, %,] = Ws, onto itself; plainly, the intersection J(€, W:) 
of Do with this surface is a fundamental domain for T(S, ©). Since {d%} = 
{d(UX,)}, for any unimodular UU”, it follows from (116) that the volume V(Dp, 
Y®,) of J(C, W,) does not depend on the particular choice of the fundamental 

* 
domain H(€). On the other hand, if %, and WT = teen are any two points 
cae * 


in D, then there exists a real matrix 4°” = ( 0 * 


) satisfying Wr = Wile, 
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and the transformation (€, %) — (€, %)% = (6G, XI) maps a fundamental 
domain on S[C, %] = WW; onto a fundamental domain on S[G, xT] = Wr. 
Since 

dit} = A™{d%i}, {dO*}=A*{dO}, {dR*} =A" {aN}, Wr = AM, 
we infer from (116) that V(Do, %&:) = p(S, €) is also independent of BW, . 


Define S[G, XXo] = (Fi = = YW, ; let D* be a domain in the & , Wo-space 


such that 28, has the signature r, h, and let Do be the corresponding ¥%o-domain, 
Slying in H(€). Applying Lemma 26 with uy = mv =h+r,X=m—-h-r 
and %, S, We, Wi instead of X, BV, T, W, we obtain from (116) the formula 


[0 Lacey} = LEAD? shorter» fg ey WH” {aa} (ABB, 
D3 Pm—r—h 


for any integrable function g(%2) of the elements of YW . 

In particular we choose D* in the following way: YW lies in a given domain 
A of r-rowed positive symmetric matrices and | gi" runs over all real matrices 
such that Wo" [Ro] — S:. = ZB > 0. Then D> consists of all XX such that 5 
lies in H(C€) and YB[Xo] = BW in A, and we have 


{d(XX)} = (WoW')*™™ {dD} {d%o}, We = Wod 


Set % = 2%, then 

3 = BL] - SG =HGH—- SC, {dB} = (WoW) {ak}. 
Apply Lemma 26 once more with » = r, vy = 0,’ = rand X , W, Wo instead of 
¥, B, W; in view of (104), we obtain 


/ (3) d vs = p(S, &) @) ee g(3)W?zi*" fd}, 
H(@) 8>0 


tiaeck 
for any integrable function g(3) of 3. 


' Sinceh < n S r, we may use Lemma 21 a third time with » = 7, y = 0,4 = h 


and 2’, W', B + S instead of ¥, B, W; replacing 3 by e °3 on the right-hand 
side, we infer that 


$h(m—h—1) ar (S, ©) (m—h+1) 
een | (8) don = ASS) gi 


/ gle'B) Zr | B+ By | 143}. 
3>0,3+€S1>0 

By Lemma 31, we have $[G] = 23[%] + &. We choose now 
(118) 9(3) < e tree SIG) ‘at eo Tee BIBIFID) 
and set 3 = (} -) i. ae with variable 3{°, 30°”, x8"; then 
(119) {d3} » Z2{d3:} {d32} {dXs}, Z= ZZ: , 


o(Z[B]). = o(B1) + o(Bel%s)) + o(82{8)). 


(120) | 3+ G,| = Z| 31+ Bol, 
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The conditions 3 > 0, 3 + eS: > 0 are satisfied if and only if 32 > 0, 3: > 0, 





Bi + eX > 0; consequently, ¥; runs over all real matrices. Since I 
& e 77(B2lks)) (gy) are as" se 
and os 
/ e77((8182) zinta ie Pees) (¥] pprrty ss 
Be>0 : Pm—h—1 * x 
the assertion follows from (117), (118), (119), (120). I 
By (115) and Lemma 32, we have 
(121) eee [ eg eGlOD = >" frcnle), 
. S(G]=t 4x, het I 
where 
whl hnm—n—1)—Hh(m—h—1) 9)" 
122 dot 
( ) | ete BtheTo) | 32 | 3(m—r—h—1) 3 he eX | 4(r—h—1) {d3} we 
8>0,3+€eTg>0 
and f, is a non-negative quantity independent of ¢; in particular, (1 
(123) f, = —“Prctntet _ gloat 5° 6(6, @), 
Pr—n Pm—r—n Pm—n—1 @ Su 
where © runs over a complete set of non-associate & of rank n, with S[G] = Tf. 
The finiteness of f, is implied in Lemma 30; in particular, all p(S, ©) are finite. che 
Suppose that r = m — r, then r —-h—-12r-—-n-1>49, : 
because of n + 1 < 3 . It follows from the inequality : 
LBA eo [MAHP < ay eh SHE gf 
that the integral in (122) converges uniformly for0 < «<1. Ifr <m-—r, - 
then we replace 3 + eX, 3 by 3, 3 — ¢X and use the inequality : 
| 3B- “rT < as * tai ct exi 
( 
arriving at the same conclusion. 7 
Since 5 (m -h-1)< 5 (m —n-— 1), forh = 0,--- ,n — 1, we infer that hai 
lim on(e) = 0 for h < n. Moreover int 
stim oa(6) = o4(0) = fe | 3] fag} = Pete ” 
«0 B>0 Pm—2n+t-1 a 
consequently, by (2), (121), (122), (123), Ut 
mae: 3: / e OSD ay ms 
(124) =~ S[G]=t IH . e 


ates 20m—2n—1 gina) o(S)u(S, f). 
Pr—n Pm—r—n Pm—n—-1 FC 


Theorem 1 follows immediately from Lemma 30 and (124). 
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11. Proof of Theorem 2 


Let @” be integral of rank n; then there exist a primitive §°""” and a non- 
singular integral ¢ such that © = FG, and € is determined up to an arbitrary 
wimodular factor B‘” on the left side. If © = BG, then C' and G;" are left- 
equivalent. Once for all we choose a complete set © of integral € with | € | > 0 
and non-equivalent ©’. The set ® contains exactly one unimodular matrix; 
we may assume that this is the unit matrix. Let u(S, T) and »(S, T) be the 
quantities defined in (2) and (5). We shall suppose that n < m. 

Lemma 33. Let © run over all matrices in © with integral T[C"], then 


u(S, £) = do ||" (S, T[C")). 


Proor. Let @ be a solution of S[G] = ZT, of rank n. Consider all real 
y”""” such that the matrices O, KR in S[G, J] = BW = (ss x) lie in a given 


domain D; let Do be a fundamental domain in the ¥-space, with respect to the 
transformations 9) —> 119), where 11 is any element of I'(S, G); then we have 


(125 [ tap} = so, 6 | w> tan} tax). 


Suppose that © = §G, with primitive §, and define S[F, Y] = Wi = (= >> 
then S[$] = ZT = T/C], Qi = QC", {dQu} = Cc” {dQ}, Wi = CW. 
Since 1(S, G) = (SG, §), we infer from (125) that p(S, G) = C”-""'p(S, §). 
The assertion follows readily from the definitions of u(S, XT) and »(S, fT). 

Let qbe a positive integer, and denote by ®, the subset of all € in @ with integral 
ec. 

Lemma 34. Let @‘”” be integral, then there exists in ©, a uniquely determined 
matriz © such that © = §€ (mod gq), with primitive §. 

Proor. Let h be the rank of G. By the theory of elementary divisors, there 
exist two unimodular matrices Uj”, Us” and a rectangular diagonal matrix 
D"™” = (di, +++, dal, with 1|d,|--- |d, and d, = 0 (h < k S n), such that 
G= UDU.. Set c = (, gq) (k = 1,---,n), ©” = [a, -++, Cn]; then G 
has the elementary divisors c;,--: ,¢, and q@p° is integral. We determine 


integers a, (k = 1, ---, m) such that dy = aycx (mod q) for k < n and IT a, = 1 


i Sigel 
0 = 


(mod g); this is possible, because of n < m. Choose a unimodular U 
I), --+, @m] (mod gq), and denote by % the matrix of the first n columns in 


Ul ; then FoG = usti( $) = 1,9 (mod q). Determine the unimodular 


matrix 8” such that BGll, = © lies in 4, and define FBV’ = F; then F is 
primitive, g@~ is integral and © = UsDU, = FEC (mod q). 

If also G@ = §,G, (mod q), with primitive §: and integral qGi', then JG, = 
86 (mod q); hence 6, and GG," are both integral; this proves that Gi" and 
€™ are left-equivalent. Consequently, © is uniquely determined in ¢, ; q.e.d. 
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For any given € in #,, we denote by A,(S, T, €) the number of modulo q 
incongruent integral solutions © of S[G] = TI (mod g), G = FC (mod 4g), with 
primitive §. By Lemma 34, we have 


(126) AS, {) = > AS, g, 6), 


where € runs over ¢, and A,(@, E) is the number of all solutions of S[G] = f 
(mod q). Let © and a primitive §°”” be given and consider modulo g all 
primitive §, satisfying § € = 1G; (mod gq); their number C,(€) does not depend 
on §. We remark that a given residue class §)”"” modulo g contains a primitive 
%, if and only if % is primitive modulo q; this means that all elementary divisors 
of %o are prime tog. On the other hand, let B,(€) denote the number of modulo 
q incongruent primitive § satisfying S[§][C€] = XT (mod q). Plainly, 


(127) AS, E, ©) = B(®)/C,(6), 
(128) B(®)= Dd BS, XH), 


Z,(€]=T(mod q) 
where B,(S, &1) is the number of primitive solutions § of S[§] = T, (mod gq) 
and fT, runs modulo q over all integral symmetric matrices satisfying T,[€] = T 
(mod q); let D,(€) denote the number of these TZ; . 
LemMA 35. Let po be the product of all different prime factors of q, and 
let c, ,.*+++ , Cn be the elementary divisors of a given matrix € in ®, ; then 


C6) = [1 (eo, po”. 
k=l 


Tf en | po'q, then C,(C) = | €|. 

Proor. It suffices to prove the lemma for € = @ = [q,---,¢,J. If 
HC = FC (mod gq), then ¥:1 — F = & satisfies ¥C = 0 (mod gq). The number 
of modulo q incongruent solutions ¥°""” of this congruence is | € |”. Assume 
first that g©* = 0 (mod po); then each solution X fulfills the congruence ¥ = 0 
(mod po). If § is primitive, then § + X is not necessarily primitive, but primi- 
tive modulo g, and we may choose % in its residue class modulo q such that 
& + X = §. becomes primitive. This proves the second part of the assertion. 
If the condition g@* = 0 (mod pp) is not satisfied, then we restrict the solutions 
X of the congruence ¥€ = 0 (mod q) by the further condition ¥ = 0 (mod py); 


the remaining number of solutions is [] (c, , po‘¢)”, whence the first part of the 
k=1 


assertion. 


Lemma 36. Let c,,--+ , cy be the elementary divisors of the matrix © in %,; 
then 


Dd) < I (ce, @)"*. 
k=l 


If ci. | q and D,(G) # 0, then D(€) =| |". 
Proor. By definition, D,(€) is the number of T, modulo q satisfying Jil €] = By 
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nod q). We may again assume that © = G = [a,---,¢,). If Zo is a given 
«lution of the congruence, then the general solution is T; = Io + 3 (mod q), 
sith arbitrary symmetric 3°” satisfying 3[€] = 0 (mod q). Let D,(€) > 0, 


then it follows that DJ) = I (cxe:,9q) S II (Ce , qg)"* s I] g*” =| ¢|""; 
the sign of equality being true, whenever c, | q; q.e.d. 
Lemma 37. Let g = p* be a power of a given prime number p, and suppose that 
48° is not divisible by q; then 
B(S, Z) = gi"? "BG, T). 


Proor. Let p’ be the highest power of p dividing 2S, then a > 2b. Consider 
agiven primitive solution ¥”” of S[F] = TX (mod g), and let y(§) be the number 
of modulo g incongruent primitive solutions which are congruent with § modulo 
pg. Denote by d:,--:,d, the elementary divisors of Si and determine 


unimodular 1{”, Uf” such that 1,SFUe = (3): Dp” = [d,, --- , d,]; plainly, 
i, --- dy is a divisor of S, and 2d, (k = 1, --+ , n) is not divisible by p’". Set 
=F + p glike’, X = (3) , with integral 9)” and 3°"-""”; then ¥: = § 
(mod p“g) and 

(SIH) — SF) = p“qDY + YD) (mod pq). 


Consequently, the congruence S[%;] = T (mod pq) holds, if and only if Y = (y«:) 
satisfies the conditions 


(129) q p(= — SFM] = DY + Y'D (mod p’*’). 


Denote the left-hand member by YW = (wz), then we: = 0 (mod p’), and (129) 
is the system of congruences dxyz: + diy = Wei (mod p™), forl <k Sl sn. 
It follows that the number of solutions 9) modulo p”™ is p'*”~” times the num- 
ber of solutions 9) modulo p’; since 3 is arbitrary, we infer that there are exactly 
pre-D+n(m—),(%) modulo pq incongruent primitive solutions of S[j] = T 
(mod pg) which are congruent with § modulo p ‘gq. Summing over all primitive 
residue classes § modulo p~°g, we infer that 


pn or? BS, X) = Boo(S, T). 


The assertion follows readily from the definition (6) of 8p(S, T). 

Henceforth we suppose again that 2n + 2 < m. Let q run over a sequence 
i,@,--+ of positive integers such that any positive integer divides q for all 
sufficiently large k. By Lemma 25, the limit 
(130) lim g""*?—™" A,(G, X) = MS, Z) = [L a(S, B) 

q-o Pp 
exists uniformly with respect to T and its value is independent of the particular 
sequence Q. We denote by Q any sequence Q with the additional property that 
% (k = 1, 2, ---) contains all its prime factors at least to the m™ power. 
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Let a non-negative integer v be given, and define 


(131) wv, g) = ger p> A,(S, f, 6). 
the sum extended over all € in ®, with elementary divisor ¢, > v. 

Lemma 38. Jf ¢ is an arbitrarily small positive number, then there exists « 
positive integer vo = vo (e, m, S) depending only on e, m, S such that w(v, q) < «, 
for any v = w and all sufficiently large q in Qo . 

Proor. By Lemmata 16 and 25, 


(132) BAS, Bs) S Ad(S, Bi) < ang™™?™t, 


for all sufficiently large g in Qo, independent of T,. Consequently, by (127), 
(128)-and Lemmata 35, 36, 


(133) gi?" A,(G, T, ©) S ae D,(C)/C,(G) < ass I] (ce q)"""(Ce , po'g)”, 


where po is the product of the different prime factors of g and ¢ , --- , c, are the 
elementary divisors of the matrix € in ¢,. On the right-hand side of (131), 
we collect all terms with fixed elementary divisors ¢ , --- , ¢, of © and ¢, | q; 
their number is equal to the index of the subgroup of all unimodular U with 
integral GG>o’ in the whole unimodular group, where © = [e, «+: , Cal. 
Defining 

&(@) = DL (d,9)""d, mq) "a (k=1,-+--,n—1), 


1sd\q 


(134) 4(v, g) = d (d,g)""(d, po'g)™” a Ty (i — py), 


v<dl¢ 


we obtain, by Lemma 9, (131), (133), 
n—l 


(135) w(v, g) S ax25(v, g) Il 5:(q), 


for all sufficiently large g in Q. 
Plainly, 5.(qq*) = 5x(q)é-(q*), whenever (qg, g*) = 1. Moreover, for g = p* 
and a 2 m, we have 


a—l1 


5(g) = 2d pr pg ™<(lL—-p°)'+p"<(l-py), 


because of m > 2n + 2 > 2k + 2; hence 
n—1 


(136) Il 5:(q) < ass. 


In order to estimate 6(v, g), we multiply the general term of the sum in (134) 
by d“*; we get a finite Dirichlet series 5(v, g, s). Plainly, 5(v, g, 0) = 4(v, 9); 
on the other hand, 6(v, q, s) is obtained from the Dirichlet series 5(0, q, 8) by cat- 
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ling the first v terms. We have 6(0, qq*, s) = 6(0, g, s)6(0, q*, s), for (g, g*) = 1. 
Itg= p° and a 2 m, then 


a—1 
i(0, q 8) =x1+ (1 te p)** (= ” pelted + "a" "*) 


wt4 of (1 on p')"(p “(1 of: ele iy + gee? 
< 1 + 2"(p** ae 1)" < (1 cx wry 


Hence 6(0, g, 8) < ¢°"(s + 2), and it follows that the remainder term 4(v, q, 8) 
of 6(0, g, 8) tends to zero, for v — «, uniformly in g and s 2 0. Consequently, 
iv, q) + 0, and the assertion follows from (135), (136). 

Lemma 39. Let q run over a sequence Q and € over all matrices in ® with integral 

3[C"'], then 

(137) ac > |e|"-""B,(S, TC"}) = GS, f). 

que . 

Proor. Let v be a given positive integer. By (126), (127), (130), (131), we 
have 

(138) dS, TX) = lim (wv, g + gr” > B,(G)/C(®), 

qe CaS 

where © runs over all matrices in ®, with largest elementary divisor c, < v. 

Let Qo denote the sequence of the m™ powers of the terms of the given sequence 
Q. Suppose that (2Sv!)’ | q; this holds for all sufficiently large g in Q. Con- 
sider an integral symmetric matrix T, satisfying T,[€] = ZT (mod q), with 
t $v; then T[C—"] = TF, (mod c;’q), hence T[C] = T* is integral, and T* = fT, 
(mod ¢;'q). Let p be a prime factor of g and suppose that p’ is the highest power 
of p dividing Cn g. If p° | 2S, then c = 3bandc 2 1, whencec > 2b. By Lemma 
37, we infer that B,(S, T;) = B,(S, T*). Consequently, by (128) and Lemmata 
35, 36, 


(139) B,(€)/C,(C) = BS, TC") D(G)/C() = | C|" "BS, TC"). 


lete > Obe given. By Lemma 38, we have w(v, q) < ¢, for any v 2 w(e,m, S) 
and all sufficiently large q in Q). In view of (138), (139), we obtain the ine- 
quality 
(140) abs (A(G, T) — gittP—™ SY | C|" "BS, TC") < 2, 

env 

for any given v = w and all sufficiently large g in Q ; the summation is carried 
over all © in ® with c, < v and integral T[C’]. On the other hand, it follows 
from (182) and Lemma 15 that 
(141) geri >. | € | n—-mtH1B (GS, T/C} < é, 

Cn>v 
for all sufficiently large v and uniformly for qin Q. By (140), (141), the formula 
(137) of the assertion is proved for the sequence Qp instead of Q. 
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Let a non-negative integer v be given, and define 


(131) ov, = grr DF AS, Z, ©). 
the sum extended over all € in ®, with elementary divisor c, > v. 

Lemma 38. If ¢ is an arbitrarily small positive number, then there exists a 
positive integer vy = vo (e, m, S) depending only on ¢«, m, S such that w(v, q) < «, 
for any v = w and all sufficiently large q in Qo . 

Proor. By Lemmata 16 and 25, 


(132) B(S, Ts) S$ Ad(S, Bi) < ang, 


for all sufficiently large g in Q), independent of T,. Consequently, by (127), 
(128) and Lemmata 35, 36, 


(133) gi"*?—™" AG, T, ©) S age D(C)/C AC) S ase I] (ce 9)" "(Ce , Po'g)”, 


where po is the product of the different prime factors of g and ¢, --~ , c, are the 
elementary divisors of the matrix € in ¢,. On the right-hand side of (131), 
we collect all terms with fixed elementary divisors ¢,--- ,¢, of © and c¢, | q; 
their number is equal to the index of the subgroup of all unimodular WU” with 
integral GUG>’ in the whole unimodular group, where © = [a, -:- , ¢al. 
Defining 

5:.(q) 2. (d, q)""(d, Po q) " guts (k = 1, eth ina 1), 


1<d\q 


(134) 8(v,q) = DY (d,g)""(d, po'g) "a IT Oa ey; 


v<d\q 


we obtain, by Lemma 9, (131), (133), 


n—l 


(135) w(v, g) S ag25(v, g) Il 5-(q), 


for all sufficiently large g in Qo. 


Plainly, 5.(qg*) = 5x(q)6-(q*), whenever (g, g*) = 1. Moreover, for g = p° 
and a 2 m, we have 


a—1 


5.(g) = > pm + pg’ ™<(l—-p’)'+p"<(l-—py, 


because of m > 2n + 2 > 2k + 2; hence 


n—1 


(136) II 5.(q) < ass. 


In order to estimate 4(v, g), we multiply the general term of the sum in (134) 
by d“; we get a finite Dirichlet series 5(v, g, s). Plainly, 5(v, g, 0) = 4(», 9); 
on the other hand, 4(v, g, s) is obtained from the Dirichlet series 5(0, g, 8) by can- 
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wlling the first v terms. We have 6(0, gqg*, s) = 6(0, g, s)6(0, q*, s), for (g, g*) = 1. 
Iig=p anda 2m, then 


a—1 
10,48) =1 + — py (= + pa”) 


<1+Q-—p)@ A-p )' +p") 
<1 + 2"(p"* fe 1)" < (1 vam lan aa 


Hence 6(0, g, s) < ¢°"(s + 2), and it follows that the remainder term 4(v, q, 8) 
of 6(0, g, 8) tends to zero, for v — ~, uniformly in qg and s 2 0. Consequently, 
i(v, q) 2 0, and the assertion follows from (135), (136). 

Lemma 39. Let q run over a sequence Q and € over all matrices in ® with integral 
3C"'], then 
(137) lim gm" BE] "BAS, TE) = NG, B). 

qe 

Proor. Let v be a given positive integer. By (126), (127), (130), (131), we 

have 


(138)  d(S,T) = lim (w(v, g) + g@rr-™ a, B(©)/C,(®), 


q-7e 

where © runs over all matrices in ®, with largest elementary divisor ¢c, < v. 

Let Qo denote the sequence of the m™ powers of the terms of the given sequence 
Q. Suppose that (2Sv!)* | q; this holds for all sufficiently large g in Q). Con- 
sider an integral symmetric matrix ZT, satisfying T,{€] = T (mod gq), with 
t $v; then T[C"] = T, (mod ¢,’¢), hence T[C] = T* is integral, and T* = J, 
(mod cg). Let p be a prime factor of g and suppose that p° is the highest power 
ofpdividing c;°g. If p’ | 2S, thenc = 3bandc = 1, whencec > 2b. By Lemma 
37, we infer that B,(S, T1;) = B,(S, T*). Consequently, by (128) and Lemmata 
35, 36, 


(139) Bo(G)/C,(C) = BS, TC )D(G)/CA(G) = | €|" "BS, UC"). 


lete > Obe given. By Lemma 38, we have w(v, q) < «, for any v = vo(e,m, S) 
and all sufficiently large g in Q). In view of (138), (139), we obtain the ine- 
quality 


(140) abs (A(G, T) — gi™*?—™ YS | Cl" "BS, TC"])) < 26, 


Cnsv 

for any given vy > w and all sufficiently large q in Qo ; the summation is carried 
over all € in with c, < v and integral S[C*]. On the other hand, it follows 
from (182) and Lemma 15 that 
(141) grintirer >, | € | n—mtH1 BS, T[C*}) < é, 

cn>v 
for all sufficiently large v and uniformly for qin Qo. By (140), (141), the formula 
(137) of the assertion is proved for the sequence Q instead of Q. 
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By Lemma 37, the quantity ¢°*“"*"~""B,(S, T[C"]) remains unchanged if 
we replace q by q”, provided q is a multiple of 8S°. Since this condition is satis- 
fied for all sufficiently large g in Q, the assertion of the lemma holds also for Q; 
q.e.d. 

Let E have the rank ¢; for the proof of Theorem 2 we may suppose that T = 


(C “4 with non-singular £5". Then I[C“] = T* has again the rank ¢, and 


00 . 
we may define ® such that also T* = fa J , With non-singular ¢-rowed Ty , 


G, 0 
* * 
and Xo[G,] = Xo ; hence | Xp | is a factor of the given number | Ty |. On the 
other hand, there exist only a finite number of classes of non-singular integral 
t-rowed symmetric matrices with given determinant; consequently, T) and T* 
belong to a finite set. 

By Theorem 1 and Lemmata 33, 39, we have 
(142) lim 27 (o(S, T*) — gh" "BS, T*)) LEI" = 0, 


q7o T* =*(Cj=— 


and that &> is a fixed representative of its class. It follows that © = 


where g runs over a sequence Q; the inner summation extends over all € in ¢ 
satisfying T*[€] = T, the outer summation over all integral T* for which this 
equation is solvable. Let h be the number of all prime factors of | T |, com- 
puted with their multiplicities. Suppose that Theorem 2 is true for all & with 
less than h prime factors; this supposition is empty in case h = 0. In the outer 
sum on the left-hand side of (142), we have the term T* = T obtained for €, = G; 
for all other terms, finite in number, we have T9[G,] = Tp) with non-unimodular 
integral ©; , hence | T} | contains less than h prime factors. By Theorem 2 and 
Lemma 37, we infer that 


(148) o(G, T*) = lim g"*"*”™ BS, E*) = TT 8,(S, E), 


for all [* ~ FT in (142). Now it follows from (142) that (143) is also true for 
* = T; this completes the proof of Theorem 2. 


12. Additional remarks 


It is known that the formula (8) can be expressed as an identity in the theory 
of modular forms of degree n; cf. my papers: Ueber die analytische Theorie der 
quadratischen Formen, Ann. of Math: (2) 36, pp. 527-606 (1935); Ueber die 
analytische Theorie der quadratischen Formen II, Ann. of Math. (2) 37, pp. 
230-263 (1936). Theorem 1 leads to a refinement of these results. Let @"” 
be integral of rank h. We determine a primitive matrix §“'” and an integral 
matrix O°" such that © = OF, the matrix Q being uniquely determined up to 
an arbitrary unimodular factor on the right side. If S[Q] > 0, then we define 


r(S, @) ia a st | S[Q] pe oe ; 
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we set 1(S, 0) = 1, and r(S, ©) = O otherwise. Moreover, let, D run over 
al h-classes (h = 0, -*>, n) of coprime symmetric n-pairs defined in Lemma 5, 
and set 


H(, 6, D) = ™S*? | Go|” "Pisendans 
ane: @(mod Go) : 
whenever o(S[2] GoDo) is even for all integral ””, and H(S, ©, D) = 0 other- 


wise. 
let 3‘” be a complex symmetric matrix with positive imaginary part, and 
define 


F(S, 8) = Ls r(S, Gem", 
8 
the summation extended over a complete set of integral matrices @‘”'" which are 
non-associate, relative to the group T'(S). Theorem 1 implies the identity 


44) F(G, 3) = 2 AG, €,D) |€3 + D|~-”” 
(ngr,nim—r,2n+2 < m); 


the proof proceeds in the same way as in the first of my above-mentioned papers, 
and we omit it. 

It may be seen from the reciprocity formula of the generalized Gaussian sums 
H(G, 6, D) that F(S, 3) is a modular form, whenever m — r is even. It is 
remarkable that in this case all coefficients r(S, G) of the Fourier series F(S, 3) 
are rational numbers. ’ 

For n = 1, the function F(G, 3) is a power series of the single variable e™”, 
namely 


m/2 co) ‘ 
PG, 2) = 1+ 7 84D eG, de™, 
t=1 
(3) 
with the definition (2) of u(G, t). The corresponding Dirichlet series 


(6, s) = D u(S, He" 


t=1 


has been investigated in my paper: Ueber die Zetafunktionen indefiniter quadra- , 


lischer Formen. II, Math. Zeitschr. 44, pp. 398-426 (1938); in particular, I ob- 
tained a functional equation for ¢(S, s). If m — ris even and m > 4, an inde- 
pendent proof of this result can be derived from (144). 

On the other hand, the properties of ¢(G, s) are useful for the extension of 
Theorem 1 to the casen = 1 Sr <m=4. By an application of Kloosterman’s 
ell known method, it is possible to extend Theorems 4 and 5 to this case, pro- 
vided T = ¢ 3 0, and our former argument leading from there to Theorems 1 
ind 2 remains valid, with small modifications. Consequently, ¢(S, s) is a genus 
ivariant. If |@J| is a square number, then also the value ¢ = 0 presents no 
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difficulty. For irrational | |* and ¢ = 0, however, the estimates obtained by 
Kloosterman’s method are too weak for a proof of Theorem 4; in this case we 
proceed in the following manner: 

It is known that 


(145) lim s¢(G"’, s) = (—1)*" x 'S*WG, 0) 
s—0 


(146) s(S", 0) + s(-S", 0) = S*u(G, 0) — (S", 0) (r 


By (145), the quantity u(©, 0) is a genus invariant, for r = 1, 3. In the re 
maining case r = 2, the expression | © | 4u(S, 0) — v(S", 0) is a genus in- 
variant, by (146). Consequently we have yu(S, 0) — w(G, 0) = 
| S| *(u(S", 0) — u(So", 0)), for any Sp in the genus of S. On the other hand, 
it is easily seen that the quotient u(S[f], 0)/u(G, 0) is rational, for any rational 
non-singular °“’. There exists a rational & such that Go = SJ; moreover, 
S* = SS"). Hence u(S, 0) — w(Go, 0) and wn(S", 0) — u(S", 0) are 
commensurable; since | © |! is irrational, it follows that w(S, 0) = u(S, 0). 
This proves that u(S, 0) is a genus invariant, forr = 2. Furthermore, my first 
proof of (8) can be extended to the case t = 0, m = 4, and then Theorem 1 
follows in this case from (8) and the invariance of u(G, 0). 

A generalization of Theorem 1 holds good in any algebraic number field of 
finite degree, and an analogue exists for hermitian matrices. 
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